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r\        Although  the  modern  railway  system  is  but  about  fifty 

^     years  old,  yet  its  growth  has  been  so  rapid,  and  the  progress 

in  the  science  of  railway  construction  so  great,  as  to  render  the 

earlier  technical  books  on  this  subject  inadequate  to  the  needs 

of  the  engineer  of  to-day. 

In  the  course  of  his  practical  experience  as  a  railway  engi- 
neer, the  author  was  strongly  impressed  with  the  want  of  a 
more  complete  hand-book  for  field  use,  and  finally  concluded, 
at  the  solicitation  of  his  friends,  to  undertake  the  preparation 
of  the  present  volume. 

The  aim  in  this  work  has  been: 

i^/r«^— To  present  the  general  subject  of  railway  field  work 
in  a  progressive  and  logical  order,  for  the  benefit  of  beginners. 

Second— "To  classify  the  various  problems  presented,  so  that 
they  may  be  readily  referred  to. 

Third — To  embrace  discussions  of  all  the  more  important 
practical  questions  while  avoiding  matters  non-essential. 

Fourth — To  employ  throughout  the  work  a  uniform  and 
systematic  notation,  easily  understood  and  remembered,  so 
that  after  one  perusal  the  formula}  may  be  intelligible  at  a 
glance  wherever  referred  to. 

Fifth — ^To  express  the  resulting  formula  of  everv  problem 
in  the  shape  best  adapted  to  convenient  numerical  compu- 
tation. 

Sixth — To  furnish  a  large  variety  of  useful  tables,  more  com-* 
plete  and  extended  than  any  heretofore  published,  especially 
adapted  to  the  wants  of  the  field  engineer. 

An  elementary  knowledge  of  algebra,  geometry  and  trigono- 
metry on  the  part  of  the  reader  has  been  taken  for  granted,  as 
a  command  of  these  instrumentalities  Is  deemed  essential  to 
the  education  of  the  civil  engineer.  The  few  references  to 
mechanics,  analytical  geometry,  optics  and  the  calculus  may 
be  assumed  correct  by  those  not  conversant  with  these 
branches. 


iV  PREFACE. 

Many  of  the  problems  in  curves  are  new,  yet  there  is  hardly 
one  that  has  not  presented  itself  to  the  author  in  the  course  of 
his  practice.  The  investigation  of  the  valvoid  curve  is  original, 
and  though  the  mathematical  discussion  is  somewhat  difficult, 
yet  the  resulting  formulae,  taken  in  connection  with  Table  X, 
are  exceedingly  simple  and  convenient  for  the  solution  of  a 
certain  class  of  problems. 

The  treatment  of  compound  curves  is  novel  and  exhaustive. 
A  few  general  equations  are  established,  which,  by  slight 
modifications,  solve  all  the  problems  that  can  occur. 

No  discussion  of  reversed  curves  is  given,  because  these  are 
inconsistent  with  good  practice,  except  in  turnouts,  under 
which  head  they  are  noticed. 

The  chapter  on  levelling  includes  a  discussion  of  stadia 
measurements,  with  practical  formulsD.  The  chapter  on  earth- 
work contains  a  review  of  several  methods  for  calculating 
quantities,  and  states  the  conditions  under  which  these  suc- 
ceed or  fail  in  giving  correct  results. 

Among  the  tables,  numbers  3,  5,  6,  10,  18,  19,  26  and  29 
are  original.  The  adoption  of  versed  sines  and  external 
secants  throughput  the  work,  wherever  these  would  simplify 
the  formulae,  rendered  necessary  the  preparation  of  tables  of 
these  functions.  The  table  of  logarithmic  versed  sines  and 
external  secants  has  been  computed  from  ten-plare  logarithmic 
tables  of  sines  and  tangents,  so  that  the  last  decimal  is  to  be 
relied  on,  and  no  pains  have  been  spared  to  make  the  table 
thoroughly  accurate. 

Tables  numbers  4,  7,  8,  9,  11,  12,  13,  14  and  30  have  been 
recalculated,  enlarged,  and  some  of  them  carried  to  more  deci- 
mal places  than  similar  tables  heretofore  published.  The 
intention  has  been  to  give  one  more  decimal  than  usual,  so  that 
in  any  combination  of  figures  the  result  of  calculation  might 
be  reliable  to  the  last  figure  usually  required. 

The  tables  which  have  been  compiled  and  rearranged  are 
numbers  1,  2,  15,  16,  17,  24,  25  and  31.  The  tables  of  log. 
sines  and  tangents  here  given  are  the  only  six-place  tables 
which  give  the  differences  correctly  for  seconds.  The  table 
of  logarithms  of  numbers  is  accompanied  by  a  complete  table 
of  proportional  parts,  which  greatly  facilitates  interpolation 
for  the  fifth  and  sixth  figures. 

Id  all  the  tables,  whether  new  or  old,  scrupulous  care  has 


been  taken  to  make  the  last  figure  correct,  and  the  greatest 
diligence  has  been  exercised  by  various  checks  and  compari- 
sons to  eliminate  every  error.  It  is,  therefore,  hoped  and 
believed  that  a  very  high  degree  of  accuracy  has  been  ob- 
tained, and  that  these  tables  v^rill  be  foimd  to  stand  second  to 
none  in  this  respect. 

The  preparation  of  this  work  has  extended  over  several 
years,  as  time  could  be  spared  to  it  from  other  engagements. 
It  is,  therefore,  the  expression  of  deliberate  thought,  based  on 
experience,  and  as  such  is  submitted  to  the  judgment  of 
brother  engineers.  If  it  shall  prove  to  have  even  partially 
met  the  aim  herein  announced,  and  so  shall  serve  to  smooth 
the  way>of  the  ambitious  student,  or  to  assist  the  expert  in  his 
responsible  duties,  the  labors  of  the  author  will  not  have  been 
in  vain.  Wm.  H.  Seables,  C.E. 

New  York,  March  1st,  1880. 
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CHAPTER  I. 
Reconnoissancb. 

1.  The  engineering  operations  requisite  to  and  preceding  the 
construction  of  a  railroad  are  in  general: 

The  Reconnoissancb, 

The  Preliminaby  Survey,  and 

The  Location. 

2.  The  Beconnoissance  is  a  general  and  somewhat  hasty 
examination  of  the  country  through  which  the  proposed  road 
is  to  pass,  for  the  purpose  of  noting  its  more  prominent 
features,  and  acquiring  a  general  knowledge  of  its  topography 
with  reference  to  the  selection  of  a  suitable  route.  The 
judicious  selection  of  a  route  may  be  a  very  simple  or  com- 
plex problem,  depending  on  the  character  of  the  topography, 
and  more  especially  on  the  direction  of  the  streams  and  ridges 
as  compared  with  the  general  direction  of  the  proposed  road. 

3*  A  road  running  along  a  water-course  is  most  easily 
located.  In  this  case  the  choice  is  to  be  made  merely  between 
the  two  banks  of  the  stream,  or  between  keeping  one  bank 
continuously  and  making  occasional  crossings.  When  the 
stream  is  small  it  will  usually  be  found  best  to  cross  it  at 
intervals,  the  advantage  of  direct  alignement  outweighing  the 
cost  of  bridging;  but  when  the  stream  is  of  considerable  size 
the  solution  of  the  problem  is  not  so  obvious,  requiring  patient 
comparison  of  results  in  the  two  cases  to  determine  whether  to 
cross  or  not,  while  in  the  case  of  the  larger  rivers  crossing 
may  be  out  of  the  question. 

When  there  is  a  choice  of  sides,  both  banks  should  be 
traversed  by  the  engineer  on  reconnoissance,  and  while  exam- 
ining in  detail  the  one  side  he  should  take  a  general  and  com- 
prehensive view  of  the  other.  Only  thus  can  he  gain  a  complete 
knowledge  of  either  side.  The  points  to  be  considered  are  the 
relative  value  of  the  property  on  either  side,  the  number  and 
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size  of  tributary  streams,  and  probable  cost  of  crossing  them, 
the  cost  of  graduation  as  affected  by  the  amount  and  character 
of  the  material  to  be  removed,  and  the  lialnlity  to  land  slides, 
the  amount  and  degree  of  curvature  required,  and  the  proba- 
ble revenues  which  the  road  can  command  If,  in  respect  to 
these  points,  one  bank  of  the  stream  gives  the  more  favorable 
result  all  the  way,  the  question  is  decided  at  once;  but  in 
case  the  greater  inducements  are  found  on  either  bank  alter- 
nately, as  usually  happens,  the  propriety  of  bridging  the 
stream,  with  the  costs  and  advantages,  must  be  considered  as 
an  additional  element  in  the  problem. 

4.  When  no  water-course  offers  along  which  the  road  may 
be  located,  the  difficulties  of  selecting  a  route  are  increased, 
and  these  usually  become  greatest  when  the  streams  are  found 
to  run  about  at  right  angles  to  the  direction  of  the  road.  Val- 
leys and  ridges  are  to  be  crossed  alternately,  involving  the 
necessity  of  ascending  and  descending  grades,  diverting  the 
road  from  a  straight  line,  and  increasing  the  distance  and  cur- 
vature. The  engineer  must  now  seek  the  lowest  points  on  the 
ridges,  and  the  highest  banks  at  the  stream  crossings,  in  order 
to  reduce  as  much  as  possible  the  total  rise  and  fall,  but  these 
points  must  be  so  chosen  relatively  to  each  other  as  to  admit 
of  their  being  connected  by  a  grade  not  exceeding  the  maxi- 
mum which  may  be  allowable.  The  intervening  country 
between  summit  and  stream  must  usually  be  carefully  exam- 
ined, even  on  reconnoissance,  to  determine  where  the  assumed 
grade  will  find  sustaining  ground  at  a  reasonable  expense  for 
graduation  and  right  of  way. 

In  selecting  stream  crossings,  regard  should  be  had  not  only 
to  the  height  of  the  bank,  but  also  to  the  character  of  the  bot- 
tom, its  suitability  for  foundations,  and  its  liability  to  be 
washed  by  the  current.  The  direction  and  force  of  the  cur- 
rent should  be  observed,  and  its  behavior  during  freshets,  and 
the  extremes  of  high  and  low  water  ascertained,  if  possible 
An  approximate  estimate  of  the  cost  of  bridging  may  be  made. 

6.  The  engineer  should  not  only  seek  the  best  ground  on  the 
route  first  assumed,  but  should  have  an  eye  to  all  other  possi- 
ble routes,  holding  them  in  consideration  pending  his  accu- 
mulation of  evidence,  and  being  ready,  finally,  to  adopt  that 
one  which  promises  the  greatest  ultimate  economy.  He  should 
be  able  to  read  the  face  of  the  country  like  a  map,  and  to 


fcarry  in  his  mind  a  continuous  idea  bt  ima^e  of  any  line  he  is  ex- 
amining, so  as  to  judge  with  tolerable  accuracy  of  the  influence 
any  one  portion  of  the  line  may  have  on  anothef  as  to  align- 
ment and  grade,  even  though  many  miles  apart.  In  the  success- 
ful prosecution  of  a  reconnoissance  he  must  depend  mainly  on 
his  own  natural  tact  and  a  judgment  matured  by  experience. 

O.  The  engineer  will  bring  to  his  aid  in  the  first  place  the 
most  reliable  maps,  and  those  drawn  on  the  largest  scale.  The 
sectional  maps  of  United  States  surveys  will  be  found  very 
useful  when  they  exist.  In  addition  to  these  it  is  often  desira- 
ble to  prepare  a  map  on  a  scale  of  one  or  two  inches  to  a  mile, 
on  which  will  be  drawn  the  principal  features  of  the  country 
to  be  traversed,  such  as  streams,  roads,  towns,  and  the  princi- 
pal ridges,  if  linown,  but  leaving  the  further  details  to  be  filled  j 
in  by  the  engineer  as  he  progresses.  Such  a  map  furnishes  a  cor- 
rect scale  for  his  sketches,  and  saves  much  valuable  time,  as  he 
has  only  to  sketch  what  the  map  does  not  contain,  and  occa- 
sionally to  make  corrections  when  he  finds  the  map  to  be  in 
error.  He  also  notes  on  the  map  the  governing  points  of  the 
route,  such  as  the  best  crossings  of  streams,  ridges,  or  other 
roads,  and  any  point  where  the  line  will  evidently  be  com- 
pelled to  pass  He  may  then  indicate  the  route  by  a  dotted 
line  on  the  map  drawn  through  the  governing  points.  Having 
traversed  the  route  in  one  direction  he  should  retrace  his  steps, 
verifying  or  correcting  his  observations,  and  making  such 
further  notes  as  seem  important.  When  in  a  densely  ^vooded 
country,  with  but  few  openings,  it  may  be  impossible  for  him 
to  get  a  commanding  view  from  any  point  that  will  afford  him 
the  necessary  information  as  to  the  general  topography.  He 
must  then  depend  largely  upon  instrumental  observations, 
taking  these  more  frequently,  and  noting  carefully  all  details 
likely  to  prove  useful  in  future  survcys. 

7.  The  instruments  required  on  an  extended  recon- 
noissance are  the  barometer  and  thermometer,  the  hand  or 
Locke  level,  a  pocket  or  prismatic  compass,  and  a  telescope  or 
strong  field-glass.  To  these  may  be  added  a  telemeter  for 
measuring  distances  at  sight,  but  when  good  maps  are  to  be 
had  this  instrument  is  seldom  needed.  So  also  some  portable 
astronomical  instruments  are  necessary  in  a  new  country,  for 
determining  latitude  and  longitude,  but  would  only  be  a  use- 
less incumbrance  in  a  settled  district. 


/ 

^  FIELD  El^IKBERIKa. 

8.  The  mercurial  barometer  has  generally  been  relied  upon 
for  the  determinatidh  of  heights,  but  owing  to  its  inconvenient 
dimensions  and  the  danger  of  breaking,  it  is  now  discarded  by 
railroad  engineers  in  favor  of  the  more  portable  aneroid 
barometer,  except  in  the  case  of  trans-continental  surveys, 
and  when  astronomical  instruments  are  to  be  used  also. 

9.  The  best  aneroids  are  designed  to  be  self  compen-' 
sating  for  temperature,  so  that  with  a  constant  atmospheric 
pressure  the  reading  shall  be  the  same  at  all  temperatures  of  the 
instrument.  This,  however,  being  a  very  delicate  adjustment, 
is  not  always  successfully  made,  so  that  each  instrument  is  lia- 
ble to  have  a  small  error  due  to  temperature  peculiar  to  itself. 
This  error  will  be  found  rarely  to  exceed  one  hundredth  of  an 
inch,  plvs  or  minus,  per  change  of  ten  degrees  Fah.,  and  is 
frequently  much  less  than  this.  Just  what  the  error  is  in  a 
particular  instrument  may  be  determined  b}^  careful  compari- 
son with  a  standard  mercurial  barometer  at  the  extremes  of 
temperature,  assuming  the  error  found  as  proportional  to  the 
difference  of  temperature  for  q\\  intermediate  degrees  of  heat. 
The  error  having  been  determined  for  any  aneroid,  it  should 
be  applied,  with  its  proper  sign,  to  every  reading  to  obtain 
the  true  reading. 

The  sizes  generally  used  are  If  and  2^  inches  in  diameter, 
respectively,  and  experience  seems  to  prove  that  there  is  no 
advantage  in  tising- larger  si?es,  but  rather  the  contrary. 

10.  The  ordinary  barometric  formulae  and  tables  have  been 
prepared  with  referenxje  to  the  mercurial  barometer.  In  order 
that  they  may  apply  to  the  aneroid,  it  is  necessary  that  the 
latter  should  be  adjusted  to  read  inches  of  mercury  identically 
with  the  mercurial  column,  at  the  sea  level  at  a  temperature  of 
32°  Fah.  But  as  the  aneroid,  unlike  the  mercurial  column, 
requires  no  correction  for  latitude,  nor  for  the  variation  in  the 
force  of  gravity  due  to  elevation,  that  portion  of  the  formula 
which  provides  for  such  corrections,  as  well  as  that  which 
provides  for  a  correction .  due  to  the  temperature  of  the 
instrument  itself,  may  be  omitted  when  using  an  aneroid. 
Thus  the  general  formula  is  very  much  simplified,  and  be 
comes 

«  =  log  1^60384.8(1+1+^) 
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in  which  A,  9nd  %'  are  the  rei^.tliQgs  of  the  aneroid  in  inches, 
and  t,  and  t  the  readinga  of  •"^Khrenhcit  thermometer  at  the 
lower  and  upper  of  any  t^^o  stations  respectively,  and  z  is  the 
difference  in  elevation  Vm.  English  feet  o^those  stations. 

T<T  facilitate  the  calculation  of  heights  by  this  formula,  we 
may  write  "-    . 

Log  ^  60384.8  =  [log  h,  -  log  //']  60384.3 

and  since  only  the  difference  of  the  logs,  is  required,  this  will 
not  bo  affected,  if  we  subtract  unity  from  each.  The  quan- 
tities in  Table  XV.  are  prepared,  therefore,  by  the  formula 

Gog  h  -  1)  60384.8 

for  every  xf^ths  of  an  inch  from  19  inches  to  31  inches. 

J       I     fj  Aid.'' 

Table  XVI.  contains  values  of   '      q.w^ for  every  de- 

gree  of  if,  +  f)  from  20"  to  200°  Fall. 

11.  To  find  the  differerice  in  elevation  of  any  two  stutions  by 
ike  tables: 

Taike  the  difference  of  the  quantities  corresponding  to  h^  and 
h*  in  Table  XV.  as  an  approximation,  and  for  a  correction 
multiply  this  difference  by  the  coeflicient  corresponding  to 
ft  +  0»  ^  Table  XVI.,  adding  or  subtracting  the  product 
according  to  the  sign  of  the  coefficient. 

Meample. — 

Lower  Sta.  Upper  Sta. 

in.  in. 

Aneroid  7i,  =  29.93  7i'  =  23.57 

Thermometer  t,   =  77°.6  f  =  70°.4 

By  Table  XV.  for  29.92  we  have  28741 

for  23.57  22485 


Difference  6256 
By  Table  XVI.  for  77.6  +  70.4  =  148  we  have  +  .0933 
Then  6256  X  .0933  =  583.6848 

and  6256  +     584  =  6840  ft.  =  z.—Am. 

12*  Certain  precautions  are  to  be  observed  in  the  use  of  the 
aneroid.  When  the  index  has  been  adjusted  to  a  correct 
reading  by  means  of  the  screw  at  its  back,  it  should  not  be 
meddled  with  until  it  can  as^ain  be  compared  with  a  standard 
mercurial  barometer,  and  even  then  some  engineers  prefer  to 
take  note  of  its  error,  if  any,  rather  than  disturb  the  aneroid. 
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AgHiu,  vluuti  \Uq  |)rim!i|))u  at  VA\m\mmi\\m  H\\\}\nm^ii  lim 
UHuitiiil  lu  liuvu  H  iMiiloiiii  InJYfp^rnMiMi  (iiroMgliniil  ilH  |mr(H,  ii 
mwHi  liu  gMunloil  nguiuHt  buUiliMi  cinMiguM,  uh  (ithDiwibii  I  In 
iiidMUIIi:  cubi)  will  hi)  CL' *M(()nrHl)iy  Iidu'^imI  or  tutolml  htiftui!  tlit: 
ttimugu  i:ui)  utTuct.  (Uu  iuiiui'  t:|iuiul)ur,  \\\\\h  iiitlutiiug  vury  uhd 
Diumn  t'tiMulu.  Tliii  iUHUoiil,  (litirufori),  bliouitl  bulditiu  Uv>  \ii\ivu 
fiiMU  iu  limilitir  cubii,  Mor  i)k|ii)t»iu|  id  uuy  nuiiuiu  lumt  uf  huu 
(if  lii'o,  uor  won)  m)  iitiur  (hi!  |H)ri)UU  u»  h)  hii-hiUMi  Mb  hiiuptirH 
turn  uhovu  Wmi  uf  thn  burniuuiihig  idiuobphtM't).  If  rDiiuivtul 
Ui  m  Hhuobphiii'i)  of  (im:hiiuiiy  tlilfitruiM  h)iu|u)rHturu,  liuu) 
luubl'  hu  ullowt)il  for  Iht)  uiuirohi  lo  hii  Ihoroughly  |u!nui!Hlnl 
hy  ihu  ntiw  ihsgriui  of  html  Thu  uiuitohl  bhouhi  h(s  htihi  with 
lhi>  fiUHi  hoi'iyoiiiul  whih)  hiihig  nuuli  it  bhoithi  iiu  hnDilhid  iumd 
folly,  ui((|  ull  t.oiicMhbliMib  uvoliliul,  uiul  it  bhooid  hi)  i'oi)i|u(n  il 
with  H  Hiiuulai'ii  ub  oflDU  lib  iirur.llcuhlii  to  iuuUd  buiu  thui  il 
hub  biitYi)i'iul  lio  tii;miigt!iuiiit|.  iMibtirviug  thobi)  iiituuMHioiih, 
umi  Imviug  u  it;ully  goiui  uDDi'ohl,  tliu  DDginuur  bitoithi  ohtuiu 
iikcullt)!)!  nmullb  il)  (ho  ubliiiiHlitMi  of  hrlglltb.  l(  hub  httiii 
foiMiii  (hul  (hti  bligliMiiior  ill  (:oii)|uM)bU(iou,  piyvioiibly  ulhuinl 
hi,  lb  buhjtu.l  to  u  i:huiigii  (luring  tliu  H)h(  yiiur  or  (wo  ufd  r  thn 
iiibiruiiiuiii  ib  Miudi),  hut  buhbDiiuniitly  II  huciiuuib  i|uiti:  jicr 

tlMMIUUl 

1 II.  Kiir  (hii  |)ur|HiHi)  of  ohluiiiiug  u|i|inuiiuulis  liluvudoiib  hy 
u  biiu(ili)  i)iH)u!i:(ioii  of  (hi)  dial,  (lit)  uioth)ni  uiioroiil  ib  pnividi  li 
with  u  HDcoudury  huiId  louiiiiig  huiiiiiriU  of  ftuil,  whii  h  ib 
|i|ui  I'd  ou(bidi)  (ho  biudo  of  iiirliDb.  |(  U  ijividod  uci.ordiiig  (o 
Mil)  following  foniiulu  |U()|mn:ii  liy  Mrof-  Airy: 

III  which  i(  ib  i!v|ih)iil  (liul  no  luuroi  (itui  tor  lt)U)|H!iu(un;  ib 
nMjuinsd  whiiii  (hi!  «HWii^/«  (i!iu|H)ni(uri!  »d  (Ins  Iwo  btatiiuib  i.s 

fS\)  .       Wholl  tht)  two  M-uitH  UK)  l!l)grUVt)d   on  thi:  bUllin  piuti!  till* 

ynro  of  tho  biMiln  of  fi!i!l  is  coiiiridriit  with  HI  oii  tht)  M-nlr  ol 
liichcb,  hut  hi  Noiiit!  uiii'i'oiils  thi!  M:uit)b  art)  on  two  i-oiu  riitrit^ 
|ilut(!b.  HO  that  till)  ^1)10  of  out)  may  ho  uiado  lo  ooiiu'ldo  wi(h 
any  divlbioi)  of  (ho  olhor.  whioh  is  in  moiiio  ri)b|)Ui:ls  an  udvuu 
(ago 

14«  Tho  ihoory  of  tho  harouioior.  uboKpvtibbod  lu  (ho  ahovti 
foruuihi).  uHbuiiiob  (III)  u(iiiob|)hori)  (o  hu  u(  robi.  uiid  Mb  prob 
uro  Hlft)oiiid  only  liy  UiiujHirHiuro,  wliDroHb,  iu  U\v.{,  Uio  prvb 


muB  At  taj  point  b  liable  to  sudden  changcR  dno  to  variationa 
In  the  force  of  the  wind,  tlie  iiinoiint  of  Inmiidity,  I'U:.  Tlic 
beat  waj  to  eliminate  errors  dhc  to  iliffM;  cuum'h  m  to  take  nfad- 
ioga  aimtiltancouiily  at  tlu;  ]>oinfM  tlu*  flrvHtioriH  of  which  ani 
to  be  compared.  For  thin  fiitrf^;  an  aMnihtunt  should  tie 
•tationed  at  some  point  of  Itnown  flirvatlon  ronii^noiH  to  Xha 
route  to  be  Mirvf;yfHl,  and  provided  with  an  android  ^iimilar  to 
that  carried  by  the  engin<;f;r.  Tlic  anf:roidH,  tinu:  pircfN.  and 
thcrmometorii  having  ^H'Vu  rompan'd  at  tliin  (Kfint,  thr*  avMint- 
ant  fihouid  re(;ord  the  n'luVun^H  fvcry  uu  mi  nut  is.  with  th«' 
time*  temperature,  and  Ktat<;  of  the  weather.  TUf.  ^nirinr-f-r 
will  tliua  have  a  standard  with  wtiir-li  to  ronipan;  hi^^  own 
otiaenratifms.  If  tlic  Mir\'t;y  in  m  fxti  ndfd  that  thf  hanir;  con- 
ditions of  atmoMplurre  ar«)  not  likely  Ut  U-  t\\nT'u:u'ct\  hy  tho 
two  observers,  tlic  &HHiHtant  Hliotild  tnr  instnirti  d  to  niovr  for- 
ward to  a  new  station  at  a  dcHit^natcd  tinif;  or  two  aRsi»*tants 
may  be  employed,  one  at  carli  of  two  stations  \n'\wfvu  which 
the  engineer  int4;nds  U)  make  a  n-connoi-i^tiinr^.  Kvcn  witti 
these  precauti<ms  no  attempt  Hlioiihi  In;  niarli*  to  otitain  ttie  ele- 
Tation  of  Important  jKiints  diiriiij^,  or  jii-t  Ixfon-,  or  aft«r  a 
storm  of  wind  or  rain. 

15*  When  but  one  aneroid  is  us^fd  the  ohs^r  vat  ions  at  the 
several  stations  should  lie  takr-n  as  nearly  together  im  i^ii^sihle 
In  point  of  time,  and  then  nix'utcd  in  inver-e  (;rdfT.  takin;^ 
the  mean  of  the  ohhervationn  at  <-aeh  ntation,  aiirl  repeatin;;  the 
whole  operation  if  necessary.  Only  approximate  n-Hiilti^  can 
be  hoped  for,  however,  witli  a  singW*  iri^triinieiit,  iinh^.s  the 
atmospheric  eondition.s  are  very  favorahN*. 

10«  The  IjiH'iiit  L(*v<*]  Ih  an  instrument  in  which  the 
bubble  and  the  oliMTved  object  may  Ik;  twen  at  tlic  name  iriMtant. 
enabling  tlie  ofierator  to  keep  the  in;^triimcnt  horizontal,  while 
holding  it  in  the  hand,  like  an  ordinary  spy  jrlas>«.  While 
very  portable,  it  enablch  the  ol».-»«-rver  to  define  rapidly  all  vini 
ble  points  of  the  same  elevation  as  hin  own,  and  to  e^timate 
from  tliese  the  relative  hei^^htK  of  other  |K>iritx.  It  may  he 
made  useful  in  a  variety  of  ways  which  easily  suj^t^cHt  them- 
selves to  the  engineer  in  ca-^-s  where  no  ;rreat  preciniori  is 
required,  and  where  a  more  elalwirate  level  U  not  at  hand. 

17*  Ttie  PriHiiiatIr  <*oiii|iaMH  is  a  portable  inHtniment 
with  folding  sights,  in  usinfc  which  the  U-aring  to  an  object 
may  be  reafl  at  the  Mime  in'«t4int  tliat  the  object  iri  ob^Tvecl 
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The  bearings  are  read  upon  a:  floating  card,  graduated  and 
numbered  from  zero  to  360°,  si  that  no  error  can  be  made  in 
substituting  one  quadrant  for  aaother.  The  instrument  may  be 
held  freely  in  the  hand  dujmg  an  observation,  though  better 
results  are  obtained  by  giviiJJlt  a  firm  rest. 


CHAPTER  n. 

PRELIMmAKY  SURVBY. 

18.  A  preliminary  survey  consists  in  an  instrumental  exam- 
ination of  the  country  along  the  proposed  route,  for  the 
purpose  of  obtaining  such  details  of  distances,  elevations, 
topography,  etc.,  as  may  be  necessary  to  prepare  a  map  and 
profile  of  the  route,  make  an  approximate  estimate  of  the  cost 
of  constructing  the  road,  and  furnish  the  data  from  which  to 
definitely  locate  the  line  should  the  route  be  adopted.  The 
survey  is  more  or  less  elaborate,  according  to  circumstances. 
In  case  the  country  is  new,  or  the  reconnoissance  has  been 
incomplete,  or  if  several  routes  seem  to  offer  almost  equal 
inducements,  the  survey  will  partake  somewhat  of  the  nature 
of  a  reconnoissance,  and  will  be  made  more  hastily  than  if  but 
one  route  is  to  be  examined,  and  that,  perhaps,  presenting 
serious  engineering  difficulties.  The  survey  is  made  as  expe- 
ditiously as  possible,  consistent  with  general  accuracy,  but 
should  not  usually  be  delayed  for  the  sake  of  precision  in 
matters  of  minor  detail. 

19.  For  preliminary  survey  the  Corps  of  engfineers  is 
organized  as  follows: 

A  chief  engineer,  an  assistant  engineer,  two  chainmen,  one 
or  two  axemen,  a  stakeman,  and  a  topographer,  these  forming 
the  compass  (or  transit)  party,  to  which  a  flagman  is  some- 
times added;  a  leveller  and  one  or  two  rodmen,  forming  tlie 
level  party;  and  to  these  is  sometimes  added  a  cross  level  party 
of  two  or  three  assistant  rodmen. 

20.  The  chief  engrineer  takes  command  of  the  corps, 
and  directs  the  survey.  Ho  ascertains  or  estimates  the  value 
of  the  lands  passed  over,  the  owners*  names,  and  the  boundary 
lines  crossed  by  the  line  of  survey.    He  examines  all  streams, 
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and  efltimates  the  size  and  etiaractcr  of  the  culverts  and 
bridges  which  they  will  require;  he  notices  .existing  bridges, 
and  Inquires  concerning  their  liability  to  be  carried  away  by 
freshet;  he  selects  suitable  sites  for  bridges,  examines  the 
character  of  the  foundations,  iLa  direction  of  the  current  rela- 
tively to  that  of  the  line,  and  considers  an}'  probable  change 
in  the  direction  of  the  current  during  freshets;  he  inspects  the 
various  soils,  rocks,  and  kinds  of  timber  as  they  are  met  with, 
and  takes  full  notes  of  all  these  and  kindred  items  in  his  field 
book.  Ho  not  unfrequently  tissumes  in  addition  the  duties  of 
topographer.  He  should  run  his  line  as  nearly  as  may  be  over 
the  ground  likely  to  be  chosen  for  location,  so  that  the  infor- 
mation obtained  may  be  pertinent,  and  so  that  the  length  of 
the  line,  the  shape  of  the  profile,  and  the  estimate  based  on 
the  survey  may  approximate  to  those  of  the  proposed  location. 
To  this  end  he  has  due  regard  to  the  levels  taken,  and  when 
they  show  that  the  line  as  run  fails  to  be  cousistent  witli 
allowable  grades,  he  either  orders  the  corps  back  to  some 
proper  point  to  begin  a  new  line,  or  makes  an  offset  at  once 
to  a  better  position,  or  continues  the  same  line  with  some 
deflection,  simply  noting  the  position  and  probable  elevation 
of  better  ground,  as  in  his  judgment  he  thinks  best.  He 
should  at  all  times  maintain  a  friendly  attitude  toward  pro- 
prietors, and  by  his  polite  bearing  endeavor  to  secure  their 
cordial  support  of  the  new  enterprise.  If  he  is  tolerably  cer- 
tain that  the  location  will  follow  nearly  the  line  of  the  prelim- 
inary survey,  he  should  have  with  him  some  blank  deeds  of 
right  of  way,  and  let  these  be  signed  by  land-owners  while 
they  are  favorably  disposed.  When  this  cannot  be  done,  a 
blank  form  of  agreement  to  allow  the  surveys  and  construc- 
tion of  the  road  to  proceed  until  sucb  time  as  the  terms  of 
right  of  way  may  be  agreed  upon  may  be  made  very  useful. 
The  chief  also  selects  quarters  for  his  men,  and  in  case  of 
caniping  out  he  directs  the  movements  of  the  camp  equipage. 
21«  The  assistant  engineer  takes  the  bearings  of  the 
courses  run,  and  makes  a  minute  of  them,  with  their  lengths,  or 
the  numbers  of  the  stations  where  they  terminate.  He  sees  that 
the  axemen  keep  in  line  while  clearing,  and  the  chainmen 
while  measuring;  ho  takes  the  bearings  of  the  principal  roads 
and  streams,  and  of  property  lines  when  met  with.  In  an 
open  country  he  may  save  time  by  selecting  some  prominent 
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usually  one  quarter  of  an  inch  apart,  so  that  a  scale  of  one 
line  to  a  station  equals  about  four  hundred  feet  to'  an  inch. 
This  is  the  smallest  scale  ever  used.  The  scale  of  two  lines  to 
a  station  is  most  convenient  for  general  use.  Four  lines  to  a 
station  are  needed  in  special  cases  to  show  details,  as  in  pass- 
ing through  villages.  The  scale  may  be  changed  from  time  to 
time  as  found  necessary,  but  no  two  scales  should  ever  be  used 
on  the  same  pag^.  The  numbering  of  the  stations  up  the  page 
indicates  the  scale  of  the  sketch. 

27.  When  the  contours  of  fhe  surface  are  required,  the 
topographer  may  join  the  level  party  in  order  that  his  esti- 
mates of  heights  and  slopes  may  be  corrected  by  the  instru- 
mcint.  He  should  never  draw  a  mass  of  contours  indiscrimi- 
nately, but  should  sketch  them  as  they  exist  at  a  uniform  ver- 
tical interval.  This  interval  may  be  assumed  at  five  feet  in 
a  gently  rolling  country,  and  at  twenty  feet  in  a  mountainous 
one,  but  an  interval  of  ten  feet  will  be  found  most  convenient 
generally.  If  the  topographer  accompanies  the  level  he  can 
assume  the  contours  at  the  even  tens  of  feet  in  elevation,  and 
m:irk  them  so,  noting  where  a  contour  crosses  the  surveyed 
line,  and  sketching  its  direction  and  shape  both  wajis  from 
that  point.  He  will  estimate  the  rate  of  slope  of  the  ground 
at  right  angles  to  the  line  as  so  many  feet  per  hundred,  and 
record  it  from  time  to  time,  noting  ascent  from  the  line  on 
either  side  by  "A,"  and  descent  by  "  D."  If  the  slope  changes 
within  the  limit  of  the  page,  the  line  of  change  may  be 
sketched  and  the  next  slope  recorded.  When  little  banks  or 
terraces  occur,  or  bluffs  and  rocks,  which  cannot  be  suf- 
ficiently indicated  by  contours,  they  should  be  shown  by 
hatchings,  and  the  height  noted.  Special  care  should  be 
taken  to  sketch  roads  and  houses  in  their  correct  positions 
and  dimensions,  the  latter  to  be  either  measured,  paced  or 
estimated.  The  dimensions  should  also  be  recorded  in  num- 
bers. The  outline  of  forests  may  bo  shown  by  a  scalloped 
line,  and  the  kind  of  timber,  and  whether  dense  or  scattered, 
written  within  the  inclosed  space.  Correct  outlines  are  essen- 
tial, but  no  time  should  be  given  to  shading  up  a  sketch  with 
conventional  signs.  A  single  sign,  or  the  name  of  the  thing 
intended,  is  all  sufficient.  Land-owners'  and  residents'  names 
should  be  recorded  whenever  they  can  be  obtained,  as  well  as 
the  names  of  roads,  streams  and  public  buildings. 
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fi8«  The  leveller  takes  cbarge  of  the  level  • 
keeps  the  notes  of  his  work.    He  reads  the  rod  on  b 
at  turning  points  to  hundredths  of  a  foot  and  to  tenths  . 
points.    He  should^  direct  a  bench  to  be  made  at  leivst  Ou^ 
every  half  mile,  and  in  a  very  rough  country  every  quarter  of 
a  mile.    The  benches  need  not  be  far  from  the  line,  and,  if 
well  chosen,  may  be  used  as  turning  points,  thus  saving  time. 
The  elevation  of  turning  points  musf  be  computed  when 
taken,  so  that  the  elevation  of  any  one  of  them  may  bo 
instantly  given  when  called  for,  and  the  other  elevations  will 
be  filled  in  as  far  as  may  be  without  delaying  the  survey.    Aa 
the  levels  are  usually  the  most  essential  part  of  the  survey, 
much  care  should  be  taken  to  have  the  instrument  well  ad- 
justed and  truly  level,  and  the  rod  held  vertically  and  correctly 
read  on  turning  points,  but  the  intermediate  work  should  not 
be  so  done  as  to  delay  the  party  unnecessarily.    The  leveller 
should  use  every  endeavor  to  follow  closely  after  the  survey- 
ing party,  so  that  the  chief  and  topographer  may  have  tho 
advantage  of  his  notes. 

29.  The  rodman's  first  duty  is  to  hold  the  rod  vertically, 
and  he  must  learn  to  do  this  in  calm  or  windy  weather,  in  level 
field  or  on  side  hill.  He  may  carry  a  small  disk-letel,  which 
applied  to  the  edge  of  the  rod  will  show  when  it  is  vertical. 
The  turning  points  are  to  be  selected  for  firmness  and  definite- 
ness,  and  so  that  they  will  afford  a  clear  view  from  beyond 
for  a  backsight.  The  rod  is  held  for  a  reading  on  the  ground 
at  every  stake,  the  number  of  which  is  called  out  to  the  level- 
ler as  soon  as  the  rodman  arrives  at  it;  tho  rod  is  also  to  be 
held  at  every  prominent  change  of  slope  on  the  line,  as  the 
crest  and  foot  of  every  bank,  the  rodman  calling  out  its  dis- 
tance from  the  last  stake  as  plus  so  many  feet,  but  all  gentle 
undulations  and  minor  irregularities  arc  to  be  neglected.  The 
rod  will  always  be  read  at  the  surface  of  a  stream  or  pond, 
and  also  at  its  deepest  part  on  the  line,  when  possible;  other- 
wise the  depth  of  the  water  may  bo  found  by  sounding,  and 
so  recorded.  Should  the  line  run  along  a  stream  the  surface 
will  be  taken  occasionally,  opposite  certain  stations,  and  in 
case  of  a  canal,  the  elevation  of  surface  above  and  below  each 
lock  must  be  noted.  The  rodman  makes  inquiry  for  high- 
water  marks  or  seeks  traces  of  them  himself  in  an  uninhabited 
district,  and  holds  the  rod  upon  them  that  their  elevation  may 
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usually  one  quarter  of  an  inch  apart,  so  that  a  scale  of  one 
line  to  a  station  equals  about  four  hundred  feet  to"  an  inch. 
This  is  the  smallest  scale  ever  used.  The  scale  of  two  lines  to 
a  station  is  most  convenient  for  general  use.  Four  lines  to  a 
station  are  needed  in  special  cases  to  show  details,  as  in  pass- 
ing through  villages.  The  scale  may  be  changed  from  time  to 
time  as  found  necessary,  but  no  two  scales  should  ever  be  used 
on  the  same  pagd.  The  number^ig  of  the  stations  up  the  page 
indicates  the  scale  of  the  sketch.  ^ 

27.  When  the  contours  of  tlie  surface  are  required,  the 
topographer  may  join  the  level  party  in  order  that  his  esti- 
mates of  heights  and  slopes  may  be  corrected  by  the  instru- 
mcint.  He  should  never  draw  a  mass  of  contours  indiscrimi- 
nately, but  should  sketch  them  as  they  exist  at  a  uniform  ver- 
tical interval.  This  interval  may  be  assumed  at  five  feet  in 
a  gently  rolling  country,  and  at  twenty  feet  in  a  mountainous 
one,  but  an  interval  of  ten  feet  will  be  found  most  convenient 
generally.  If  the  topographer  accompanies  the  level  he  can 
assume  the  contours  at  the  even  tens  of  feet  in  elevation,  and 
m:irk  them  so,  noting  where  a  contour  crosses  the  surveyed 
line,  and  sketching  its  direction  and  shape  both  waj^  from 
that  point.  He  will  estimate  the  rate  of  slope  of  the  ground 
at  right  angles  to  the  line  as  so  many  feet  per  hundred,  and 
record  it  from  time  to  time,  noting  ascent  from  the  line  on 
either  side  by  "A,"  and  descent  by  "  D."  If  the  slope  changes 
within  the  limit  of  the  page,  the  line  of  change  may  be 
sketched  and  the  next  slope  recorded.  When  little  banks  or 
terraces  occur,  or  bluffs  and  rocks,  which  cannot  be  suf- 
ficiently indicated  by  contours,  they  should  be  shown  by 
hatchings,  and  the  height  noted.  Special  care  should  be 
taken  to  sketch  roads  and  houses  in  their  correct  positions 
and  dimensions,  the  latter  to  be  either  measured,  paced  or 
estimated.  The  dimensions  should  also  be  recorded  in  num- 
bers. The  outline  of  forests  may  bo  shown  by  a  scalloped 
line,  and  the  kind  of  timber,  and  whether  dense  or  scattered, 
written  within  the  inclosed  space.  Correct  outlines  are  essen- 
tial, but  no  time  should  be  given  to  shading  up  a  sketch  with 
conventional  signs.  A  single  sign,  or  the  name  of  the  thing 
intended,  is  all  sufficient.  Land-owners*  and  residents*  names 
should  be  recorded  whenever  they  can  be  obtained,  as  well  as 
the  names  of  roads,  streams  and  public  buildings. 
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28«  The  leveller  takes  charge  of  the  level  party  and 
keeps  the  notes  of  his  work.  Ho  reads  the  rod  on  benches  and 
at  turning  points  to  hundredths  of  a  foot  and  to  tenths  at  other 
points.  He  should  direct  a  bench  to  be  made  at  least  once 
every  half  mile,  and  in  a  very  rough  country  every  quarter  of 
a  mile.  The  benches  need  not  be  far  from  the  line,  and,  if 
well  chosen,  may  be  used  as  turning  points,  thus  saving  time. 
The  elevation  of  turning  points  musf  be  computed  when 
taken,  so  that  the  elevation  of  any  one  of  them  may  be 
instantly  given  when  called  for,  and  the  *  other  elevations  will 
be  filled  in  as  far  as  may  be  without  delaying  the  survey.  Aa 
the  levels  are  usually  the  most  essential  part  of  the  survey, 
much  care  should  be  taken  to  have  the  instrument  well  ad  . 
justed  and  truly  level,  and  the  rod  held  vertically  and  correctly 
read  on  turning  points,  but  the  intermediate  work  should  not 
be  so  done  as  to  delay  the  party  unnecessarily.  The  leveller 
should  use  every  endeavor  to  follow  closely  after  the  survey- 
ing party,  so  that  the  chief  and  topographer  may  have  tho 
advantage  of  his  notes. 

29.  The  rodman's  first  duty  is  to  hold  the  rod  vertically, 
and  he  must  learn  to  do  this  in  calm  or  windy  weather,  in  level 
field  or  on  side  hill.  He  may  carry  a  small  disk-level,  which 
applied  to  the  edge  of  the  rod  will  show  when  it  is  vertical. 
The  turning  points  are  to  be  selected  for  firmness  and  deflnite- 
ness,  and  so  that  they  will  afford  a  clear  view  from  beyond 
for  a  backsight.  The  rod  is  held  for  a  reading  on  the  ground 
at  every  stake,  the  number  of  which  is  called  out  to  the  level- 
ler as  soon  as  the  rodman  arrives  at  it;  the  rod  is  also  to  be 
held  at  every  prominent  change  of  slope  on  the  line,  as  the 
crest  and  foot  of  every  bank,  the  rodman  calling  out  its  dis- 
tance from  tlie  last  stake  as  plus  so  many  feet,  but  all  gentle 
undulations  and  minor  irregularities  are  to  be  neglected.  The 
rod  will  always  be  read  at  the  surface  of  a  stream  or  pond, 
and  also  at  its  deepest  part  on  the  line,  when  possible;  other- 
wise the  depth  of  the  water  may  be  found  by  sounding,  and 
so  recorded.  Should  the  line  run  along  a  stream  the  surface 
will  be  taken  occasionally,  opposite  certain  stations,  and  in 
case  of  a  canal,  the  elevation  of  surface  above  and  below  each 
lock  must  be  noted.  The  rodman  makes  inquiry  for  hif/h- 
water  marks  or  seeks  traces  of  them  himself  in  an  uninhabited 
district,  and  holds  the  rod  upon  them  that  their  elevation  may 
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be  determined.    The  small  axe  or  hatchet 

with  which   to   mak  ^  trim  out  any  stray 

branch  that  may  inter  v^iew. 

30.  The  assistant  rodmen  take  the  slope  and  elevations 
of  the  ground  at  right  angles  to  the  line,  using  vertical  and  hori- 
zontal rods  and  a  pocket  level,  or  a  tape  line  and  clinometer. 
The  cross  levels  are  not  taken  throughout  the  whole  survey,  if 
at  all,  but  only  where  the  roughness  of  the  country  seems  to 
demand  it.  They  may  be  extended  to  any  distance  from  the 
centre  line  required  by  tlie  chief — not  less,  however,  than  fifty 
feet  as  a  rule.  They  may  be  taken  at  the  stations  only,  or 
oftener,  if  necessary,  depending  upon  the  roughness  of  the 
surface,  the  object  being  to  define  accurately  the  contours, 
and  so  the  shape  of  the  ground.  The  assistant  rodmen  will 
also  take  soundings  when  they  are  needed,  either  on  the  line 
or  at  right  angles  to  it. 

31.  In  defining  the  duties  of  the  members  of  the  corps,  the 
instruments  used  have  been  incidentally  noticed. 

32.  The  compass  is  preferable  to  the  transit  on  prelimi- 
nary surveys,  because  it  can  be  operated  more  rapidly,  is  lighter, 
and  usually  has  a  better  needle.  It  may  have  either  plain 
sights  or  telescope,  and  be  mounted  on  tripod  or  Jacob  staff. 
The  simpler  forms  are  preferred  for  forest  work.  Not  unfre- 
quently  the  engineer's  transit  is  employed,  but  using  the  needle. 
A  preliminary  line  should  not  be  run  by  backsights  and  deflec- 
tions, unless  local  attraction  is  found  to  exist  to  such  an  extent 
as  to  destroy  confidence  in  the  needle;  or,  in  special  cases, 
where  the  natural  obstacles  to  a  survey  are  very  great.  In  the 
latter  case  the  survey  partakes  of  the  nature  of  a  location,  and 
should  be  conducted  with  similar  care  and  fidelity. 

33.  The  chain  is  100  feet  long,  and  composed  of  100 
links.  It  should  be  of  steel  for  lightness,  durability,  and  greater 
accuracy.  Those  having  rings  of  hard  steel,  unbrazed,  are 
least  apt  to  wear.  Five  marking  pins  are  needed,  each  having 
a  piece  of  red  flannel  attached,  for  temporary  stations,  or  for 
keeping  points  temporarily  while  measuring  by  parts  of  a 
chain  up  or  down  a  slope.  A.  pointed  plumb  bob,  with  sev- 
eral yards  of  small  cord  wound  on  a  carpenter's  spool,  is  use- 
ful in  chaining  over  steep  declivities  or  bluffs. 

34.  The  axes  should  be  of  best  quality,  with  hand-made 
handles,  and  not  too  heavy.    The  axe  of  the  stakeman  should 
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have  a  fine  edge  for  dressing  and  a  broad  head  for  driving 
the  stakes.  When  the  stakes  are  not  required  to  be  over  two 
feet  long,  a  stout  basket,  having  a  square,  flat  bottom,  26x14 
inches,  should  be  furnished  the  stakeman.  He  will  then  pre- 
pare a  basketful  of  stakes,  ready  marked,  and  place  them  in 
the  basket  regularly,  in  the  reverse  order  of  their  numbers,  so 
that  they  will  come  to  hand  as  wanted.  A  smaU  hand-saw 
no  larger  than  the  basket,  with  rather  coarse  teeth,  wide  set, 
will  be  found  extremely  useful  in  cutting  stakes  with  square 
heads  and  of  uniform  length,  and  much  more  rapidly  than  can 
be  done  with  an  axe.  When  not  in  use,  it  is  to  be  strapped  to 
the  inside  of  the  basket,  to  prevent  its  being  lost  by  the  way. 
When  the  basket  is  about  empty,  the  stakeman,  with  the 
assistance  of  the  axemen,  can  soon  replenish  it,  and  the  stakes 
being  all  numbered  at  once,  there  is  less  danger  of  a  mistake 
being  made  in  the  tally  than  when  they  are  marked  only  as 
wanted. 

35.  The  level  should  be  the  regular  engineer's  level,  the 
same  as  used  on  location. 

36.  The  rod  should  be  self -reading,  i.e.,  to  be  read  by  the 
leveller,  as  too  much  time  would  be  consumed  in  the  constant 
adjustment  of  a  target  by  the  rodman.  It  should  be  as  long  as 
can  be  conveniently  handled  in  order  to  reduce  the  number  of 
turning  points  on  hill  sides.  A  very  convenient  rod  may  be 
made,  of  thoroughly  seasoned  clear  white  pine,  sixteen  feet 
long  and  two  inches  wide,  with  a  thickness  of  one  inch  at  the 
bottom,  increasing  to  one  and  a  quarter  inches  at  six  feet  from 
the  bottom,  and  then  gradually  diminishing  to  three  eighths  of 
an  inch  at  the  top.  The  rod  is  shod  with  a  stout  strap  of  steel, 
extending  five  inches  up  the  edges,  and  secured  by  screws. 
The  top  is  protected  for  a  few  inches  by  a  plate  of  sheet  brass 
on  the  back.  The  face  of  the  rod  is  a  plain  surface  through- 
out, and  is  graduated  from  the  lower  edge  of  the  steel  shoe  at* 
zero.  The  divisions  are  fine  cuts  made  with  the  point  of  a 
knife.  At  the  foot  and  half -foot  points  the  cuts  extend  across 
the  face.  For  the  tenths  and  half  tenths  they  extend  three 
quarters  of  an  inch  from  the  right  hand  edge,  terminating  in  a 
line  scribed  parallel  to  the  edge  of  the  rod,  thus  forming  rec- 
tangular blocks  half  a  tenth  wide,  every  other  one  di  which  is 
painted  black,  the  body  of  the  rod  being  white.  The  feet  are 
indicated  by  numerals  painted  red  on  the  blank  part  of  the 
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face,  each  figure  standing  exactly  on  its  foot  mark,  and  being 
exactly  one  tenth  high.  For  the  figure  5  the  Roman  V.  is  sub- 
stituted and  for  9  the  Roman  IX.,  so  that  in  case  a  dumpy 
level  is  used  the  5  may  not  be  mistaken  for  a  3,  nor  the  9  for  a 
6.  At  the  half- foot  points  a  red  diamond  is  painted,  so  that 
the  graduated  line  bisects  it.  No  other  figures  nor  gradua- 
tions are  required.  With  this  rod  the  leveller  can  read  quite 
accurately  to  hundredths  of  a  foot,  and  after  some  practice 
can  estimate  the  half  hundredths. 

37.  The  horizontal  rod  for  cross-levels  may  be  made 
of  white  pine,  ten  feet  long  and  one  inch  thick  by  three  wide, 
tipped  with  brass,  painted  white,  and  graduated  to  feet  and 
tenths.  It  must  be  a  straight  edge,  and  is  levelled  by  a  pocket 
level  placed  upon  it  when  needed,  or  by  a  small  level  embedded 
permanently  in  one  edge.  The  vertical  rod  to  be  used  with  it 
is  made  of  pine  eight  feet  long  and  one  and  a  quarter  inches 
square,  and  graduated  to  feet,  tenths,  and  half  tenths.  All 
rods  when  not  in  use  should  be  laid  on  a  flat  surface  to  pre- 
vent their  being  sprung.  Leaning  them  in' a  corner  soon  ruins 
them  for  use. 

38.  The  clinometer  is  any  small  instrument  which  will 
measure  the  slope  angle  of  the  surface.  The  angle  is  always 
estimated  from  the  horizon,  a  vertical  being  90°.  The  rise  per 
100  feet  is  found  by  multiplying  the  nat.  tangent  of  the  slope 
angle  by  100.  It  may  often  be  found  more  easily  by  the 
leveller  reading  the  rod  at  a  station  and  then  100  feet  left  or 
right  of  the  line.  If  surface  measures  are  taken  in  connec- 
tion with  a  slope  angle  they  are  reduced  to  horizontal  meas- 
ures by  multiplying  them  by  the  cosine  of  the  slope  angle. 

39.  The  plane-table  is  rarely  if  ever  used  on  prelimi- 
nary surveys  in  the  United  States.  Occasional  bearings  taken 
to  prominent  objects  by  the  assistant  engineer,  or  the  use  of  a 
prismatic  compass  by  the  topographer  in  connection  with  his 
sketches,  is  found  to  answer  every  purpose. 

40.  In  case  a  survey  is  to  be  made  with  a  tran- 
sit, it  is  necessary  to  add  a  back  flagman  to  the  party,  who  will 
hold  his  flag  or  rod  on  the  point  last  occupied  by  the  transit,  so 
that  the  assistant  may  take  a  backsight  upon  it.  The  direction 
of  a  new  course  in  each  case  is  determined  by  the  deflection 
angle  to  the  right  or  left  of  the  preceding  course  produced. 
The  bearing  of  one  long  course  near  the  beginning  of  the  sur^ 
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vey  having  been  carefully  ascertained,  the  bearing  of  each  suc- 
ceeding course  is  calculated  from  the  deflections,  and  entered 
in  a  column  of  the  field  book  headed  Calculated  Bearings,  from 
which  the  line  is  afterwards  plotted.  The  magnetic  bearing 
of  each  course  should  also  be  taken  from  the  needle,  and  re- 
corded as  such,  but  is  used  only  as  a  check  on  the  transit 
work.  The  deflections  should  be  made  in  degrees,  halves,  or 
quarters,  if  possible,  to  facilitate  the  calculation  of  bearings, 
and  to  admit  of  using  a  traverse  table. 

41.  The  attached  level  and  vertical  arc  of  the  transit  ate 
useful  in  determining  approximately  the  grade  of  the  line  run 
in  advance  of  the  level  party,  or  in  seeking  for  one  assumed 
grade  to  which  it  is  desired  that  the  line  shall  conform.  For 
this  purpose  it  is  only  necessary  to  set  the  vertical  arc  to  the 
angle  corresponding  t;o  the  grade  as  given  in  Table  XIV.,  and 
let  the  head  chain  man  move  about  until  a  point  on  his  rod  at 
the  same  height  from,  the  ground  as  the  telescope  is  covered 
by  the  horizontal  cross-hair. 

42.  The  point  on  the  ground  where  a  transit  is  set  up  is 
marked  by  a  good-sized  plug,  flat  headed,  and  driven  down 
flush  with  the  ground,  with  a  tack  set  in  the  head  to  show  the 
exact  point  or  centre.  This  is  called  a  transit  point.  When 
a  transit  point  occurs  at  a  regular  station,  the  stake  bearing 
the  number  of  that  station  is  set  three  feet  to  the  left  of  the 
line  opposite  the  plug  and  facing  it.  When  a  transit  point 
occurs  between  stations  the  stake  is  driven  three  feet  to  the 
left  of  it,  marked  with  the  number  of  the  preceding  station 
•^  the  distance  from  that  station  in  feet. 

43.  As  a  transit  is  capable  of  giving  a  line  with  great  pre- 
cision, it  is  important  that  the  fla^s  used  in  connection  with 
it  should  be  equally  precise  in  giving  points.  An  excellent  flag 
for^his  purpose  is  made  of  well-seasoned  clear  white  pine  ten 
feet  long,  two  and  a  half  inches  wide,  and  one  inch  thick.  It  is 
tapered  for  the  last  four  inches  to  an  edge  at  one  end,  the  edge 
being  formed  at  the  middle  of  the  width.  The  tapered  end  is 
shod  with  a  band  of  steel  covering  the  edge  of  the  rod,  and 
secured  by  screws,  and  the  steel  is  brought  to  a  sharp  edge  at 
the  point  of  the  rod.  The  rod  is  then  painted  white  and 
tipped  with  brass  at  the  square  or  upper  end.  A  centre  line 
on  the  face  is  then  struck  from  the  point  of  the  steel  to  the 
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middle  of  the  brass  -itip  by  means  of  a  piece  of  sewing  silfe, 
and  a  fine  cut  made  with  a  knife  and  steel  straight  edge. 
The  centre  line  must  not  be  scribed  parallel  to  one  edge  of  the 
rod,  as  this  is  rarely  ever  straight.  The  face  of  the  rod  is 
then  divided  into  one-foot  spaces,  measured  from  the  head  of 
the  rod,  and  these  are  painted  red  on  either  side  of  the  centre 
line  in  alternate  blocks.  On  the  back  of  the  rod  at  three  and 
a  half  feet  from  the  point  is  placed  a  small  ground-glass 
bubble-tube,  mounted  very  simply,  and  attached  to  the  rod  by 
a  brass  plate  and  screws,  and  guarded  by  two  blocks  of  wood 
for  protection.  The  centre  line  of  the  rod  is  made  vertical  by 
a  plumb-line  while  the  level  tube  is  being  attached,  which  ever 
after  secures  a  vertical  rod.  If  only  two  feet  of  this  rod  can 
be  seen  over  any  obstruction,  a  point  can  be  set  with  great 
precision,  provided  the  level  tube  is  in  adjustment.  This  flag 
can  also  be  used  as  a  plumb  in  chaining  with  much  more 
satisfaction  than  a  cord  and  weight,  especially  in  windy 
weather. 

44.  A  transit  survey  usually  requires  more  clearing  than 
one  made  by  compass.  When  a  given  course  is  to  be  produced 
in  a  forest,  some  large  trees  will  inevitably  be  encountered,  but 
the  labor  and  delay  of  felling  them  may  be  avoided  by  the 
use  of  auxiliary  lines.  These  may  be  classified  as  running 
parallel  to  the  main  line,  at  a  aniall  angle  with  it,  or  at  a  large 
angle  with  it. 

45.  The  parallel  line  is  established  by  means  of  two 
short  perpendicular  offsets  measured  with  care  before  reach- 
ing the  obstacle,  and  the  main  line  is  established  beyond  the 
obstacle  by  means  of  two  more  equal  offsets.  But  since  short 
back-sights  are  to  be  avoided,  these  offsets  should  be  at  least 
100  feet  apart,  so  that  it  may  be  difiicult  to  find  a  parallel  line 
of  sufficient  length  which  does  not  strike  some  other  obstacle, 
or  at  least  require  considerable  extra  clearing. 

46.  The  auxiliary  lines  makings  a  small  angle 
with  the  main  line  are  more  convenient,  not  only  on  this 
account,  but  because  they  require  a  less  number  of  transit 
points.  By  them  an  isosceles  triangle  is  formed  on  the  ground, 
having  the  intercepted  pottion  of  the  main  line  as  base,  and  the 
vertex  near  the  obstacle.  The  deflections  at  the  points  where 
the  lines  leave  and  join  the  main  line  are  similar  and  equal,  and 
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the  deflection  at  the  vertex  is  double  in  amount  and  opposite 
in  direction.    No  calculation  is  necessary,  for  the  error  in 
measurement  due  to  the  deviation  is  too  small  to  be  noticed, 
and  since  the  msAn  line  is  immediately  resumed,  the  calculated 
bearings  of  the  auxiliary  lines  are  unnecessary.     Should  the 
point  where  the  second  line  joins  the  main  line  prove  unsuit 
able  for  a  transit  point,  the  second  line  may  be  produced  to 
any  convenient  point  beyond,  and  so  go  to  form  an  isosceles 
triangle  on  the  opposite  side  of  the  main  line,  the  triangle 
being  completed  by  running  a  third  line  parallel  to  the  first, 
and  equal  to  the  difference  of  the  first  and  second.    Again, 
tlie  second  line  may  encounter  a  serious  obstacle  before  reach 
ing  the  main  line.    To  avoid  this  a  parallel  to  the  main  lin« 
may  be  run  from  the  end  of  the  first  line  for  a  con- 
venient distance,  and  there  the  second  line  be  put  in 
parallel  and  equal  to  its  first  position,  as  before  de- 
scribed, thus  forming  a  trapezoid. 

47.  The  following  g^eneral  solution  of  this 
problem  allows  the  engineer  to  make  use  of  any 
number  of  auxiliary  lines,  provided  that  none  of 
them  make  an  angle  of  much  more  tlian  one  degree 
with  the  main  line,  with  a  certainty  of  resuming  the 
main  line  in  position  and  direction  at  the  extremity 
of  any  course  desired,  and  without  necessitating 
any  trigonometrical  calculation.  It  is  based  on  the 
assumption,  practically  true  for  small  angles,  that 
the  sines  are  proportional  to  their  angles,  and  is  ex- 
prcHsed  by  the  following  rule  : 

Call  all  deflections  to  the  right  pliis,  and  aU  to 
the  left  minus;  multiply  the  length  of  each  course 
in  feet  by  the  algebraic  sum  in  minutes  of  all  the 
auxiliary  deflections  made  to  reach  that  course; 
take  the  algebraic  sum  of  these  products,  and 
when  the  sum  equals  zero  the  extremity  of  the  last 
course  will  be  on  the  main  line.  The  deflection 
required  at  that  point  to  give  the  direction  of  the  main  line 
is  equal  to  the  algebraic  sum  of  all  the  preceding  deflections, 
but  taken  with  the  contrary  sign. 

Thns,  if  we  have  left  the  main  line  at  A,  and  run  by  these 
notes:    (Fig.  l.> 
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Sta-           Defl.  Dist.  •                  Factors.                 Products. 

A  le'  R  190  ®  «  +  16  X  100  =  +  3040 

B  31'  L  120  i  I  -  15  X  120=              -  1800 

C  18' R  175  ll  +    3X175  =  +   525 

D  13'  L  2^5  I  I  -  1^  X  265  =  .            -  2650 ' 

E  15' R  ^1  +    5X   (?) 

8565-4450 

and  their  algebraic  sum  is  —    885 

Therefore  to  render  the  sum  zero  we  must  add  885  as  the  pro- 
duct of  the  last  course.    But  5'  is  already  given  as  one  factor, 

885 
so  that  the  other  factor  must  be  -=-  =  177,  which  is  the  length 

o 

of  the  last  course,  giving  some  point  F  on  the  main  line.    The 

deflection  at  F  from  the  last  course  to  give  the  direction  of 

the  main  line  is 

16  -  31  +  18  -  13  +  15  =  5' 

and  changing  the  sign  we  have  —  5' ;  that  is,  tlie  deflection  is 
to  the  left. 

The  distance  on  the  main  line  from  A  to  F  equals  the  sumi  '^ 
of  the  courses,  or  927  feet,  biit  this  we  have  by  the  stations, 
which  have  been  kept  by  stakes  in  the  ordinary  way.  All  the 
stakes  on  the  auxiliary  lines  will  be  more  or  less  off  the  main 
line,  but  as  these  offsets  are  usually  very  small,  they  are  con- 
sidered of  no  consequence  on  a  preliminary  survey  through  a 
forest.  In  JFig.  1  the  offsets  are  very  much  magnified.  The 
field  notes  of  such  auxiliary  courses  should  be  kept,  not  as 
regular  notes,  but  on  the  margin  or  opposite  page,  and  in  such 
a  way  that,  while  the  line  may  be  retraced  by  them  on  the 
ground,  the  draughtsman  may  sec  that  it  is  not  necessary  to  plot 
them,  when  a  straight  line  ruled  and  measured  through  is  suf- 
ficient. It  is  obvious  that  in  selecting  a  closing  course  either 
the  deflection  may  be  assumed  and  the  length  calculated,  or 
vice  versa  ;  but  care  sliould  be  taken  to  assume  such  values  as 
do  not  involve  a  fraction  in  either  factor,  if  possible. 

48.  The  method  of  passing  an  obstacle  on  the  line  by 
auxiliary  lines  at  a  large  ang^le  with  the  main  line  will 
only  be  resorted  to  when  circumstances  are  such  that  the  other 
methods  mentioned  cannot  be  employed,  as  in  passing  a  build- 
ing,  pond,  or  denseiy  wooded  swamp.    In  such  a  case  we  may 
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turn  a  right  angle  with  the  transit,  and  measure  accurately  one 
offset,  putting  a  transit  point  at  its  extremity^  where  another 
right  angle  will  give  a  parallel  line.  If  the  offset  prove  too  short 
for  an  accurate  backsight,  a  temporary  point  at  a  sufficient 
distauce  may  be  established  for  tliat  purpose  on  the  offset  line 
produced  before  the  instrument  is  removed  from  the  main 
line.  If  any  other  angle  than  90"  is  used  it  should  be  selected, 
when  circumstances  permit,  so  that  the  distances  on  the  inter- 
cepted part  of  the  main  line  may  be  in  some  simple  ratio  to 
tlie  distances  measured  on  the  auxiliary  line.  Thus  a  deflection 
of  60°  gives  a  distance  on  the  main  line  equal  to  half  the 
length  of  the  auxiliary  course,  that  is, 


60"*         gives  a  ratio  of  i 
53°  08'       **      "  ** 

45°34i'     "      ** 
36°  53"      "      "  ** 

25°  50i'     '*      *' 


0.5 

0.6  nearly 

0.7 

0.8 

0.9 


ti 
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the  angles  being  taken  to  the  nearest  half  minute. 

49.  If  it  be  desired  that  the  stakes  on  the  auxiliary  line 
should  stand  on  perpendiculars  through  the  true  stations 
on  the  main  line,  a  certain  correction  must  be  added  to  each 
chain  length  depending  on  the  angle  which  the  auxiliary 
makes  with  the  main  line.  If  there  is  a  fraction  of  the  chain 
at  either  end  of  the  course,  a  proportional  addition  must  be 
made  for  this.  Thus,  by  referring  to  the  table  of  external 
secants,  we  find  that  we  must  add  a  correction  as  follows: 


8°  37'  ..0.2" 
4°  26'  ...0.8** 
5°  07'  ...0.4" 
5°  48'  ...0.5  " 
6°15i'..  0.6" 


These  methods  of  suiting  the  angle  to  an  even  measure  are 
much  superior  to  assuming  an  even  number  of  degrees  deflec- 
tion, and  then  calculating  the  distance  by  trigonometry.  The 
last  table,  which  may  be  extended  mdeflnitely  by  reference  to 
the  table  of  Ex.  secants,  is  perfectly  adapted  to  chaining:  by 
surface  measure  on  reg^ular  slopes  when  tlie  slope  angle  is 


r  chain. 

6°  45V...  0.7  ft. 

per  chain. 

7M3i'...0,8" 

7'*39r...0.9" 

8-04'  ...1.0" 

9°  52'  ...1.6" 

ir22'  ...2.0" 
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known,  the  chain  being  lengthened  by  the  correction  corre- 
sponding to  the  slope  angle. 

50.  If  the  chain  is  lengthened  as  per  above  table  on  auxil- 
iary lines,  the  numbering  of  the  stakes  goes  on  as  usual,  but 
they  should  have  an  additional  mark  as  X  to  show  that  they 
are  off  the  main  line;  and  they  may  stand  facing  the  true 
stations  which  they  represent,  and  the  length  of  offset,  if 
known,  may  also  be  recorded  on  them.  The  leveller  will  then 
understand  that  he  is  to  read  the  rod  not  only  at  the  stakes  as 
they  stand,  but  also  at  the  true  stations,  as  nearly  as  may  be. 
The  assistant  engineer  will  always  make  a  diagrram  in  his 
field  book,  showing  exactly  the  method  pursued  in  reference  to 
auxiliary  lines.  Having  passed  the  obstacle,  it  is  advisable 
to  return  to  the  main  line  by  a  course  equal  in  length  to  the 
first  auxiliary,  and  making  an  equal  angle  with  the  main  line. 
If  this  cannot  be  done  from  the  end  of  the  first  course,  a 
parallel  to  the  main  line  may  be  run  any  convenient  distance, 
and  the  return  line  then  put  in,  forming  a  trapezoid. 

51.  When  there  is  no  obstruction  to  sight  on  the  main 
line,  but  only  to  measurement,  a  transit  point  should  be 
set  in  line  beyond  the  obstacle  before  the  transit  leaves  the 
main  line,  as  a  check  on  the  other  operations,  and  the  main 
line  should  be  afterward  produced  from  this  point  by  back- 
sight on  the  main  line,  rather  than  by  deflection  from  an 
auxiliary  line. 

52.  The  main  line  should  always  be  resumed  as  soon  as 
practicable,  making  the  auxiliary  lines  the  mere  exception. 
When  a  number  of  courses  at  a  large  angle  are  likely  to  be 
required  before  the  main  line  can  again  be  reached,  it  may  be 
better  to  consider  these  as  regular  courses  of  the  survey,  and 
to  note  them  as  such.  The  simplest  method  is  always  the  hest^ 
because  least  likely  to  involve  mistakes. 

53.  When  the  natural  obstacles  are  so  numerous 
and  of  such  magnitude  as  to  render  any  continuous  line  of  sur- 
vey or  location  extremely  difficult,  if  not  impossible,  as  in  the 
case  of  a  bold  rocky  shore,  all  the  data  necessary  to  a  location 
should  be  gathered  with  precision  on  the  preliminary  survey, 
the  measurements  and  angles  being  taken  with  the  greatest  care, 
and  as  many  checks  as  possible  should  be  introduced  to  verify 
the  work.  In  meandering  such  a  shore  it  is  probable  that  a  large 
number  of  short  courses  will  be  used,  which  may  be  measured 
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correctly,  but  there  is  liability  to  error  in  the  angles.  To 
verify  the  latter  the  more  conspicuous  transit  stations  on 
prominent  points  of  the  shore  are  selected,  and  these  being 
named  by  the  letters  of  the  alphabet,  the  deflections  between 
them  are  taken  by  careful  observations  repeated  a  number  of 
times,  as  for  a  triangulation.  These  points,  joined  by  tie- 
lines,  then  form  a  survey  of  themselves,  much  simpler  than 
the  full  traverse.  To  obtain  the  length  of  these  tie-lines,  the 
angles  between  them  and  the  courses  meeting  at  the  same 
station  are  measured.  Then  since  each  tie-line  forms  the 
closing  side  of  a  field,  in  which  all  the  bearings  are  known, 
and  all  the  distances,  save  one,  that  one  may  be  calculated  by 
latitude  and  departures.  But  the  angles  should  first  be  tested 
for  error  in  each  complete  field,  and  if  the  error  be  large  the 
angles  must  all  be  remeasured  until  the  error  is  found  and  cor- 
rected, but  if  very  small  it  may  be  distributed  among  the 
angles,  or  among  those  most  probably  inaccurate.  Before  cal- 
culating the  traverse  of  any  of  these  fields,  it  will  be  advanta- 
geous to  assume,  for  an  artificial  meridian,  a  line  parallel  to 
the  average  direction  of  the  shore  for  several  miles,  and  to 
refer  all  courses  to  this  meridian  for  their  bearing.  This 
meridian  is  called  the  aods  of  the  survey,  and  all  bearings 
referred  to  it  are  called  aaaiaX  hearings,  as  distinguished  from 
magnetic  bearings.  The  magnetic  bearing  of  the  axis  should 
be  some  exact  number  of  degrees,  so  as  to  facilitate  the  reduc- 
tion from  one  system  to  the  other. 

54,  In  plotting  the  map,  the  axis  is  first  laid  down,  and  then 
the  lettered  stations  in  their  respective  positions,  after  which 
the  meandering  surveys  can  be  filled  in.  The  map  being 
drawn  on  a  scale  of  one  hundred  feet  to  an  inch,  and  the  con- 
tours constructed  from  the  notes  of  ttie  level  and  cross-level 
parties,  the  engineer  may  project  the  location  upon  it  with 
great  certainty  and  economy  of  result.  But  he  should  calcu 
late  the  traverse  of  the  location  as  projected,  and  compare  it 
with  the  traverse  of  the  preliminary,  to  eliminate  all  errors  in 
drafting,  before  taking  his  notes  to  the  field  to  reproduce  the 
location  on  the  ground.  Any  point  where  the  location  crosses 
the  preliminary  should  have  the  same  latitude  and  longitude 
by  the  traverse  of  either  line.  This  system,  though  laborious, 
is  the  only  one  that  will  ensure  a  successful  location  under  the 
circumstances  supposed.    Advantage  may  sometimes  be  taken 
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of  cold  weather  to  cross  bays  and  inlets  on  the  ice,  but  there 
is  great  liability  to  error  in  angles  taken  upon  the  ice,  due  l)oth 
to  its  motion  and  to  the  sinking  of  the  feet  of  the  tripod  into 
the  ice  as  soon  as  exposed  to  the  rays  of  the  sun. 


CHAPTER  III. 

^nEORT  OF  Maximum  Economy  in  Grades  and  Cukves. 

»5.  Before  commencing  the  field  work  of  location  it  de- 

.)lves  upon  the  engineer  to  decide  as  to  which  of  the  surveyed 

routes  shall  be  adopted  as  being  most  advantageous  in  all 

respects,  and  also  to  establish  the  maximum  grade  in  each 

direction  and  the  minimum  radius  of  curve  on  that  route. 

The  general  considerations  which  guide  the  engineer  in  the 
selection  of  one  of  several  routes  for  location  are  such  as  were 
hinted  at  in  the  chapter  on  reconnoissance,  but  upon  the  com- 
pletion of  the  preliminary  surveys  he  has  at  hand  a  large 
amount  of  information  which  enables  him  to  consider  this 
important  question  much  more  in  detail.  Unless  his  instruc- 
tions are  explicitly  to  the  contrary,  he  may  assume  it  to  be  his 
duty  to  find  the  beat  line,  or  that  one  which,  for  a  series  of 
years  following  the  completion  of  the  road,  will  require  the 
least  annual  expense,  including  interest  on  first  cost.  The 
finances  of  the  company  may  be  so  limited  as  not  to  permit 
the  construction  of  the  best  line  at  once,  and  it  may  then  be 
the  duty  of  the  engineer  to  select  the  cheapest  line,  or  that  of 
least  first  cost,  as  a  temporary  expedient,  with  the  expectation 
of  building  the  road  at  its  best  when  the  improved  credit  of 
the  company  will  permit.  But  generally  he  will  be  able  to 
build  the  cheaper  portions  of  the  best  line  at  once,  only  making 
deviations  and  introducing  heavier  grades  at  the  expensive 
points  to  avoid  a  cost  beyond  the  present  means  at  his  com- 
mand. The  selection  of  the  best  line  may  be  a  question  as 
between  different  routes  or  as  between  different  grades  and 
curves  on  the  same  route.  We  will  consider  the  latter  case 
first. 

56.  To  solve  the  problem  of  true  economy  we  must 
determine  the  actual  expense  both  of  building  and  operating 
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the  line  at  a  given  maximum  grade,  and  also  what  changes  will 
be  made  in  these  expenses  by  a  change  in  that  maximum.  We 
have  then,  on  one  hand,  the  annual  interest  upon  the  original 
cost,  and,  on  the  other,  the  annual  expense  of  operating  the  road. 
The  best  grade  is  that  which  will  render  the  mm  of  these  two  a 
minimum.  Both  forms  oi  expense  consist  of  two  parts:  one 
that  is  affected  by  a  change  m  grade,  and  the  other  that  is  not. 
Clearly  the  former  is  the  only  one  we  have  to  consider  in  either, 
since  when  the  sum  of  the  variable  portions  is  a  minimum,  the 
sum  total  will  be  a  minimum  also.  The  varying  portions  then 
are  functions  of  the  grade,  though  independent  of  each  other. 
If,  therefore,  we  let  z'  represent  the  maximum  grade  in  feet 
per  mile,  and  let  x  represent  the  correspondmg  value  of  that 
portion  of  the  annual  expense  which  varies  with  the  grade, 
and  establish  the  relation  existing  between  the  two,  we  shall 
have  X  =f{z').  Similarly  if  we  let  y  represent  the  interest  on 
so  much  of  the  first  cost  as  is  affected  by  grade,  we  shall  have 
y=f'  («')•  The  problem  then  is  to  find  that  value  of  z'  which 
shall  render 

x-^y  =  a  minimum. 
Let  us  now  seek  the  complete  expression  represented  by 

The  elements  that  enter  into  this  expression  are  numerous, 
and  will  be  considered  in  succession. 

57.  The  t^raction  of  an  engine  is  the  force  with  which 
it  pulls  a  train,  and  is  limited  by  the  reaction  of  the  drivers 
against  the  rails.  It  depends  on  the  weight  upon  each  driver,  the 
number  of  drivers,  and  the  coefficient  of  friction.  The  weight 
on  one  driver  should  not  exceed  12,000  lbs.,  and  is  usually  less 
than  this.  If  the  exact  proportions  of  engine  that  will  be 
used  on  the  road  are  not  known,  the  weight  per  driver  may 
be  assumed  at  10,000  lbs.,  with  4  drivers  for  ordinary  grades 
and  traflic,  or  at  11,000  lbs.  with  6  drivers,  if  the  grades  are 
steep  and  the  tonnage  large.  For  extraordinary  grades  special 
engines  are  required,  having  8  or  10  drivers.  The  coefficient 
of  friction,  called  also  the  adhesion,  varies  from  .09  to  .37, 
these  being  the  extremes  on  record.  The  lowest  is  due  to 
extremely  unfavorable  circumstances,  as  sleet  and  frost;  the 
highest  doubtless  to  the  use  of  sand,  though  not  so  stated  in 
the  record.    The  more  common  range  of  values  is  from  .13  to 
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.25.  For  our  present  purpose  it  will  be  assumed  at  .20,  so 
that  if  a  4-driver  engine  has  10,000  lbs.  on  each  driver,  iis 
traction  is  40,000  X  .20  =  8000  lbs.  when  hauling  its  maximum 
train. 

58.  The  expense  of  running  an  engine  one  mile,  hauling 
a  train,  on  the  proposed  road,  can  only  be  estimated  from  the 
experience  on  other  roads  similarly  situated.  The  expense  is 
composed  of  the  items  of  fuel,  water,  oil  and  waste,  repairs 
(including  renewals),  wages  of  conductor,  engineer,  and  fire- 
man, engine-house  expenses,  and  interest  on  first  cost  of 
engine  and  engine-stall.  The  range  and  approximate  average 
of  these  items  is  here  given: 


Items. 

4-Drivrr  Enqins. 

4-Dbiveb 

1 

1 
6-Dbiysb  8-Dbivbb 

1 
Lowest 

Highest. 

Average. 

Average. 

Average. 

Fuel 

Water 

$0,050 
.001 
.004 

025 

$0,210 
.010 

.om 

.150 
.100 
.060 
.038 

$0,100 
.004 
.006 
.OHO 
.075 
.0% 
.090 

$0,165 
.006 
.008 
.104 
.075 
.080 
.038 

.008 

Oil  and  waste 

Repairs  and  renewals 
"Wages 

.010 
.198 
.075 

Enf^ne-house 

Interest .... 

.060 
.047 

Totals 

.206 

.596 

.880 

Ma 

.546 

In  a  given  case  the  probable  value  of  each  item  should  be 
estimated  separately,  and  the  sum  taken  afterwards.  In  the 
above  averages  each  engine  is  supposed  to  haul  its  maximum 
train.  The  relative  expense  of  the  several  classes  of  engines 
has  not  been  established  conclusively. 

59.  The  resistance  offered  to  the  motion  of  a  railway 
tram  is  occasioned  by  a  variety  of  causes,  concerning  which 
a  great  deal  of  uncertamty  exists  as  to  their  relative  effect. 
Vn  investigation  which  should  seek  to  determine  the  exact 
amount  of  each  partial  resistance,  and  then  by  a  summation 
derive  the  total,  would  be  tedious,  and,  in  the  present  state  of 
our  knowledge,  unsatisfactory.  We  shall  therefore  simply 
group  the  resistances  under  three  general  heads,  namely: 

Resistance  due  to  uniform  motion  on  a  straight,  level  track; 

Resistance  due  to  grade ; 

Resistance  due  to  curvature. 
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60.  The  first  of  t!i3n,  coa^iJerel  a^  an  aggregate  of 
the  various  items  ot*  l  riotioa  ia  e.igiaj  aa^l  train,  oi  oscillations 
and  impacts  and  or"  rcsisUiujc  oi  tac  atmospajrc,  is  found  to 
vary  nearly  or  qu.tc  as  tiio  s^iiare  of  t.i*  vcl<)city.     The  fric 
tiou  of  an  enghie  is  greater  in  proportion  to  its  weight  than 
that  of  a  car,  owing  to  its  many  moving  parts,  so  that  the 
resistance  of  a  short  train  is  greater  in  proportion  to  its  total 
weight  than  that  of  a  long  train.    The  resistance  of  the  atmos- 
phere is  greater  also  in  proportion  to  the  weight  of  a  short 
train  than  of  a  long  one.     An  empty  train  will  offer  more 
resistance  in  proportion  to  its  weight  than  a  loaded  one.     A 
formula  which  shall  express  the  resistance  of  a  train  to  uni 
form  motion  must  include  at  least  thd  velocity  and  the  weig^ 
of  the  train  and  engine. 

The  following  empirical  formula  is  based  upon  a  careful 
investigation  of  all  such  records  of  experiments  on  the  subject, 
several  hundred  in  number,  as  have  come  to  the  author's  notice, 
and  is  believed  to  give  results  agreeing  closely  with  the  average 
experience  and  practice  of  the  present  day.    It  is  designed  to 
give  the  resistance  per  ton  for  all  trai:ns,  whether  freight  or 
passenger,  and  at  any  velocity,  under  ordinary  circumstances. 
Accidental  circumsti^npcs,  such  as  the  state  of  the  weather, 
and  the  condition  of  the  road-bed,  rails,  and  rolling  stock,  may 
largely  modify  the  reaistance,  but  these,  of  course,  are  not 
taken  account  of  in  the  ^formula. 
Let  V  =  velocity  of  train  in  miles  per  hour, 
E  =  weight  of  engine  and  tender  in  tons, 
W  =  weight  of  cars  in  tons, 
T  =  weight  of  freight  in  tons, 
q  =  resistance  to  uniform  motion  in  lbs.  per  ton. 
We  then  have  the  formula 

,  =  5.4 +(.006  + ^-1^11^)  7.  (IN 

61.  The  second  resistance  considered  is  that  due  to 
gravity  in  grades.  It  varies  in  the  exact  ratio  of  the  rise  to  the 
length  of  the  grade. 

Let  G,   =  rise  of  grade  in  feet  per  station.  v. 

"    G^a  =  rise  of  grade  iti  feet  per  mile. 
**   q'    =  resistance  in  potinds  per  ton  due  to  grade. 


it 
tt 
it 


28  PIELD  ElfGIKEERIKG. 

Then, 


ff' 

=  3240 

100" 

• 

:  32.4  G^ 

i 

=  2240 

5280' 

33    "»  J 

(2) 


62.  The  third  resistance  considered  is  that  due  to 
curvature  of  the  track.  This  resistance  is  due  to  the  friction 
of  the  wheels  upon  the  top  of  the  rail,  and  of  their  flanges  upon 
the  side  of  the  rail.  The  top  friction  is  lateral,  due  to  the 
ohlique  position  of  the  wheel  on  the  rail,  and  longitudinal,  due 
to  the  greater  length  of  ^  the  outer  rail,  since  both  wheels  are 
rigidly  attached  to  the  p,xle.  The  flange  friction  is  due  to  the 
reaction  of  the  top  friction,  which,  combined  with  the  parallel- 
ism of  the  axles,  throws  the  truck  into  an  oblique  position  on 
the  track.  A  forward  flange  presses  the  outer  rail,  while  a  rear 
flange  is  usually  in  contact  with  the  inner  rail.  The  centri- 
fugal force  of  the  car  will  increase  the  pressure  on  the  outer 
rail,  unless  the  ties  are  inclined  at  an  angle  sufficient  to  coun- 
terbalance this  force.  But  if  the  ties  are  inclined  too  much, 
or  the  velocity  is  less,  the  pressure  on  the  inner  rail  will  be 
increased.  An  uneven  track  will  cause  the  truck  to  pursue  a 
zigzag  course,  increasing  the  resistance  considerably. 

Experiments  for  determining  the  amount  of  curve  resistance 
have  been  neither  numerous  nor  very  satisfactory,  biit  the 
generally  accepted  conclusion  is  that  the  resistance  is  a  little 
less  than  half  a  pound  per  ton  on  a  one-degree  curve,  and  that 
it  varies  as  the  degree  of  curve.  On  European  roads,  how- 
ever, it  is  estimated  at  about  one  pound  per  ton  per  degree  of 
cp  ve,  owing  largely  to  the  form  of  rolling  stock  used. 

63.  Let  q"  =  curve  resistance  in  pounds  per  ton  on  anj' 

curve, 
and  D  =  degree  of  curve. 
Then,  assuming  the  resistance  per  ton  on  a  one-degree  curve 
at  0. 560,  we  have  for  any  other  curve 

q"  =  OMD  (3) 

To  ascertain  what  grade  upon  a  straight  line  will  offer  the 
same  resistance  as  a  given  curve ;  substitute  the  value  of  ^■' 
for  q'  in  eq.  (2)  and  solve  for  G;  Whence 

G.  =  0.0860  >  ... 

G^  =  1.32D    J  ^^ 
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For  definition  of  degree  of  curve,  see  Art.  84. 

64.  It  is  evident  tiiat  grades  and  curves,  by  their  resistances, 
fix  a  limit  to  the  weight  of  a  train  which  a  given  engine  can 
haul  over  them, 

A  locomotive  is  usually  built  with  such  a  surplus  of  boiler 
and  cylinder  capacity  that  its  power,  at  ordinary  velocities,  is 
limited  by  the  adhesion  of  the  drivers,  so  that  the  adhesion  is 
the  proper  measure  of  the  tractive  force. 

To  fiiid  an  expression  for  the  mcbxiinum  train  which  a  given 
engine  can  haul  over  a  given  grade  and  curve: 

Let    P  =  tractive  force  of  engine  in  pounds, 

**  T'  =  weight  of  paying  load  in  tons  per  maximum 
train, 

**     W  =  weight  in  tons  of  cars  carrying  the  load  T', 

Then  for  uniform  motion,  at  a  given  velocity, 

(^+W'+r)(,g  +  q'  +  g-)  =  P  (5) 

Let  t  =  average  load  of  one  car  in  tons 

"  w  =  average  weight  of  one  car  and  load  in  tons. 

w 
Then  W  -\-  T' =  -T',  substituting  which  in  eq.  (5)  we  derive 


T'  =  -  (     ,    -T  ,     .  -  -K)  (6) 


In  this  equation  q  =  the  resistance  per  ton  due  to  uniform 
motion,  q'  =  the  resistance  per  ton  due  to  the  maximum  grade 
opposed  to  the  direction  of  the  train,  and  q"  =  the  resistance 
per  ton  due  to  thie  shdrpesi  curve  on  tliat  grade. 

For  accelerated  motion  the  reaction  of  inertia  of  the  train 
must  be  added  to  the  above  resistances.  This  is  estimated  at 
\q,  in  order  that  a  train  starting  from  rest  may  acquire  the 
requisite  maximum  velocity,  even  on  a  maximum  grade,  in  a 
reasonable  time,  say  from  3  to  6  miiiutes.  Therefore,  for 
accelerated  motion, 


'=1/ ^ e\  (7) 


Now,  the  values  of  T  and  q  involve  each  other,  but  if  we 
accent  W  and  T  in  eq.  (1)  the  value  of  q  becomes  that  used  in 
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eq.  (7),  and  we  may  eliminate  q  between  these  equations,  and 
derive  the  value  of  T' ,  wiience 

^{P-  0009^«F*) 
^  "^  g'  +  ^"  +  8.1  +  .009r*  "w^  (®^ 

Also,  for  the  weight  of  maximum  train  and  load, 

which  is  the  expression  required. 

When  there  is  no  curve  on  the  maximum  grade,  q"  is  zero; 
and  when  there  is  no  grade,  q'  is  zero;  hence  for  a  straight  level 
track  eq.  (7)  becomes 

•*       w\^q  I 

and  eq.  (8) 

-(P-.  0009^  2  ITS) 
*»  ■"       8.1  +  .(K)9r^  w 


(10) 


65.  An  engiue-stage  is  a  division  of  the  road  to  which 
an  engine  is  limited,  and  over  which  it  regularly  hauls  a  train. 
Its  length  varies,  on  e^^isting  roads,  from  50  to  200  miles  or 
more,  depending  on  tlie  grades,  on  the  length  of  the  whole 
line,  and  on  the  distance  between  points  favorable  for  the  loca- 
tion of  shops,  etc.     The  average  engine-stage  on  American 
roads  is  not  far  from  75  miles.    If  there  are  to  be  several 
engine-stages  on  the  proposed  line,  the  problem  of  maximum 
economy  of  grade  must  be  solved  with  reference  to  each  of 
them  separatel3^ 
Let  L  =  length  of  engine-stage  in  miles, 
"    e  =i  expense  per  engine-mile  in  dollars, 
**  -4  =  average  annual  paying  freight  in  tons  moving  \k 

one  direction,  and 

*  a  =  average  annual  paying  freight  in  tons,  moving  \\\ 

the  opposite  direction;  and  if  these  are  not  equal,  let  A  be 

greater  than  a.    Now  T'  eq.  (8)  is  the  maximum  train-load 

which,  at  a  velocity  F,  should  be  hauled  up  steepest  grade  z\ 

opposed  to  the  direction  of  the  tonnage  A\  hence  »^  r=  the 
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number  of  trains  per  annum;  and  since  each  train  must  go 

2LA 
and  return,  .*.  — ^-  =  the  total  train-mileage  per  annum. 

If  there  were  no  return  tonnage,  the  annual  expense  charge 

2ALe 
able  to -4  would  be     j,,  ,  but  since  some  of  the  cars  return 

loaded  with  the  freight  a,  these  are  not  chargeable  to  A,  and 
must  be  deducted  from  the  above  expression.  Hence  if  we 
denote  the  annual  expense  of  engine-mileage  by  x,  . 

in  which  the  value  of  the  maximum  grade  z'  is  involved  in 
the  value  oi  T'. 

But  we  may  obtain  an  expression  for  x  in  terms  of  z' ;  for, 
at  any  given  velocity,  the  resistance,  q^,  on  a  level  is  equal  to 
the  resistance  due  to  a  certain  grade  «<,,  the  value  of  which  is, 
by  eq.  (2),  for  uniform  motion, 

33 

So  the  resistance,  g,  to  motion  up  a  grade  z'  is  equal  to 

33 
the  resistance  due  to  some  grade  «  =  —  5^,  the  total  resistance 

being  that  due  to  the  combined  grades  z  +  z'.  Now,  since 
the  gross  weight  of  a  maximum  train,  under  a  constant  engine 
power,  is  inversely  as  the  resistances,  we  have,  for  conditions 
of  accelerated  motion : 

"iT'+E'.jT.'+Eiiiz,  :  fz  +  e' 
whence 

r'  = -T-r-. (1^) 

in  which  T'^  =  maximum  train-load  on  a  level  line.  Substi- 
tuting this  value  of  T'  m  eq.  (11)  we  have 

aj  = -tii-?^ {2.A-a)Le      (18) 

^T\z,^-E{z'  +  \(z-z,)) 

which  is  the  complete  expression  for  a;  =  /  («')  required. 
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66.  Could  we  also  find  a  complete  expression  for  y  =/'  (0, 
we  might  then  proceed  to  find,  by  analysis,  that  value  of 
€  which  would  render  a;  -j-  y  =  a  minimum.  But  the  value 
of  y  cannot  be  formulated,  since  it  depends  on  the  accidental 
features  of  the  country  through  which  the  line  passes;  it  can, 
only  be  determined  for  any  given  value  of  2'  by  an  estimate 
based  on  the  survey.  We  therefore  resort  to  a  graphical 
solution. 

Equation  (18).  is  the  equation  of  a  curve  in  the  plane  2/X, 
Fig.  2.  If  we  assume  several  values  of  e',  and  calculate  the 
corresponding  values  of  x,  we  may  lay  these  oif  by  scale  on 
the  axes  of  Z  and  X  respectively,  and  so  obtain  several  points 


F10.2. 

through  which  the  curve  of  annual  expense  may  be  drawn. 
We  then  make  estimates  of  the  cost  of  constructing  the  road 
at  the  same  values  of  z',  and  taking  tho  annual  interest  of 
each  estimate  as  an  ordinate  y  to  OZ  in  the  plane  ZF,  we  lay 
it  oif  to  scale  at  the  proper  height,  thus  obtaining  a  series  of 
points  in  the  plane  ZT,  through  which  the  curve  of  annual 
interest  on  first  cost  may  be  drawn.  If  now  we  suppose  the 
plane  ZF  to  be  revolved  to  the  left  about  the  axis  OZ  until 
it  coincides  with  the  plane  OX,  as  in  Fig.  2,  we  shall  see 
that  the  two  curves  are  convex  to  OZ  and  to  each  other.  The 
shortest  horizontal  line  intercepted  by  them  indicates  the 
minimum  value  of  (^  -f-  y\  and  the  point  where  this  lin6  cuts 
the  axis  OZ  indicates  the  corresponding  value  of  «',  which  is 
the  one  required.  If  tangents  be  drawn  to  the  curves  at  the 
points  where  the  shortest  horizontal  line  intersects  them,  the 
tangents  will  be  parallel  to  each  other.  Any  convenient  scales 
may  be  used  to  lay  oif  the  values  of  2'  and  x,  provided  that 
the  values  of  ^  and  y  be  laid  off  to  the  mtM  icale.    It  is  well 


MAXIMUM  ECONOMY   IN   GBADES,  ETC.  33 

,to  reduce  all  the  values  of  x  by  an  amount  common  to  tbem 
all,  and  tire  same  with  respect  to  values  of  y,  before  laying 
them  off  to  scale.    This  will  bring  the  two  curves  nearer 
together  without  altering  their  form. 
67.  To  facilitate  the  calculation  of  a;,  we  give  on  the  next 

page  a  table  of  values  of  yp  for  several  engines,  using  eq.  (8) 

for  this  purpose.  The  value  oix  is  therefore  found,  eq.  (11) 
or  (IS),  by  multiplying  (2J.  —  a)  Le  hy  tlie  proper  tabular 
number,  under  conditions  assumed  as  follows: 

t    =  10  tons  of  freight  per  car-load; 

to .  =  18  tons  per  car  and  Ipadj 

V  =  12  miles  per  hour. 

For  a   4-driver  engine,  i27  =  42     tons;  P  =    8100  lbs. 

For  a  '6-driver  engine,  ^  =  49.5    *'      P  =  12600   •* 

For  an  8-driver  ^gine,  E  =  59.4    ''      P  =  17280   ** 

Substituting  these  values  in  eq.  (8),  and  making  q"  =  0, 
we  find  the  maxitnum  Ipada  of  freight  which  the  several 
eqgtues  can  haul  up  the  grade  whose  resistance  is  q'.  The 
reciproc^s  pf  these  loads  are  give;i  in  the  table  opposite  the 
grades  noted  in  the  ^rst  and  last  columns. 

OS.  Since. g"  is  made  zero,  the  grades  in  the  table  are 
assumed  to  be  on  straight  lines.  In  locating  a  road,  the 
maxfmum  grade  should  be  reduced  on  a  curve  by  the  amount 
of  t^e  equivalent-grade  of  the  curve,  eq.  (4),  so  that  the  resist- 
ance may  be  no  greater  on  the  curve  than  elsewhere.  But 
grades  less  than  the  maximum,  need  not  necessarily  be  reduced 
for  the  curves  upon  them,  unless  t^e  sum  of  the  grade  and  the 
curve-equivalent  exceeds  the  maximum. 

69.  Far  an  example,  let  us  suppose  that  a  certain  engine- 
stage  is  to  be  80  miles  long,  and  that  an  estimate  of  the  cost  of 
coiistruction  has  been  made,  based  on  a  ruling  or  maximum 
grade  of  52.8  ft.  per  mile  against  the  heavier  traffic,  and  that 
,the  annual  interest  on  the  estimate  amounts  to  $168,000. 

Let  us  further  suppose  that  the  average  traffic  in  one  direc- 
tion is  estimated  at  375  000  tons  per  annum,  and  in  the  other 
direction  at  125  000  tons,  that  it  is  decided  to  use  6-driver 
engines,  and  that  the  expense  per  engine-mile  is  estimated  at 
40  cents;  hence  (2^  —  a)L6  =  20  000  000.  We  are  now  required 
to  find  the  most  economical  maximum  grade. 

We  first  select  at  least  two  other  maximum  grades,  and  having 
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r=12. 


Table  or  Rxcxpbooals  of  T'. 


#=^10,w  =  18. 


<?.. 


4.0 
8.9 
8.8 
8.7 
8.6 
8.6 
8.4 
8.3 
Z.2 
8.1 

8.0 
8.9 
2.8 
8.7 
8.6 
8.5 
8.4 
8.3 
8.8 
2.1 

8.0 
1.9 
1.8 
1.7 
1.6 
1.5 
1.4 
1.8 
1.8 
1.1 

1.0 
.9 
.8 
.7 
.6 
.5 
.4 
.3 
.8 
.1 

0.0 


E  =  42 
P=8100 


.0479 
.0457 
,0436 
.0415 
.0396 
.0377 
.0359 
.0343 
.a386 
.0311 


844 
899 
036 
679 
859 
718 
980 
018 
759 
176 


.0896  884 
.0881864 
.0868  061 
.0854  784 
.0848  005 
.0889  695 
.0817  828 
.0806  881 
.0195  333 
.0184  663 

.0174  &58 
.0164  388 
.0154  736 
.0145  399 
.0136  856 
.0187  593 
.0119  099 
.0110  860 
.0108  865 
.0095104 

.0087  566 
.0080  848 
.0073183 
.0066  800 
.0059  466 
.0068  913 
.0046  538 
.0040  880 
.0034  868 
.0088  370 
.0088  680 


Diff. 


88  446 
81  863 
80  357 
19  480 

18  547 

17  788 
16  9G8 
1G853 
15  583 

14  958 

14  360 
13  803 
13  877 

18  779 
18  310 
11867 
11  447 
11048 
10  670 

10  311 

9  970 
9  646 
9  387 
9043 
8  768 
8  494 
8839 
7995 
7  761 

7538 

7  384 
7  119 
6983 
6734 
6  553 
6380 
6  213 
6  052 
6  898 
5  750 


.E:=49.5 
P=  18600 


.0841385 
.0838  431 
.0883  739 
.0815  897 
.0807  094 
.0199  180 
.0191  367 
.0183  884 
.0176  488 
.0169  336 

.0168  376 
.0155  596 
.0148  988 
.0148  546 
.0186  264 
.0130  136 
.0124  157 
.0118  381 
.0112  628 
.0107  056 

.0101  620 
.&G6  806 
.0091  115 
.0066  039 
.0081  074 
.0076  218 
.0071  467 
.0066  818 
.0068  267 
.0057  810 

.0053  445 
.00491.1 
.0044  964 
.0040  880 
.0036  858 
.0088  9!5 
.0029  060 
.0085  859 
.0021540 
.0017  898 
.0014  318 


Diflf. 


8954 
8698 
S448 
8808 
7  974 
77  3 
7  543 

7  841 
7147 

6960 

6780 
6606 
6448 
6282 
6128 
5  979 
5836 
5  699 
5566 

5430 

5  312 
5198 
5  076 
4965 
4856 
4  751 
4  649 
4  551 
4  457 

4865 

4  874 
4187 
4104 
4088 
3  943 
3865 
3  791 

8  719 
8  648 
3580 


.^=59.4 
P=  17280 


.0168  847 
.0157  850 
.0151  786 
.0146  .50 
.0141  888 
.0136  146 
.0131  168 
.0186  808 
.0121  545 
.0116  898 


.0112 
.0107 
.0103 
.0099 
.0095 
.0090 
.0086 
.0088 
.0079 
..C075 


r-K    I 


339 
884 
524 
855 
075 
981 
970 
040 
188 
413 


.0071  718 
.0068  088 
.0064  528 
.0(^61089 
.0057  608 
.0054  839 
.0050  988 
.0047  698 
.0044  517 
.0041893 


.0088 
.0085 
.0088 
.0029 
.0086 
.0028 
.0021 
.0018 
.0015 
.0018 
.0010 


884 
309 
847 
487 
577 
766 
008 
884 
618 
984 
899 


Diff. 


5  697 
6464 
683& 
5  818 

5098 
4978 
4866 
4  757 
4G53 

4Cu3 

4  455 
4360 
4  269 
4180. 
4094 
4  011 
3930 
3  858 
8  775 

8  701 

8680 
8560 
8  493 
8^7 
8363 
8  801 
8^ 
8181 
8184 

8  069 

8  015 
8  968 
8  910 
8860 
8  811 
8  764 
8  718 
8  672 
2  628 
8585 


ft.  per 

mUe. 


811.80 
806. 9-i 
800.64 
195  86 
190.08 
184.80 
179.58 
174.84 
168.96 
163.68 

158.40 
158.18 
147.84 
148.56 
187.88 
188.00 
186.78 
181.44 
116.16 
110.88 

106.60 
100.88 
96.04 
89.76 
84.48 
79.80 
73.98 
68.64 
63.36 
68.08 

68.80 

47.58 
48.84 
86.96 
81.68 
86.40 
81.18 
15.84 
10.56 
6.88 
0  00 


In  this  table  T'  =  tons  of  freight  for  a  maximum  train  of 
fully  loaded  cars  hauled  up  any  grade  z'  at  a  velocity  of  11 
miles  per  hour ;  the  ratio  of  dead  to  paying  load  being  assume<l 
at  8  to  10.  Hence  gross  load  of  tram  behind  engine  =  |5  T . 
The  track  is  assumed  straight,  hence  q"  =  0  in  eq.  (8)  foi 
this  table. 
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mnde  tva  eatiraate  of  the  cost  of  constractiag  the  road  upon 
each,  take  the  annuiij  intereiit  of  each,  as  id  the  first  case.  Let 
OS  suppose  the  two  ruling  grades  tlius  selected  to  be  73.93  ft. 
and  81.08  ft.  per  mile,  or  1.4  ft.  per  station  and  0.6  ft.  per 
station,  and  the  interest  on  the  estimatea  Co  be  $145  596  and 
$304  888  respectively,  giving  the  following  statement: 

Or  V-  Istdlff.  £ddiir. 

1.4  145,596  23^ 

1.0  168  000  13  984 


Interpolating  by  second  differcacea,  we  have  the  complete 


I    6it,.y.   j    t 


The  numbers  in  the  fourth  arid  fifth  columns  arc  obtained 
as  follows:  the  values  assumed  above  give  us  (2/1  —  a)  Le  =: 
$20  000  000,  and  lliia  multiplied  by  the  tabular  difference*  in 
the  preceding  Cable  for  a  O-driver  engine,  gives  the  numbers  in 
the  fourth  column.  We  now  observe  Cliat  the  difFerences  of 
IE  and  of  y  increase  in  opposite  directions,  therefore  at  some 
point  they  will  be  equal ;  and  a  simple  inspection  shows  us  that 
this  point  is  at  or  near  the  grade  of  0,9,  which  is  tlicrcfore 
the  gT'ade  required.  We  now  multiply  the  tabular  number  for 
0.9,  and  a  6  driver  engioe  by  $20  000  000,  for  the  number  in 
the  fifth  column,  and  this  added  tn  the  value  of  ]/  on  the 
same  line  gives  the  sum  of  (*  +  s)  for  the  most  economical 
grade.  This  of  course  is  not  the  total  annual  outlay  of  the 
road,  or  engine-stage,  because  many  items  of  expense  which 
are  Independent  of  a  maximum  grade  have  not  been  con- 
ddered. 
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If  an  8-drivep  engine  were  to  be  used,  and  the  expense  per 
engine-mile  estimated  at  50  cts.,  then  (24  -  a)  Z;^  =  $^  000  000; 
hence 


o,. 

y- 

diflf.y. 

diflP,  X, 

X. 

x+y. 

«'. 

1.1 

1.0 
0.9 

161088 
168000 
175  786 

6  912 

7  786 

7  673 
7538 

^'810 

•   263810 

52.80 

indicating  a  saving  of  $10  318  per  annum  in  the  case  supposed 
by  using  8-driver  engines,  although  on  a  steeper  ruling  grade.. 
On  the  other  hand,  should  we  adopt  4-drivep  engines,  and  esti- 
mate the  expense  per  engine-mile  at  30  cents,  we  should  find 
the  most  economical  grade  to  be  0.7  per  station  and  {x  -|-  y) 
=  $293  280,  showing  a  loss  in  this  case  of  $19  152  per  annum, 
as  compared  with  the  results  of  6-driver  engines. 
It  should  be  remembered  that  the  table  §  67  is  prepared  on 

the  assumption  that  the  ratio  —  =  r^.     If  cars  are  to  be  used 

w       IS 


giving  for  full  loads  any  other  ratio,  — , , 


a  new  table  may  be 

prepared  by  multiplying   each  tabular  number  by  ^-r  X  y . 

The  velocity  adopted  of.  12  miles  per  hour  is  sufficient  for 
ordinary  grades.  When  the  maximum  grade  is  very  low,  it 
would  be  better  to  use  15  or  18  miles  an  hour  in  calculating 
the  value  of  a;. 

70.  Since  a*,  eq.  (11),  varies  directly  as  X,  it  is  important 
that  an  eng)ne-stage  having  heavy  grades  should  be  short.  Its 
length,  however,  must  be  consistent  with  the  economical 
length  of  the  adjoining  engine-stages,  and  with  the  amount  of 
work  which  an,  engine  ought  to  perform  daily.  The  most 
favorable  condition  for  a  road  would  be  that  in  which  all  the 
engine-stages  were  operated  at  iBqual  expense!  But  if;  to 
secure  this  result,  the  engine-stage  of  heavy  grades  must  be 
unreasonably  reduced  in  length,  it  will  be  better  to  adapt  the 
grades  to  tjbe  use  of  two  engines  per  train. 

7 1.  The  maximum  grade  a',  oppoaed  to  the  heavier  toniiage 
Af  having  been  determined,  we  have!  now  to  consider  what  is 
the  limit  to  grades  in  the  opposite  direction.    The  engines  are 
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supposed  to  haul  their  maximum  loads  in  moving  the  ton 
nage  Ay  and  since  the  return  tonnage,  a,  is  less  than  Ay  the 
engines,  in  returning,  will  not  be  worked  to  their  full  capacity 
if  they  encounter  no  grades  steeper  than  2'.  We  therefore 
have  a  margin  of  power  in  the  returning  engines  which  may 
be  taken  advantage  of  to  cheapen  the  cost  of  construction,  or 
to  shorten  the  line,  by  introducing  grades,  steeper  than  s', 
against  the  lighter  traffic. 

The  weight  of  a  maximum  train  moving  up  the  grade  ^'  is, 
eq.  (9),  W  -\-T'\  the  weight  of  the  train  returning  will  be 


w  +  ±r  =  \^+^^r 


Substituting  this  in  place  of  (TT'  +  T'),  eq.  (9),  and  solving  for 
q'y  we  find  the  resistance  due  to  a  maximum  grade  opposed  to 
the  returning  train.  Whence,  by  eq.  (2),  if  we  let  Z  =  the 
maximum  return  grade,  and  make  g*  =  0, 

^^83       P-.0009^_!F^    _33  ;^  ^^ 

Inasmuch  as  the  value  of  Z  varies  with  every  change  made 
in  z'y  the  engineer,  when  estimating  the  cost  of  construction 
upon  the  basis  of  any  maximum  grade  «',  should  take  care 
that  the  return  grade  Z  nowhere  exceeds  its  limit  as  given  by 
the  last  equation  (14).  In  the  example,  §69,  z'  =  47.52;  hence 
T  =  203.37,  eq.  (8),  Substituting  these  values,  in  eq,  (14),  we 
find  Z=  81.25,  which  is  therefore  the  liriiit  for  return  grades 
in  this  case.     With  regard  to  curves  on  the  maximuir  grade, 

Bee  §68. 

33 
72.  If  in  eq.  (1)  we\etz  =  -jq  be  the  grade  per  mile  which 

offers  a  resistance  equal  to  the  resistance  to  uniform  motion 
on  a  level,  we  have 

.  =  12.73+ (.01414 +^l^^F'        (15) 
When  F=  20  this  becomes 
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which  is  the  grade  down  which  a  train,  whose  weight  is  (E-^ 
Tr+  T),  if  started  at  20  miles  an  hour,  will  continue  to  move 
at  that  speed  without  steam  or  brakes.  As  that  speed  is  not 
objectionable,  so  the  grade  e,  which  induces  it  is  not,  pro- 
vided it  does  not  exceed  the  values  of  z'  or  Z  respectively, 
determined  with  reference  to  economy.  For  the  extra  work 
done  by  the  engine  in  ascending  one  grade  z  is  utilized  in 
descending  the  next;  and  the  net  result  is  the  same  as  though 
the  two  were  replaced  by  a  uniform  grade.  The  engineer 
therefore  is  not  warranted  by  economic  considerations  in, 
reducing  undulating  grades  which  do  not  exceed  e  to  a  uni- 
form grade,  when  to  do  this  would  cause  any  increase  in  the 
cost  of  construction,  unless  z  exceeds  the  grades  z'  or  Z  of 
maximum  economy. 

73.  But  when  grades  exceed  2,  eq.  (15^),  the  resulting 
speeds  of  the  maximum  train  become  too  great,  and  the  neces- 
sary application  of  the  brakes  absorbs  a  portion  of  the  power 
previously  expended  in  gaining  the  summit,  whic'i  is  thus 
worse  than  wasted,  since  it  increases  the  wear  and  tear  of 
machinery  and  track.  Therefore  the  engineer  is  justified  in 
spending  a  certain  sum  of  money  in  reducing  grades  which 
exceed  z  to  that  limit.  A  calculation  of  the  loss  of  power  due 
to  the  use  of  brakes  on  a  grade,  and  of  the  cost  of  that  lost 
power,  together  with  the  resulting  wear  and  tear  per  annum, 
will  give  the  interest  on  the  sum  that  may  be  justifiably  spent 
in  reducing  the  grade  from  its  position  of  cheapest  construc- 
tion. 

74.  The  limit  z  is  not  constant,  but  depends  on  the  weight 
of  the  maximum  train,  which  in  turn  depends  on  z'.  It  will 
not  be  the  same  in  both  directions  unless  -4  =  «,  giving  z'  =  Z, 
In  the  example  §69,  E  =  49.5  and  W  +  T'  =  366.07;  hence, 
eq.  (15  J),  z  =  21.72  descending  in  the  direction  of  the  traffic  A. 

Also  W  +  ^  T'  =  230.49,  whence  z  r=  23.34  descending   in 

the  opposite  direction.     These  are  the  limits  in  this  case  at 
which  undulating  grades  cease  to  be  profitable. 

75.  We  have  finally  to  consider  the  method  for  selecting  the 
best  line  from  several  proposed  routes.  For  this  purpose  we 
determine  th(  most  economical  grade  on  each  route  thought 
worthy  of  consideration,  and  calculate  the  interest  on  the 
entire  east  of  constnicting  the  line  with  that  ruling  grade,  and 
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also  the  anntui!  expense  of  operating  the  line,  and  take  the  sum 
of  the  two.  That  route  is  best  in  respect  to  which  this  turn  is 
the  least. 

76.  The  value  of  saving  one  mile  in  distance  on  any  route 
is  found  by  dividing  the  sum  of  the  annual  operating  expense 
and  the  interest  on  the  cost  of  construction  by  the  rate  of 
interest,  and  the  quotient  by  the  length  of  the  line  in  miles. 

77.  We  have  now  fully  discussed  the  theory  and  developed 
the  formulsB  necessary  to  the  determination  of  the  most 
economical  grades;  but  the  value  of  the  results  in  a  given 
case  depend  upon  the  correctness  of  the  engineer's  estimates 
which  enter  into  the  formulae.  These  may  seldom  prove  pre- 
cisely accurate,  yet,  if  he  can  bring  them  within  definite 
limits,  he  may  determine  the  grades  of  maximum  economy 
within  corresponding  limits.  In  the  case  of  a  finished  road 
and  in  full  operation,  however,  the  elements  of  first  cost,  of 
traffic,  and  of  operating  expenses  being  known,  an  investiga- 
tion by  means  of  the  foregoing  formulae  becomes  a  critical  test 
as  to  the  economy  of  the  location  and  grades;  and  should  the 
road  fail  to  pay  dividends,  or  be  forced  to  charge  high  rates 
of  toll,  we  can  determine,  though  perhaps  too  late,  to  what 
extent  the  location  is  chargeable  with  these  results. 


CHAPTER  IV. 
Location. 

78.  A  railroad  is  said  to  be  located  when  its  centre  line  is 
established  on  the  ground  in  the  position  which  it  is  intended 
finally  to  occupy.  The  location  is  made  by  an  engineer  corps 
similar  in  its  organization  to  that  employed  on  preliminary 
surveys.  The  instruments  used  are  also  the  same,  except  that 
the  transit  is  substituted  for  the  compass,  and  usually  the  target 
rod  for  the  self-reading  rod.  The  magnetic  needle  is  never 
used  upon  the  centre  line,  except  as  a  rough  check  on  the 
transit  work.  It  is  used,  however,  to  obtain  the  direction  of 
property  lines,  roads,  and  other  topographical  data. 

79.  The  remarks  upon  transit  work  in  the  preceding 
chapter  apply  to  the  running  of  straight  lines  on  location.     All 
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field-work  on  location  should  be  done  with  accuracy  and 
fidelity.  No  guesswork,  nor  rude  approximations,  are  to  be 
tolerated.  All  transit  points  are  made  as  secure  and  permanent 
as  possible^  and  the  more  important  ones  are  guarded  by  other 
transit  points  set  in  safe  positions  near  by,  their  distances  and 
directions  from  the  main  point  being  recorded. 

The  stakes  for  the  stations  are  made  neatly,  and  somewhat 
uniform  in  si?e,  and  they  are  firmly  driven.  Sometimes  a 
small  plug  is  driven  down  flush  with  the  surface  of  the  ground 
to  indicate  the  station  point,  and  the  stake  is  then  set  near  by 
as  a  witness. 

In  locating  a  very  longr  tangent  the  greatest  care  is  re- 
quired to  make  it  straight.  If  the  tangent  is  produced  from 
point  to  point  by  backsights  and  foresights,  the  observation 
should  be  repeated  in  every  instance  with  reversed  instrument, 
to  eliminate  any  possible  lack  of  adjustment,  and  to  check 
any  accidental  error,  (Indeed  it  is  proper  to  observe  this  rule 
on  curves,  as  well  as  on  tangents.)  When  some  object  in  the 
horizon  can  be  used  as  a  foresight,  it  is  preferable  to  set  the 
instrument  by  this  rather  than  by  a  backsight.  For  final  loca- 
tion, the  line  should  be  cleared  to  give  as  continuous  a  line  of 
sight  as  possible,  but  in  case  of  an  obstacle  which  cannot  be 
removed  at  the  time,  at  least  two  independent  methods  of 
passing  it  should  be  employed,  so  that  there  may  be  a  check 
upon  the  alignment  beyond. 

80.  The  leveller  selects  his  benches  far  enough  from  the 
line  to  prevent  their  being  disturbed  during  the  construction  of 
the  road.  They  should  be  nearly  at  grade,  as  a  rule,  though  it 
is  well  to  leave  a  bench  near  a  water-course  for  reference  in  lay- 
ing out  masonry  or  trestle-work.  The  rodman  holds  the  rod 
at  every  station,  and  at  every  point  on  the  centre  line  where 
the  slope  changes  direction,  so  that  these  points  may  be  accu- 
rately defined  on  the  profile.  When  he  uses  a  target  rod,  he 
sets  the  target  as  directed  by  the  leveller,  and  after  clamping 
it,  takes  the  reading.  He  reads  to  thousandths  upon  turning 
points  and  benches,  but  only  to  tenths  of  a  foot  elsewhere,  and 
announces  the  readings  to  the  leveller  for  record.  He  also 
records  the  readings  upon  turning  points  and  benches  in  his 
own  book  as  a  check.  At  the  close  of  each  day  the  leveller 
and  rodman  compare  notes,  and  draw  a  profile  of  the  line  sur- 
veyed.   (See  also  §§  28,  29,  30.) 
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81.  The  fixing  of  the  grade-lines  upon  the  profile  is 
one  of  the  most  important  operations  connected  with  the  loca- 
tion. It  is  usually  performed  by  the  engineer  in  charge  of 
the  locating  party,  as  being  most  conversant  with  the  general 
character  and  detailed  requirements  of  the  line.  The  maxi- 
mum gradients  will  have  generally  been  determined  in  advance 
from  the  preliminary  data  by  the  principles  laid  down  in  the 
preceding  chapter,  but  the  position  of  each  grade-line,  relative 
to  the  profile  of  the  surface,  must  be  left  to  the  judgment  and 
skill  of  the  engineer.  In  general,  the  grade-line  is  so  placed 
as  to  equalize  the  amounts  of  excavation  and  embankment, 
but  there  are  various  exceptions  to  this  rule.  Thus,  the  exca- 
vation may  be  in  excess :  firsty  when  it  is  necessary  to  pass 
under  some  other  road  or  highway,  the  grade  of  which  cannot 
be  changed;  second,  when  valuable  property  is  to  be  avoided, 
the  appropriation  of  which  would  cost  more  than  the  excava- 
tion; thirdy  when  the  grade  is  at  the  maximum  near  a  sum- 
mit, and  cannot  be  raised  parallel  to  itself  without  incurring 
.too  great  an  expense  for  masonry,  etc.,  at  some  other  part  of 
the  line.  The  embankment  may  be  in  excess,  firsty  when  the 
country  is  flat  and  wet,  in  order  to  keep  the  road-bed  well 
drained;  (the  grade-line  should  be  at  least  two  feet  above  the 
average  level  of  the  surface,  or  above  high-water  mark,  if  the 
district  is  subject  to  overflow;)  secondy  in  approaching  a 
stream,  where  it  is  necessary  to  raise  the  grade  above  the 
requirements  of  navigation;  thirdy  when  the  cuttings  on  the 
line  are  largely  in  solid  rock,  and  a  cheaper  material  for 
embankments  may  be  conveniently  had  at  other  points; 
fourthy  in  a  district  subject  to  heavy  drifts  of  snow,  by  whic'a 
deep  cuts  would  be  liable  to  be  obstructed;  fifthy  in  side-hill 
work,  where  there  is  danger  of •  land-slips;  sixthy  when  it  is 
determined  to  supply  the  place  of  a  portion  of  an  embankment 
by  a  timber  trestle-work  or  other  viaduct. 

The  apparent  equality  of  cut  and  fill  on  the  profile  does  not 
represent  an  equality  in  fact,  owing  to  the  different  bases  and 
slopes  of  the  sections  adopted,  and  to  the  various  inclinations 
of  the  natural  surface  transversely  to  the  line.  Thia  is  espe- 
cially true  in  side-hill  work,  where  there  are  both  cut  and  fill 
at  every  point,  while  the  profile  shows  very  little  of  either.  In 
the  latter  case  it  is  an  excellent  plan  to  combine  with  the  pro- 
file of  the  centre  line  the  profiles  of  parallel  lines  ten 


1 1 


iSi  PIELD  EKGIi{EEKIKG. 

or  twenty  feet  either  side  of  the  centre,  and  drawn  with  differ- 
ent colored  inks,  as  these  will  indicate  tolerably  well  the  relative 
amount  of  cut  and  fill  required.  But  after  the  grade  has  been 
thus  chosen,  the  only  safe  method  in  side-hill  work  is  to 
actually  compute  the  amounts  of  excavation  and  embankment 
from  cross-sections,  mark  the  amount  for  each  cut  and  fill  on 
the  profile,  and  compare  the  results.  Any  changes  required  in 
the  grade  or  alignment  may  then  be  discovered  and  effected 
before  the  work  of  construction  has  begun. 


CHAPTER    V. 

Simple   Cubves. 

A.  Elementary  Belatians. 

82.  The  centre  line  of  a  located  road  is  composed  alternately 
of  straight  lines  and  curves. 

The  straight  lines  are  called  tangents  because  they  are  laid 
exactly  tangent  to  the  curves.  A  tangent  may  be  indefinitely 
long,  but  should  never,  as  a  rule,  be  shorter  than  200  feet 
between  two  curves  which  deflect  in  opposite  directions,  nor 
shorter  than  500  feet  between  curves  which  deflect  in  the  same 
direction.  A  curve  should  not  be  less  than  200  feet  long. 
When  a  tangent  is  said  to  be  straight,  the  meaning  simply  is 
that  it  has  no  deflections  to  the  right  or  left;  for  since  it  fol- 
lows the  surface  of  the  ground,  it  evidently  has  as  many 
undulations  as  the  ground.  But  if  we  conceive  a  vertical 
plane  to  be  passed  through  the  line,  a  horizontal  trace  of  this 
jtlane  will  accurately  represent  the  line;  and  so,  if  we  con- 
ceive a  vertical  cylinder  to  be  passed  through  a  curve  on  the 
surface  of  the  ground,  a  horizontal  trace  of  that  cylinder  will 
accurately  represent  the  curve,  since  all  distances  and  angles 
are  measured  liorizontally,  whatever  be  the  irregularities  of 
the  surface.  In  all  problems,  therefore,  relating  to  this  sub- 
ject, we  may  consider  the  ground  to  be  an  absolutely  level 
plain. 

83.  A  Simple  curve  is  a  circular  arc  joining  two  tan- 
gents.   It  is  always  considered  as  limited  by  the  two  tangent 
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points,  and  any  part  of  it  beyond  these  points  is  called  the 
curve  produced.  The  first  tangent  point,  or  the  point  where 
ttke  curve  begins,  is  called  the  Point  of  Curce,  and  is  indicated 
by  the  initials  P.  C.  The  point  where  the  curve  ends,  and  the 
next  tangent  begins,  is  called  the  Point  of  Tangent,  and  is  indi- 
cated by  the  initials  P.  T.  When  accessible,  these  points  are 
always  occupied  by  the  transit  in  the  course  of  the  survey, 
and  the  plug  driven  to  fix  the  point  is  guarded,  not  only  by 
the  usual  stake  bearing  the  number  of  the  station,  but  also  by 
another  bearing  the  proper  initials,  the  *'  degree"  of  the  curve, 
and  an  **i2"  or  "X"  to  indicate  whether  the  deflection  is  to 
the  Right  or  Left. 

84.  A  simple  curve  is  designated  either  by  the  radius,  i?, 
or  the  degree  of  curve,  D, 

The  Degrree  of  Curve,  D,  is  an  angle  at  the  centre,  sub- 
tended by  a  chord  of  100  feet.  It  is  expressed  by  the  number 
of  degrees  and  minutes  in  that  angle,  or  in  the  arc  of  the 

curve  limited  by  the  chord  of  100 
feet.  Therefore  D  eqvals  the  num- 
ber of  degrees  of  are  per  station. 

The  radius  R  and  degree  of 
curve  D  can  be  expressed  in  terms 
of  each  other. 
Let  aby  Fig.  3.  be  a  chord  of 
^^'^'  100  feet   subtending  an  arc  de- 

scribed with  a  radius  ao  =  B  from  the  centre  o.  Then,  by 
definition  the  angle  boa  =  D.  Bisect  the  angle  boa  by  a  line 
Off,  and  this  line  will  also  bisect  the  chord  a^  and  be  perpen- 
dicular to  it;  and  in  the  right-angled  triangle  bgo  we  have 

bg  =  ob  X  sin  bog 
or 

-;r-  =  H  Sin  iD 
Hence,  to  find  Radius  in  terms  of  Degree  of  Curve: 

R  =  -J^  (16) 

sm  iD 
and  to  find  Degree  of  Curve  in  terms  of  Radius: 

8mli)  =  -^  (17) 
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It  is  the  practice  of  English  engineers  to  assume  the  radius 
at  some  round  number  of  feet  and  calculate  the  degree  of  curve, 
which  is  therefore  fractional.  In  America,  on  the  contrary, 
the  degree  of  curve  is  assumed  at  some  integral  number  of 
degrees  or  minutes,  and  the  radius  deduced  from  this. 

Example. — What  is  the  radius  of  a  8°  20'  curve? 

50  log        1.698970 

ii>  =  1"  40'       log  sin  8 .  463665 

Am,  i?=  1719.13   log        3.235305 

Thus  the  second  and  third  columns  of  Table  IV.  have  beeu 
calculated. 

Example. — What  is  the  degree  of  curve  when  the  radius  is 
600  feet? 

50  log       1.698970 

iJ  =  600  log        2.778151 

iD  =  4**  46'  48" .  73  log  sin  8 .  920819 
Am.  i>  =  9°33'37".46 

Measurement  of  Curves. 

85.  A  railroad  curve  is  always  assumed  to  be  measured  with 
a  100-foot  chain,  and  as  the  chain  is  stretched  straight  between 
stations  it  cannot  coincide  with  tlie  arc  of  the  curve,  but 
forms  a  chord  to  the  arc,  as  in  Fig.  3.  Consequently  tlie 
curve  as  measured  from  one  tangent  point  to  the  other  is  an 
inscribed  polygon  of  equal  sides,  each  side  being  100  feet. 
The  sum  of  these  sides  (with  any  fraction  of  a  side  at  either 
end  of  the  curve)  is  called  the  Length  of  curve,  L.  This  length 
L  is  evidently  a  little  less  than  the  length  of  the  actual  arc 
between  the  same  points,  but  the  latter  we  very  seldom  have 
occasion  to  consider. . 

86.  If  the  chain  lengths  were  taken  on  the  arc  instead  of  as 
chords  of  the  curve,  the  degree  of  curve  would  be  inversely 
proportional  to  the  radius,  and  since  the  arc  whose  length  is 
equal  to  radius  contains  57.3  degrees  nearly,  we  should  have 

2>:57°.3::100:i2L 
or 

o     5730 
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a  convenient  formula,  but  only  approximately  true  when  D  is 
small,  and  seriously  at  fault  when  D  is  large;  the  error  in- 
volved being  proportional  to  the  difference  in  length  of  a 
100-foot  chords  and  the  arc  which  it  subtends. 

87.  The  Centl-al  Ah^le  of  a  simple  curve  is  the  angle 
at  the  centre  included  between  the  radii  which  pass  through  the 
tangent  points  (P.  (7.)  and  {P.T.),  It  is  therefore  equal  to  the 
number  of  degrees  contained  in  the  entire  arc  of  the  curve 
between  those  points.  The  central  angle  will  be  designated 
by  the  Greek  letter  a  (delta). 

Prom  the.  definitions  of  the  length  and  degree  of  curve  we 
have  the  proportion, 

D:  A  ::  100  :  X. 

Hence,  to  find  the  Len^h.  of  curve  in  terms  of  the  central 

angle:  ^ 

X  =  100|  (18) 

Example.— Whsit  is  the  length  of  a  4°  curve  when  the  cen- 
tral angle  is  SO**  ? 

i)  =  4**  and  A  =  29"  j  4)29W) 

Ans.     L  =  7  stations  +  25  feet     (725  feet. 

To  find  the  Central  ang^le  in  terms  &f  tlie  length  and  degree 
of  curm: 

Example. — What  is  the  central  angle  of  a  5**  curve  730  feet 
long?  •      ' 

2)  =  5°,  X  =  730,        ^-^J^  =  36^5 

Am.  A  =  36"  30' 

To  find  the  Degree  of  curve  in  terms  of  the  length  and 
central  angle: 

.    X  =  100|  (20) 

Example. — What  is  the  degree  of  a  curve  8  stations  long, 
and  having  a  central  angle  of  26°  40'  ? 

X  =  800,         A  =  26".666,        100  '^~-  =  3".333 
Ans.  i>  =  3"  20' 
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Fio.  4. 


88*  If  two  tangents,  joined  by  a  simple  curve/ are  produced 
(one  forward  and  the  other  backward)  until  they  intersect,  the 

point  of  intersection,  F(Fig.  4), 
is  called  the  vertex,  and  the 
exterior  or  deflection  angle 
which  they  make  with  each 
other  is  equal  to  the  central 
angle,  A 

The  Tangent-distance, 
T,  is  the  distance  from  the 
vertex  to  either  tangent  i)oint; 
thus  in  Fig.  4,  T  =  ^  F=  VB, 
The  Long  Chord,  (7,  is 
the  line  AB  joining  the  two 
tangent  points. 

The  Middlcrordinate, 
M,  is  the  line  OH,  joining  the 
middle  point  of  the  long  chord  with  the  middle  point  of  the 
curve. 

The  External  distance,  E,  is  the  line  HV,  joining  the 
middle  point  of  the  curve  with  the  vertex. 

We  observe  that  both  the  middle-ordinate,  Jf,  and  the 
external  distance,  E,  are  on  the  radial  line  joining  the  centre, 
0,  with  the  vertex,  F,  and  that  this  line  is  perpendicular  to 
the  long  chord,  C;  also,  that  it  bisects  the  central  angle 
AOB=i  A,  and  its  supplement  AVB.  (Ta'>.  1. 14.)  We  also 
observe  that  the  angle  F4Z?=  VBji  =  \^  (Tab.  1.20);  and 
if  in  the  figure  we  draw  the  two  chords  AH  and  BH,  the 
angle  J^^ZT equals  one  half  the  angle  BOH,  or  BAH  =-ABHz= 
iA  (Tab.  I.  18);  also  the  angle  VAH^z  VBff=iA. 

89,  If  we  have  laid  out  two  tangents  on  the  ground,  inter- 
secting at  F,  and  have  measured  the  angle,  A,  between  them, 
we  may  then  assume  any  other  one  of  the  elements  of  a 
simple  curve  before  mentioned,  and  calculate  the  rest.  If 
we  assume  D,  for  instance,  we  then  find  R  by  eq.  (16)  or  by 
Table  IV. 

Then,  having  A  and  i?,  we  may  proceed  to  calculate  the 
other  elements  as  they  are  needed. 

90«  To  find  the  Tangent-distance  in  terrM  of  the 
RtMuB  and  Central  Angle ; 
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In  the  right-angled  triangle  VOA,  Fig.  4,  we  have 

K4  =  0^  X  tan  VOA 

.'.  r    =i?taniA  (21) 

Otherwise,  approximately:  In  Table  VI.,  opposite  the  central 
angle,  take  the  value  of  T  for  a  1°  curve  and  divide  it  by  the 
degree  of  curve  B,  If  desirable,  add  the  correction  taken 
from  Table  V.,  corresponding  to  D. 

Example. — What  is  the  tangent  distance  of  a  4°  curve  with 
a  central  angle  of  30°? 

D  =  4"  R  (Table  IV.)     log  3 .  156151 

A  =  30^         iA  =  15**     log  tan  9.428052 

Am.  r  =  383. 89  feet  log        2.584203 

Otherwise : 

By  Table  VI.  4)1535.3 

Approximate  ans.  383.82 

Correction  from  Table  V.  .08 


4n$.    T=  383.90  feet. 

91.  To  find  the  Long^  Chord  (7,  in  terms  of  BacUui  and 

Central  Angle : 
In  the  right-angled  triangle  BOO,  Fig.  4,  we  have 

BG  =  BOx  sin  BOQ 

or 

i(7  =  i?siniA 

.  (7  =  2iJsiniA  (22) 

But  in  case  a  can  be  divided  by  D  without  a  remainder, 
that  is,  if  the  curve  contains  an  exact  number  of  stations  (not 
exceeding  12),  we  may  take  the  long  chord  at  once  from 
Table  VII. 

Example. — What  is  the  long  chord  of  a  3°  20'  curve  with  a 
central  angle  of  36°  40'  ? 

2  log        0.301030 

2>  =  3°  20',  R  (Tab.  IV.)    log        3.235305 
A  =  36°  40',  i  A  =  18°  20'  log  sin  9.497682 

Ans.  C  =  1081.48  feet  log       3.034017 
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Otherwise : 

■^  =  ~k-  =  11  stationa 

And  by  Table  VII.  C  =  1081.48. 
92.  To  find  the  Middle-ordinate  Jf/ih.  te/rmttfJUMM 

and  Central  Angle: 

It  is  evident  from  the  figure  that  if  the  radios  OH  "were 
unity,  the  line  Oil  would  be  the  nat.  versed  sine  of  tlie  arc 
BII.  But  the  arc  BB  measures  the  angle  J50ir=iA,  and 
OII=Ii;  ,  *      ■    . 

.-.  Jlf=i?  vers  i A  I    *     (28) 

But  in  case  A  can  be  divided  by  D  without  a  ftRudnder, 
that  is,  if  the  curve  contains  an  exact  number  of  sfiationa  (not 
exceeding  12),  we  may  take  the  middle-ordinate  at  once  from 
Table  VIII.  .      . 

Example . — What  is  the  middle  ordinate  of  a  4^.' 80'' curve 
with  a  central  angle  of  40'  30?  ''  ■"'"  '-  " 

D  =   4^30',        i2(Tab.  IV.)  log  3.105023     ''"    " 

A  =  40*^  30',        i  A  =  20^  15'  log  vers  8.791049 

Jw«.  if  =  78.717  1.896071     "    * 

Otherwise:  .      .  •• 

-=:  =  — r^-  —  9  stations 
D        4.5 

and  by  Tab.  VIII.  M  =  78.717  '  "''  '  '''• 

03.  To  find  the  l^xternal  Distance  E  in  iemu  qf 

Radi'is  and  Central  Angle. 
It  is  evident  from  the  figure  that  if  the  radios  014.  were 

unity,  the  portion  IIV  of  the  secant  line  OV  would  be  the 

external  secant  of  the  arc  AIL    But  the  arc  J^ measures  the 

angle  AOII=  ^A,  and  0A  =  E: 

.'.  E=  BexaeclA  (2f) 

Otherwmy  approximately:  '  * 

In  Table  VI.,  opposite  the  central  angle,  take  the  value  of 
E  for  a  1°  curve,  and  divide  it  by  the  degree  of  curve  2). 
If  desirable,  add  the  proper  correction  corresponding  to  D,  • 
taken  from  Table  V. 
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Emm/gle. — "Wha,t  is  the  external  distance  jE^  of  a  7°  30'  curve 
when  tiie  central  angle  is  GO/*  ? 

B-T  30',        22 (Tab.  IV.)  log  2.883371 

A  =  60^  i  A  =  30°       log  ex  sec  9 .  189492 

Am.  j;  =  118. 27  feet  log  2 .  072863 

Otherwise: 

By  Tab.  VI.  7.5)886.88 

Approximate  ans.  118.184 

Correction  for  i)  =  7°  30'  (Tab.  V.)  .084 

An%.E=i  118.268 

94:.  But,  instead  of  assumiiig  D  or  i2,  we  may  prefer,  or  may 
find  it  necessary  to  assume,  some  other  element  of  the  curve, 
the  central  angle  being  given. 

If  we  assume  the  tangent  distance,  the^: 

95.  To  find  the  Radius  and  I>egrree  of  Curve  in  terms 
of  the  Tangent-distance  and  Central  Angle, 

From  eq.  (21),  and  by  Table  II.  40,  we  have 

i?=rcotiA  (25) 

Otherwise,  approximately: 

Divide  the  tangent  of  a  1^  curve  found  opposite  the  value  of 
A  in  Table  VI.,  by  the  assumed  tangent  distance;  the 
quotient  will  be  tl^e  degree  of  curve  in  degrees  and  decimals. 

Example. — The  exterior  angle  at  the  vertex  is  54°,  and  the 
tangent  distance  must  be  about  700  feet.  What  shall  be  the 
degree  of  curve? 

A  =  54",        i  A  =  27°      log  cot  0.2^2834 
T  =700  2.845098 


logi?=  3.137932 

Ans,  By  Table  IV.  D  =  4°  10'  + 

Otherwise: 

By  Table  VL    700)2919.4 

^7W.  D  =  4°  10' 15'  4.1706 

But  as  it  is  difficult  to  lay  out  a  curve  when  D  is  fractional, 
we  discard  the  fraction  and  assume  4°  10'  as  the  value  of  D, 
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Otherwise: 

And  by  Table  VII.  C  =  1081.48. 

92.  To  find  the  Middle-ordinate  if,m  terms  of  B(idiua  , 
and  Central  Angle: 

It  is  evident  from  the  figure  that  if  the  radius  Off  were 
unity,  the  line  Oil  would  be  the  nat.  versed  sine  of  the  arc 
Bff.  But  the  arc  J9Zr  measures  the  angle  BOff=^A,  and 
Off=:B;  .  , 

,\M=Ry&rs^A  '     (23) 

But  in  case  A  can  be  divided  by  D  without  a  remainder, 
that  is,  if  the  curve  contains  stn  exact  number  of  stations  (not 
exceeding  12),  we  may  take  the  middle-ordinate  at  once  from 
Table  VIII. 

Example. — What  is  the  middle  ordinate  of  a  4"*  30'*  curve 
with  a  central  angle  of  40"  30'  ?  " 

D  =   4°  30',        B  (Tab.  IV.)  log  3.105022      ' 

A  =  40°  30',        i  A  =  20'^  15'  log  vers  8.791049 


Ans.M=  78.717  1.896071     ' 

Otherwise: 

-=;  =  —7^-  —  9  stations 
JJ         4.0 

and  by  Tab.  VIII.  M  =  78.717  '      ' 

93.  To  find  tJie  External  Distance  E  in  terms  of 

Radius  and  Central  Angle. 
It  is  evident  from  the  figure  that  if  the  radius  OA  were 

unity,  the  portion  HV  of  the  secant  line  0  V  would  be  the 

external  secant  of  the  arc  Aff.    But  the  arc  ulJ?  measures  the 

angle  AOff—  ^A,  and  OA  —  B; 

.'.  E=  i2exseciA  (24) 

Othei*wise,  approximately: 

In  Table  VI. ,  opposite  the  central  angle,  take  the  value  of 
j^  for  a  1"  curve,  and  divide  it  by  the  degree  of  curve  D, 
If  desirable,  add  the  proper  correction  corresponding  to  D, 
taken  from  Table  V. 
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Emmple. — "Wlia,t  is  the  external  distance  j^of  a  7'*  30'  curve 
when  the  central  angle  is  GQ**  ? 

D  =  r  30',        22 (Tab.  IV.)  log  2.883371 

A  =  60^  i  A  =  30'        log  ex  sec  9 .  189492 

Ans.  JSJ  =  118. 27  feet  log  2 .  072863 

OtTienoise: 

By  Tab.  YI.  7.5)886.88 

Approximate  ans.  118.184 

Correction  for  i)  =  7°  30' (Tab.  V.)  .084 

An8.JEJ=  118.268 

94:.  But,  instead  of  assuming  Dot  R,  we  may  prefer,  or  may 
find  it  necessary  to  assume,  some  other  element  of  the  curve, 
the  central  angle  being  given. 

If  we  assume  the  tangent  distance,  then: 

95.  To  find  the  Radius  and  Degree  of  Curve  in  terms 
of  the  Tangent-distance  and  Central  Angle. 

From  eq.  (21),  and  by  Table  II.  40,  we  have 

i?=rcotjA  (25) 

Othermsey  approximately: 

Divide  the  tangent  of  a  1**  curve  found  opposite  the  value  of 
A  in  Table  VI.,  by  the  assumed  tangent  distance;  the 
quotient  will  be  tl^e  degree  of  curve  in  degrees  and  decimals. 

Example. — The  exterior  angle  at  the  vertex  is  54°,  and  the 
tangent  distance  must  be  about  700  feet.  What  shall  be  the 
degree  of  curve? 

A  =  54",        i  A  =  27°      log  CQt  0.2^2834 
T  =700  2.845098 


logi?=  3.137932 

An8.  By  Table  IV.  D  =  4°  10'  + 

Otl^erwise: 

By  Table  VI.    70p)2919.4 
^7W.  D  =  4°  10' 15'  4.1706 

But  as  it  is  difficult  to  lay  out  a  curve  when  D  is  fractional, 
we  discard  the  fraction  and  assume  4°  10'  as  the  value  of  2). 
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This  may  require  us  to  recalculate  the  value  of  T,  which  we 
<lo  by  eq.  (21)  and  find  T=  700.8  feet  log  2.845596.     If  the 
other  elements  are  required,  they  may  be  calculated  by  eqs. 
'^2),  (23),  (24),  or  directly  from  Tand  A,  as  follows: 
90*  I\^jind  the  External  distance  £J,  in  terms  of  i/ve 

Tangent-distance  and  Central  Angle, 
In  Fig.  5  we  have  given 
AOB=  A  and  AV=  T,  to  find 
HV=  E.  In  the  diagram  draw 
the  chord  AH,  and  through  U  draw 
a  tangent  line  to  intersect  OA  pro- 
duced in  /,  and  join  VI. 

Then  HI  is  parallel  to  BA,  and 
since  JI/=  ^ r=  T,  and  AI-  HV 
=  E,  VI  is  parallel  to  HA,  and 
Vlff  =  EAB  =  i A.     (Tab.  L  18.) 


Figk5. 


In  the  right-angled  triangle  FHJwe  have 

jB'F=JI/X  tan  VIH 


or 


E=  rtaniA 


(26) 


Example. — The  angle  at  the  vertex  being  54^  and  the  tan- 
gent-distance 700.80  feet,  how  far  will  the  curve  pass  from 
the  vertex  ? 


r=  700.80  (from  last  example)  2.845596 
A  =  54°,  iA  =  13"  30'  log  tan  9.380354 


Ans.   j^  =  168.25  feet 


log  2.225950 


(For  the  formulae  by  which  to  find  the  long  chord  and  mid- 
dle-ordinate  in  terms  of  the  tangent-distance  and  central  angle, 
see  Table  III.  12  and  18.) 

97.  Again,  it  may  be  necessary  to  assume  the  external  dts- 
tance  in  order  to  determine  the  proper  degree  of  curve. 

To  find  the  Radius  and  Degree  of  Curve  in  terms  of 
the  External  distance  and  Central  Angle: 
.  By  eq.  (34) 


jB  = 


E 

ex  sec^A 


(27) 
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Otherwm: 

In  Table  VI.  divide  the  external  distance  of  a  1"  curve, 
opposite  the  given  value  of  A,  by  the  assumed  external  dis- 
tance ;  the  quotient  is  the  degree  of  curve  required. 

Emmple.^TliQ  angle  at  the  vertex  being  24°  30',  the  curve  is 
desired  to  pass  at  about  65  feet  from  the  vertex.  What  is  the 
proper  degree  of  curve  ? 

E-m        log  1.812913 

A.  =  24°  30',         i  A  =  12°  15'  log  ex  sec  8.367345 

logJS=  8.445568 

M8,  By  Table  IV.  i>  =  2°  03'  + 
Otherwm: 

By  Table  VI.    65)133.50 
An8.  i>=2°03'14''  2°. 0538 

We  may  therefore  assume  a  2°  curve,  unless  required  by 
the  circumstances  to  be  more  exact,  when  we  might  use  a 
2''  03'  curve.     Assuming  a  2°  curve,  we  have  by  eq.  (24) 

JB^=  66.75   log  1.824460 

Having  decided  on  the  degree  of  curve,  we  may  calculate 
the  remaining  elements  by  eqs.  (21),  (22),  (23),  which  is  always 
the  better  way,  but  we  may  calculate  them  directly  from  E 
and  A. 

98.  To  find  the  Tangent-distance  in  terms  of  the 
External  distance  and  Central  Angle: 

From  eq.  (26),  and  by  Table  II.  40, 

r=^cotiA  (28) 

Example, — The  angle  at  the  vertex  is  24°  80',  and  the  curve 
passes  66.75  feet  from  the  vertex.  How  far  are  the  tangent 
points  from  the  vertex  ? 

JST  =  66 .  75  (from  last  example)        log        1 .  824460 
A  =  24°  30',     i  A  =  6°'07'  30''  log  cot  0 .  969358 


Ans.  T  =  622. 04  feet  2 .  793818 

99.  i2em«rA;.— Eqs.  (27)  and  (28)  are  particularly  useful  in 
defining  the  curve  of  a  railroad  track  where  all  original 
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points  are  lost*  Produce  the  centre  lines  of  the  tangents  of 
the  curve  to  an  intersection  F,  and  there  measure  the  angle  a  . 
Bisect  its  supplement  A  VB,  and  measure  the  distance  on  the 
bisecting  line  from  Fto  the  centre  line  of  the  track.  This 
will  give  YRz=i  E.  Then  B  and  T  may  be  calculated,  and  the 
distance  T  laid  off  from  Fon  the  tangents,  giving  the  tangent 
points  A  and  B. 

(For  the  fonnulse  by  which  to  find  the  long  chord  and  mid- 
dle-ordinate  in  terms  of  E  and  a,  see  Table  III.  16  and  17.) 

100.  Again,  having  only  the  central  angle  given,  we  may 
assume  the  long  chord,  or  the  middle-ordinate,  and  from  either 
of  these  and  the  central  angle  calculate  the  remaining  ele- 
ments. Or,  finally,  the  central  angle  being  unknown,  we  may 
suppose  any  two  of  the  linear  elements  given,  and  from  these 
calculate  the  rest.  As  such  problems  have  little  practical 
value,  their  discussion  is  omitted.  The  requisite  formulae  for 
their  solution  are  given  in  Table  III.,  and  the  verification  of 
them  is  suggested  as  a  profitable  exercise  to  the  student. 

B.  Location  of  Curves  by  Deflection  Angles. 

101.  In  order  that  the  stakes  at  the  extremities  of  the 
100-foot  chords,  by  which  the  curve  is  measured,  shall  be  set 

exactly  on  the  arc  of  the  curve 
by  transit  observation,  it  is  neces- 
sary at  the  point  of  curve,  A,  to 
deflect  certain  definite  angles 
from  the  tangent  AV,  Let  us 
suppose  that  in  the  curve  AB, 
Fig.  6,  the  points  A,  a,  h,  c,  d, 
etc.,  indicate  the  proper  posi- 
tions of  the  stakes  100  feet  apart, 
and  that  OA  is  the  radius  of  the 
curve.  In  the  diagram  join  Oa, 
Oh,  etc.,  and  also  Aa,  ab,  be,  etc. 
Then,  by  definition,  the  angle  AOa  =  D,  and  by  Geom. 
(Tab.  I.  20  and  11)  the  angle  VAa  =  ^D,  Therefore  if 
we  set  the  transit' at  A,  and  deflect  from  AV  the  angle 
i2>,  we  shall  get  the  direction  of  the  chord  Aa,  on  which  by 
measuring  100  feet  from  A  we  fix  the  stake,  a,  in  its  true 
position  on  the  curve.  So  again,  since  the  angle  a(^,  at 
the  centre,  =  J),  the  angle  aAb,  at  the  circumference,  =  JA 
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If  therefore,  -^ith  the  fransit  at  A,  we  deflect  the  angle  \)b 
from  the  chord  Aa,  We  Shall  get  tee  direction  of  the  chbi'd 
Ah\  and  when  the  stake  h  is  on  this  chord  it  will  also  be  on 
the  curve,  if  6  is  100  feet  distabt  from  a.  Thus,  in  general, 
we  may  fix  the  position  6f  (iny  stake  on  the  curve,  by  deflect- 
ing an  angle  \B  from  the  preceding  stake,  and  at  the  sa'me 
time  measuring  a  chain's  length  from  it, — the  chain  giving 
the  distance,  while  the  instrument  at  A  gives  the  diitectibn  Of 
the  point. 

\B  is  called  the  Deflection-angle  of  the  curve;  s6  that  in 
any  curve,  the  deflecUon-arigle  is  equal  to  one  half  the  degree  of 
curve, 

102.  Since  each  additional  station  on  the  curve  requires 
an  additional  deflection-angle,  the  proper  deflection  t6  be  n^ade 
at*  the  tangent  point  from  the  tangent  to  any  s^ke  oh  the 
curve  is  equal  to  the  deflection-angle  6f  the  curve  multiplied 
by  the  number  of  stations  ih  the  curve  up  to  that  sitake;  or  it 
is  equal  to  one  half  the  angle  at  the  centre  subtended  by  the 
included  arc  of  the  curve. 

103.  It  may  happen  that  all  the  stations  of  a  curve  are  not 
visible  from  the  tangent  point,  A.  When  this  is  the  case  a 
new  transit-point  must  be  prepared  at  some  point  on  the 
curve,  by  driving  a  plug  and  centre  in  the  usual  manner,  and 
the  transit  moved  up  to  it.  Let  us  suppose  that  the  point  d. 
Fig.  6,  has  been  selected  for  a  transit-point,  and  that  the 
transit  has  been  set  up  over  it.  Before  the  curve  can  be  run 
any  farther,  it  is  necessary  to  find  the  direction  of  a  tangent  to 
the  curve  at  the  point  d.  For  this  purpose  we  defect  ffdih 
chord  dA  an  angle  Adz  equal  to  the  angle  VAd  previously 
deflected  to  fix  the  point  d.  (Tab.  L 16.)  Or  we  may  adopt  the 
following 

Rule :  To  find  the  direction  of  the  tangent  to  a 
curve  at  (lie  extremity  of  a  given  chord,  deflect  from  the  chord  an 
angle  equal  to  one  half  the  angle  at  the  centre  subtended  by  the 
eJwrd.    (Tab.  I.  30.) 

Having  thus  found  the  direction  of  the  iauxiliary  tangent 
zdx,  we  proceed  to  deflect  from  dx,  (Ji))  for  the  hext  Istation  e, 
2  i^D)  for  station/,  3(iD)  for  station  ^,  etc.,  as  before.  When 
the  end  of  the  curve  is  reached,  a  transit-point  is  set  at  the 
Point  of  Tangent,  after  which  it  only  remains  to  find  the 
direction  of  the  tangent,  by  the  above  rule.    Thus  if  ^  is  to  b9 
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the  point  of  tangent,  we  obtain  the  direction  of  the  tangent  hy 
deflecting  from  the  chord  gd  an  angle  equal  to  xdg,  or  to 
I  dOg,  If  this  tangent  VB  was  already  established,  the  line 
gx  thus  obtained  should  coincide  with  it;  and  if  it  does  bo, 
the  correctness  of  our  work  is  proved. 

104.  The  centre  line  is  measured,  and  the  stations  num- 
bered regularly  and  continuously  through  tangents  and 
curves  from  the  starting  point  to  the  end  of  the  work.  It 
therefore  frequently  happens  that  a  curve  will  neither  begin 
nor  end  at  an  even  station,  but  at  some  intermediate  point,  or 
pltLs  distance. 

If  the  Point  of  Curve  occurs  a  certain  number  of  feet 
beyond  a  station,  the  first  chord  on  the  curve  is  composed  of 
the  remaining  number  of  feet  required  to  make  100. 

Any  chord  less  than  100  feet  is  called  a  Siibchord. 

If  a  curve  ends  with  a  subchord,  the  remainder  of  the  100 
feet  must  be  laid  off  on  the  tangent  from  the  Point  of  Tangent 
to  give  the  position  of  the  next  station,  so  that  the  stations 
may  everywhere  be  100  feet  apart. 

105*  The  deflection  to  be  made  for  a  subchord  is  equal  to  one 
luilfthe  arc  it  subtends. 

Let  c  =  length  of  any  subchord  in  feet. 
**  d  =  angle  at  centre  subtended  by  subchord. 
Then,  from  eq.  (22),  by  analogy 

c  =  2B8mid  (29) 

But  by  eq.  (16)  2E  =  -r^ 

•^  8m|2> 

...  ,  =  100?lBi^  (30) 


.\Bmid=.^siniD  (81) 

When  D  does  not  exceed  8**  or  10**,  we  may  assume  without 
serious  error  that  the  angles  are  to  each  other  as  their  sines, 
and  the  last  two  equations  become 

(approx.)  c  =  100  ^  (82) 
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and  id=^^(il))  (88) 

In  curves  sharper  than  10°  per  station,  the  error  involved  in 
this  assumption  becomes  apparent  and  must  be  corrected. 

106.  If  curves  were  measured  on  the  actual  arc,  then 
eqs.  (32)  and  (33)  would  be  true  in  all  cases;  but  since  a  curve 
is  measured  by  100-ft.  chords,  it  is  evident  that  if  a  100-ft. 
chord  between  any  two  stations  were  replaced  by  two  or  more 
subchords,  these  taken  together  would  be  longer  than  100  feet, 
since  they  are  not  in  the  same  straight  line.  Let  us  conceive 
the  actual  arc  of  one  station  to  be  divided  into  100  equal 
parts;  since  the  arc  is  longer  than  the  chord,  each  part  will  be 
slightly  longer  than  one  foot.  Now  if  we  take  an  arc  contain- 
ing any  number  of  these  parts  (less  than  100),  the  nominal 
length  of  the  corresponding  subchord  in  feet  will  eqttal  the 
number  of  parts,  and  the  deflection  for  the  subchord  will  be 
proportional  to  the  number  of  parts  which  the  arc  contains. 
The  deflection  therefore  will  be  exactly  given  by  eq.  (33)  if  in 
that  equation  we  let  e  equal  the  number  of  parts  in  the  arc,  or 
the  nominal  length  of  the  subchord  in  feet.  Having  thus 
obtained  the  correct  value  of  (i  d),  we  may  introduce  it  into 
eq.  (29)  or  (30),  and  obtain  the  true  value  of  the  subchord, 
which  will  always  be  a  little  greater  than  its  nominal  value. 

Suppose,  for  instance,  that  the  arc  of  one  station  is  to  be 
divided  into  four  equal  portions;  then  each  subchord  will  be 
nominally  25  feet  long;  and  by  eq.  (33) 

OR 

which  is  the  correct  value  of  the  deflection,  whatever  be  the 
degree  of  curve.  Substituting  this  value  in  eq.  (29)  or  (30)  we 
obtain  the  true  value  of  the  sul)chord,  Cy  a  little  greater  than 
25 ;  the  excess  is  called  the  correction  of  the  nominal  length. 

107.  This  correction  for  any  given  subchord  bears  an 
almost  constant  ratio  to  the  excess  of  arc  per  station,  what- 
ever be  the  degree  of  curve.  These  ratios  are  shown  in  the 
following  table  for  a  series  of  subchords,  and  Table  Vn.  gives 
the  length  of  actual  arc  per  station  for  various  degrees  of 
curve.  Subtracting  100  we  have  the  excess  of  arc  per  station, 
and  multiplying  this  excess  by  the  ratio  corresponding  to  the 
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nominal  length  of  subchord  we  obtain  as  a  product  the  proper 
correction  for  the  subchord. 

TABLE  OF  THE  RATIOS  OP  CORRECTIONS  O:?  SUBCHORDS  TO 
THE  EXCESS  OP  ARC  PER  STATION. 


Nominal 

Nominal 

Nominal 

Length  of 

Ratio. 

Lengt.1  of 
Subchord. 

Ratio. 

Length  of 

Ratio. 

Subchord. 

Subchord. 

0 

.003 

35 

.207 

70 

.356 

5 

.050 

40 

.881 

75 

.827 

.    10 

.093 

45 

.358 

80 

.287 

15 

.147 

50 

.874 

85 

.235 

20 

.192 

55 

.888 

90 

.169 

25 

.234 

60 

.883 

95 

.092 

80 

.278 

65 

.874 

100 

.000 

We  observe  that  the  largest  correction  is  required  by  a  sub- 
chord  between  55  and  60  feet  in  length. 

Example. — It  is  proposed  to  run  a  14°  curve  with  a  50-ft. 
chain,    What  correction  must  be  added  to  the  chain? 


By  eq.  (30) 


,  =  100  ?1b4:J2:  =  50.093 


sin?'^ 


Ans.  Correction  =  .093 
Or,  by  Table  VII., 


and  by  above  table, 

Ans.  Correction  =  product 


length  of  arc 
excess  of  arc 
ratio  for  50  feet 


100.349 
.249 
.374 

=        .093 


Mcample.-'The  P.  C.  of  an  18'  curve  is  fixed  at  +  55  feet 
beyond  a  station.  What  are  the  nominal  and  true  values  of 
the  first  subchord,  and  what  the  proper  deflection? 

Nominal  value  =  100  —  55  =  45  feet 

45 
Deflection  =  Jd  =  ^  x  9''  =  4°.05  =  4''  03' 

and  by  eq  (30) 

True  value  =  c  =  100  ?i^^-  =  45.148 


sin  9' 


— -(-^^^IVfl  •««.        ,1 
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Or,  by  Table  VII.,  excess  of  drc=     .41!^ 

by  above  table,  ratio  for  45  fefet  =     .358 

Correction  =  product  =      .  147 
Atis.  True  value  of  subchord  =  45.147 

Example.— ;TYiQ  last  deflection  at  the  ehd  of  d  40°  curve  is 
found  to  be  6°  30'.  What  are  the  nominal  and  trtie  vaiiies  of 
the  last  subchord? 

Here  ^  =  6°  80',  and  by  eq.  (32) 


By  eq.  (30) 


6  5 
Nominal  vahie,  c  =  100  -jr^r-  =  3^.5  feet 


True  value,  c  =  100  ^^?  ^^ ^5  =  33.098  feet 

sm  20 

Orby  Table  VII.,  excess  of  arc  40°  =   2.060 

by  above  table,  ratio  for  32 . 5  feet  =      .290 

Correction  =  product  =      .597 
Nominal  value  of  subchord  =  32 . 5 


True  value  =  33.097 

108.  For  convenience  in  khaking  deflections,  the  zeros  of 
the  instrument  should  always  b<B  together  whien  the  line  of 
collimation  coincides  with  a  tangent  to  the  curve.  Thus,  in 
beginning  a  curve,  the  transit  being  set  at  the  P.  C.  zeros 
together,  and  linie  of  collimation  on  the  tangent,  the  read- 
ing of  the  limb  for  any  station  oh  the  curve  has  simply  to  bfe 
made  equal  to  the  proper  deflection  from  the  tangent  for  that 
station.  After  the  transit  is  moved  forward  from  the  P.  C. 
and  set  at  another  point  of  the  curve,  the  vernier  is  set  to  a 
ixiading  equal  to  the  reading  used  to  establish  thdt  t)o{ilt,  hut 
on  the  opposite  side  of  the  zero  of  the  lirnb,  and  the  line  of 
collimation  is  set  on  the  P.  G.  just  left.  Theii  by  simply  turn- 
ing the  zeros  together  agaih,  the  line  of  colliliiation  will  be 
made  to  coincide  with  a  tangent  to  the  curve  through  the  ilew 
point,  and  the  deflections  for  the  succeeding  stations  can  be 
read  off  directly,  as  before.  Thus  any  number  of  transit 
points  may  be  used  in  locating  a  curve  by  finding  the  direc- 
tion of  the  tangent  through  each  by  a  deflection  froin  tte  pre- 
ceding point,  until  finally  the  P.  T.  is  reached,  where  ^iiotllet 
deflection  gives  the  directioh  of  the  located  tangent. 
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109*  The  assistant  engineer  keeps  neat  and  systematic 
field-notes  of  all  his  operations  with  the  transit  in  running 
curves.  The  numbers  of  the  stations  are  written  in  regular 
order  up  the  first  column  of  the  left-hand  page  of  the  field- 
book,  using  every  line,  or  every  other  line,  as  may  be  pre- 
ferred. The  second  column  contains  the  initials  of  each 
transit  point  on  the  same  line  as  the  number  of  its  station,  or 
between  lines,  if  the  point  occurs  between  two  stations.  In 
the  third  column,  and  opposite  the  initials  in  the  second,  is 
recorded  the  station  and  plus  distance,  if  any,  of  each  transit 
point.  The  fourth  column  contains,  opposite  the  *'P.G."iihe 
degree  of  curve  used,  and  an  R  or  Z,  showing  whether  the 
curve  deflects  to  the  right  or  left ;  the  fifth  column  contains 
the  readings  or  deflections  made  from  a  tangent  to  set  each 
station  or  point,  written  on  the  same  line  as  the  number  of 
that  station  or  point;  and  the  sixth  column  contains  the  cen- 
tral angle  of  the  whole  curve,  a,  written  opposite  the  **  P.  T." 

The  plus  distances  recorded  in 
the  third  column  are  always  the 
nominal  lengths  of  subchords,  but 
if  the  true  lengths  have  been  calcu- 
lated and  laid  off  on  the  ground, 
these  should  also  be  recorded  in 
parenthesis.  On  the  right-band 
page  are  recorded  the  calculated 
bearings  of  the  tangents  and  their 
magnetic  bearings;  and  on  the 
centre  line  of  the  page,  opposite 
the  record  of  each  transit  point,  a 
dot  is  made  with  a  small  circle 
around  it,  to  show  the  relative  position  of  the  several  points 
on  the  ground.  Some  slight  topographical  sketches  may  be 
made,  indicating  the  more  prominent  objects,  but  the  full 
sketches  should  be  taken  by  the  topographer  in  a  separate  book. 

110.  Since  the  deflections  start  from  zero  at  each  new 
transit  point,  the  sum  of  tJis  deflections  by  which  the  transit 
points  are  located  will  he  equal  to  one  half  the  central 
angle  of  the  curve. 

111.  The  stations  on  a  curve  may  be  located  ^y  deflec? 
tions  only,  without  linear  meas^repients.  For  this  purpose 
two  transits  are  set  at  two  transit  points  on  the  curve,  as  4 
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and  B,  Fig.  7,  and  the  proper  deflections  for  any  station  are 
made  with  both  instruments,  the  station  being  located  by  find- 
ing the  intersection  of  the  two  lines  of  collimation. 

This  method  requires  that  the  two  transit  points  shall  have 
been  previously  established,  that  their  distance  from  each 
other  shall  be  known,  that  they  shall  be  visible  from  each 
other,  and  that  they  shall  both  command  a  view  of  the  stations 
to  be  located.  It  is  not  therefore  generally  useful,  but  may 
be  resorted  to  to  set  stations  which  fall  where  chaining  cannot 
be  accurately  done,  as  in  water  or  swamps.  The  chord  join- 
ing the  two  transit  points  becomes,  in  fact,  a  base-line,  and  the 
deflections  form  a  series  of  triangulations. 

C,  Location  of  Curves  hy  Offsets, 

112.  A  curve  may  be  located  by  linear  measurement  only, 
without  angular  deflections.  There  are  four  general  methods, 
viz. : 

By  offsets  from  the  chords 'produced^ 
By  middle-ordinateSj 
By  offsets  from  the  tatigents,  and 
By  ardinates  from  a  long  chord. 

To  locate  a  curve  by  offsets   from  the  chords 

produced. 

When  the  curve  begins  and  ends  at  a  station. 

1 13.  Let  A,  Fig.  8,  be  the  P.  C,  of  a  curve  taken  at  a  station, 
to  locate  the  other  stations,  a,  5,  c, 
etc.  The  chords  Aa,  a5,  5c,  etc., 
each  equal  100  feet,  and  since  the 
angle  AOa  —  D,  the  angle  VAa  = 
i2>.  (Tab.  I.  20.)  Taking  an  off- 
set ax  —  t,  perpendicular  to  the 
tangent,  we  have  in  the  right- 
angled  triangle  Axa. 

ax=zAa  X  sin  J2> 
or 

t    =  100  sin  iD       (34) 

The  offset  t  is  called  the  tangent 
offset,  and  its  value  is  givenfor  all 
degrees  of  curve  in  Tab.  IV.  col.  4.  Fio.8. 

If    the    curve    were    produced 
backward  from  A,  100  feet  to  station  «,  the  offset  zy  would 
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equal  t;  and  if  the  chord  zA  were  produced  100  feel  from  ui 
tp  a',  t|he  offset  (]l'x  would  also  equ^l  t  Therefore  thedi^^np^ 
aa'  =  2t,  and  the  angle  aAa'  =  D.  So  if  w^  produce  the  phorid 
Aa  100  feet  to  b\  the  distance  W  =  2t, 

To  lay  out  the  curve,  stretch  Ijhe  cl^a^n  from  A,  keeping  tl^^ 
forward  end  at  a  perpendicular  dijStance,  t,  from  the  line  of  the 
tangent  tp  locate  station  a.  Then  find  the  point  b'  by  stretch- 
ing the  chain  from  a  in  line  with  a  and  A,  and  then  stretching 
the  chain  again  from  a,  fix  its  forward  end  at  a  distance,  fro^o^ 
b'  equal  to  2t.  This  gives  station  b.  In  the  same  way  flxuj 
other  stations. 

When  the  last  station,  as  <f,  of  the  curve  is  reached,  prp^uc^ 
the  curve  one  station  farther  to  e".  Then  the  tangent  mrough 
d  is  parallel  to  the  chord  ce",  and  laying  off  t  from  c  and  e"  per- 
pendicular to  this  chord,  the  tangent  c'e  is  found.  If  the  work 
has  been  correctly  done  the  tangent  c''e  will  coincide  with  the 
given  tangent  VB. 

When  the  curve  begins  or  ends  witJi  a  subchord. 

114.  Let  ^1,  Fig.  9,  be  the  P.O.  and  Aa  the  first  sub- 
chord  =  c,  and  the  angle  VAa  =  ^,  and  let  the  offset  ax  =  <i. 

Then 

f I  =  c  sin  J^  (3^ 

Producing  the  curve  backward  to  the  nearest  station  z,  wo 
have  another  subchord  Az  =  (100  —  c\  and  the  angle  yAz  =  ^ 
{D  —  d),  and  putting  the  offset  yz  =  t„ 

.  ^  =  (100  -  c)  sin  i  (Z)-  (Q  (36) 

Laying  off  the  two  subchords  on  the  ground,  and  making 

the  proper  offsets,  t^  and  *^,  at  the 
game  time,  we  fix  the  position  of 
the  two  stations  a  and  z  on  the 
curve  ;  after  which  we  may  pro- 
duce the  chord  za  100  feet  to  6'> 
and  proceed  as  before  until  the 
curve  is  finished. 

If  the  curve  ends  with  a  sub- 
chord,  as  dBy  produce  the  curve 
to  the  first  station  beyond  B,  ofi 
e\  then  calculate  the  two  offsets 
for  the  two  subchorda  -Briand  Be\ 
Tfjg^  O;  and  lay  them  off  £1:010.  d  and  e' 
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perpendicular  to  the  supposed  direction  of  the  tangent.  If 
the  line  <?V  so  ol>tained  coinoidef  with  the  given  tangent,  VB, 
the  ■vyork  is  correct. 

115,  We  may  find  the  values  of  t;  and  t^  otherwise  than 
by  the  formulae  above,  for  in  Fig.  8  we  have  shown  that  the 
angle  aAa'  =  aOA,  and  since  these  triangles  are  isosceles, 
they  are  similar;  therefore 

Fig;.  8,  OA  :  Aa ::  Aa  ;  aa' 

or  i?:  100::100:2^ 


-^ 


and  similarly,  Fig.  9, 


c3 


Hence 


Thus  t,  may  be  found  by  multiplying  the  square  of  the  sub- 
chord  by  the  value  of  t  given  in  Tab.  IV.,  and  dividing  the 
product  by  10000.  As  c  is  always  less  than  100,  so  ^/is  always 
less  than  t. 

1 16,  In  eqs.  (35),  (38),  and  (39)  it  is  customary  to  use  the 
nominal  values  of  c,  and  this  can  produce  no  error  in  t  or  t, 
exceeding  005,  when  the  degree  of  curve  does  not  exceed  ten 
degrees.  In  the  case  of  a  very  sharp  curve,  the  formulae  eqs^ 
(40)  and  (41)  are  preferable. 

To  locate  a  curve  by  middle-ordinate^. 

When  the  curiii  begins  and  ends  at  a  siaMon. 

117.  In  Fig.  10,  let  A  be  the  P.  (7.  at  a  station,  and  let  a  and 
e  be  the  next  stations  on  the  curve  either  way  from  A.  Then, 
since  zy  =  ax  —  t,  the  chord  sa  is  parallel  to  the  tangent  A  V, 
and  Ag  =  t.  Hence,  having  any  two  consecutive  stations  on 
the  curve,  as  z  and  A,  we  may  lay  off  the  tangent  offset  t 
from  ^  to  5^  on  the  radius,  and  find  the  next?  station,  a,  100  feet 
from  A  on  the  line  zg  produced.  Then  laying  otL  ah  =  t  pn 
the  radius  aO,  a  point  on  tlie  line  Ah  produced  and  100  feet 
from  a  will  be  the  next  station  b. 
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On  reaching  the  end  of  the  curve,  the  tangent  is  found 
precisely  as  described  in  the  method  by  chords  produced,  §  118. 

In  Fig.  10,  we  observe  that  if  the  radius  OA  were  unity,  gA 
would  be  the  versed  sine  of  the  angle  aOA  =  D,    But  gA  ^  t, 


t  =^  B  vers  D 


(40) 


When  t/ie  curve  begins  or  ends  with  a  suhchard. 

118.  Let  A,  Fig.  11,  be  the  P.C,  and  a  and  z  the  nearest 


Fio.  10. 
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/stations.    Then  Aa  =  c,  the  first  subchord,  and  aOA 
'  by  analogy,  we  have  from  the  last  equation,  if  ax 

t^=  R  vers  d  i  . 

t^  =i?vers(2>-(f)) 


ef,  and 
t.  and 


(41) 


or  eq.  (39)  may  be  used  if  preferred. 

Having  found  the  two  stations,  a  and  2,  on  the  curve,  lay 
off  from  the  forward  station  a,  ah  —  t  on  the  radius,  and  so 
tontiuue  the  curve  as  described  above. 

When  the  end  of  the  curve  is  reached,  produce  the  curve  tc 
the  next  station  beyond,  and  find  the  tangent  by  offsets  as 
described  in  the  previous  method,  §  114. 

To  locate  a  curve  by  offsets  l^oiu  the  taii^rents. 

Wtien  the  eitrre  begins  at  a  station. 

119.  Let  A,  Fig.  13,  be  the  RG.  at  a  station.  Then  the 
next  station  a  is  located  by  the  tangent  offset  t,  taken  from 
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Tab.  rV.,  or  calculated  by  eq.  (40).  To  calculate  the  distance^ 
and  Q£fsets  for  the  following  stations,  b,  e,  etc. ,  in  the  diagram 
draw  lines  through  the  points  b,  c,  etc.,  parallel  to  the  tangent 
AV,  intersecting  the  radius  ^0  in  g\  g\  etc.,  and  draw  the 
lines  bx\  cx\  etc.,  perpendicular  to  the  tangent. 

Then 

Ax'  =  g'b  =  Ob  sm  bOA 


or 


and 
Also, 


or 


and 


Ax'  =  M  sin  2D 
Ax"  =  R  sin  3i> 
etc.  etc. 

&r'  =  ^'^  =  Ob  vers.  bOA 

t  =B  vers  2D 
f  =Ii  vers  W 
etc.  etc. 


(42) 


(43) 


But  these  calculations  may  be  avoided,  for  as  twice  ag  equals 
the  chord  of  two  stations,  so  twice  bg'  equals  the  chord  of  four 
stations,  and  twice  eg'  the  chord 
of  six  stations,  etc.  So  also  as  ^^ 
is  the  middle-ordinate  of  two  sta- 
tion, Ag'  is  the  middle-ordinate  of 
four,  and  Ag'  the  middle-ordinate 
of  six  stations,  etc.  Hence  the 
rule: 

The  distance  on  the  tangent  from 
the  talent  point  to  the  perpendicu- 
lar offset  for  the  extremity  of  any 
are  i8  equal  to  one  half  the  long 
chord  for  twice  that  arc;  and  the 
offset  from  the  tangent  to  the  ex- 
tremity of  any  arc  m  equcU  to  the 
middle-ordinate  of  twice  that  arc. 

The  long  chords  and  middle-ordinates  may  be  taken  from 
Tables  Vn.  and  VIII.  for  2,  4,  6,  8,  etc.,  stations,  when  the 
P,G.  is  at  a  station,  or  for  1,  3,  5,  7,  etc.,  stations,  when  the 
P.  C.  is  at  +  50.  or  half  a  station. 

If  the  offsets  from  the  first  tangent  JIF  prove  inconveniently 
long,  the  second  half  of  the  curve  may  be  located  from  the 
other  tangeot  BVy  beginning  at  the  point  of  tangent  B,  aqd 
Pi99Ul|;  04 1|  9^tlQQ  located  f  rqm  the  first  tangent, 
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When  the  iniMie  begins  mth  *  gubckgrd. 
120.  If  ii=the  angle  at  centre,  Bubtended  by  the  flrat- 
Bubchord,  we  have  for  the  distances  on  the  tangent  (Fig.  1^ 


n(d+SJ)) 


aftd  for  the  offsets  (Fig.  11) 


If  the  first  subchord  equals  50  feet  (n 
■tnd  the  Tables  VII.  and  VIII.  may  I 


nlnal),  then  if  =|I>, 
used  as  espl^ued 


above.  These  tablea  may  be  used  in  any  case,  by  adopting  a 
temporary  tangent  through  any  station,  and  laying  off  the  dis- 
tances on  this,  and  malting  the  offsets  from  it. 

Wiien  a  curve  is  located  by  offsets  tlie  chain  shoiiid  be  car- 
ried around  the  curve,  if  possible,  to  prove  Ihat  the  stations 
are  100  feet  apart. 

To  locate  a  curve  by  oi-dinates  from  a  long 
chord. 

men  lAe  eane  begint  and  end*  at  a  ttaUoti. 

121.  In  Figi  14  ATa.1t  the  long  cliord  AB,  Joidlng  the  tan. 
gent  points,  and  from  this  draw  ordlnates  to  all  the  ttatkuis  on 
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the  burre.    We  then  require  to  know  the  several  distances  on 
the  long  chord  AgC ^  a'b\  b'c\  etc.,  and  the  length  of  ordiiiate 
at  each  point. 
Let  C  =  the  long  chord  AB,  then  eq.  (22) 

C=2i?sinjA 

If  a  is  the  second  station  and  i  next  to  the  last  on  the  curve, 
join  a%  and  let  the  chord  ai  =  C.  Then  Since  the  arc  Aa  = 
iJc  =  i),  the  angle  at  the  centre  subtekided  by  (7'  is  (a  —  2i))-. 

.-.   C"  =  2^sini(A-22>) 

Again,  if  we  join  h  and  h  the  next  stations  and  let  hh  =  0' 

0"=2i?sin  J(A-4I>) 

and  so  on  for  other  chords. 
Since  Aa'  =  ki,0=G'  +  2Aa' 

r,Aa=-^ 
Sitnilariy, 

a  b  = 


Thus  we  continue  to  find  the  distances  lip  to  the  middle  of 
the  ctirve,  after  which  they  repeat  themselves  Ih  inverse 
order. 

1^2*  When  the  long  chord  (7,  subtends  an  even  number  of 
statidjis  (as  10  in  Fig.  14),  the  middle  ordinate  of  the  chord  is 
the  ordinate  of  the  middle  station,  as  e.  Since  the  chords  AB 
and  ai  are  parallel,  the  ordinate  a' a  or  i'i  is  eviclently  equal  to 
the  difference  bf  the  middle  ordinates  of  these  chords. 

Let  Jf,  Jf ',  M\  etc.,  be  the  middle-ordinates  of  the  chorda 
t7,  0',  0",  iBtc.    Theneq.  (^3) 

M  =  B  vers  J  A 
M'  =  BversiiA  -2D) 
Jf''  =  i2versi(A-4D) 
etc.,  etc. 

And  a'a  =  i'i  =M-M' 

b'b  =h'h=2^-M' 
etc.      etc.        etc. 

The  values  of  the  chords  and  uiiddle-ordiilates  maybe  tKlten 
at  once  from  tables  VII.  dhd  VlII. 
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Example. — ^It  is  required  to  locate  a  4  degree  curve  of  ten 
stations  by  offsets  from  the  long  chord. 
By  Table  VII. ; 


10  sta. 

G    =980.014 

8  '* 

C*  =789.803 

6  " 

C7»  =  695.744 

4  '* 

C7"i=  398.782 

3  " 

(7^^  =  199.878 

0  " 

C^  =000.000 

Diff. 

190.211 
194.059 
196.962 
198.904 
199.878 


95.105  =  ^a'  =  /b'' 
97.030  =  a'6'  =  t' A 
98.481  =6V  =Ay 
99.452  =  c'(i'  =  ^/ 
99.939  =  dV  =  /tf' 


From  Table  VIII. 


Diff. 


10  sta. 

M     =86.402 

8  " 

afi  =55.500 

30.902 

=  a' a  =  i% 

6  " 

W-"  =31.308 

56.094 

=  h'h   =  A'A 

4  '* 

Jf»"  =13.943 

72.459 

=  c'c  =^^ 

2  " 

M^^  =  3.490 

82.912 

=  d'd  =  ff 

0  ** 

if^  =  0.000 

86.402 

=ze'e 

123,  When  the  long  chord  (7  subtends  an  odd  numberxof 
stations,  the  middle  ordinate  will  fall  half-way  between  two 
stations,  and  need  not  be  laid  off. 

If  the  ordinates  near  the  middle  of  the  curve  prove  mcon- 
veniently  long,  we  may  subtract  Jf  —  M\  M'—M\  etc.,  and  so 
obtain  in  Fig.  14  a' a,  h'h,  c'c,  etc.  We  tlien  lay  off  Aa\  a'a, 
ab\  h'h,  he\  etc.,  turning  a  right  angle  at  every  point.  The 
chain  should  be  carried  along  the  curve  at  the  same  time  to 
make  the  stations  100  feet  apart. 

Example. — It  is  required  to  locate  a  10-degree  curve  of  nine 
stations  by  offsets  from  the  long  chord. 

By  Table  VII. : 


Diff. 


9  Sta.  811.314 


«Diff. 


7 
5 
8 
1 

Q 


«( 


«( 


<< 


<« 


<< 


668.105 
484.9Q0 
296.962 
100.000 
Q.OOO 


163.209 

76.604=  ^a' 

173.206 

86.603  =  a'y 

187.938 

93.969  etc. 

196.962 

98.481 

}0O.9QO 

OQ.PQQ 
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By  Table  VIII. : 

DUt. 

9  sta. 

168.029 

64.279 

t=<t'd 

7   " 

103.750 

50.000 

^b'b 

6    " 

63.750 

34.202 

=  (?'(? 

8    " 

19.548 

17.365 

etc. 

1    " 

2.183 

2.183 

0    " 

0.000 

124.  The  tabids  can  be  used  equally  well  when  the  curve 
both  begins  and  ends  with  a  half  station ;  also  to  locate 
half-station  points  throughout  the  curve,  but  in  the  latter  case 
the  numbers  are  tiiken  from  consecutive  columns  of  the  tables 
instead  of  from  alternate  col-  | 
umns,  as  in  the  above  examples. 

When  ihe  curve  begins  or  ends 
with  any  subchord. 

125.  Let  A,  Fig.  15,  be  the 
P.  C,  and  Aa=c  the  first  sub- 
chord,  and  d  the  angle  it  sub- 
tends at  the  centre.  In  the  dia- 
gram draw  the  long  chord  AB, 
and  the  ordinates  to  each  sta- 
tion, and  through  each  station 
draw  a  line  parallel  to  AB,  and 
let^O^=  A. 

Since  the  angle  VAB  =  J  a  and 
VAa  =  J<?,  the  angle  aAB  =i(A-d).    The .  deflection  ingle 
from  the  subchord  Aa  produced  to  the  chord  oft  is  i  (e^  -f-  Z>), 
the  deflection  angle  between  any  two  consecjatjive  chords  of 
100  feet  is  i  (Z)  -f  D)  =  2>.    Therefore  the  angle 


Fio.  15. 


cbc'^iiA-  U-D)  -  i  (22))  =  i(A  -U  -  W ) 
cdd'^i  (A  -  2^-82))  -  i  (22>)  =  i(A  -  2<f-  5i>) 


etc. 


etc. 


etc. 
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Solving  tlie  several  right-angled  triangles  we  have,  Tyg^  1& 


And  also 


Aa'  =  c.    cos  i  (a  —  d) 
ab"  =imco8^{A  -2d—   D) 
be"  =  100  cos  i  (A  -  2^  —  aZ>) 
dd"  =  100  cos  i  ( A  -  2rf  -  5J?) 

a'a  =  c,     sin^(A— <Q 
J'^  =  100sini(A -2d-    D) 
€"€  =  100  sini  (A  -2d-  3i>). 
d''c  =  100  sin  i  ( A  -  2<?  -  51)) 


(46) 


(4?) 


When  the  raiddle  point  of  the  curve  ia  passed  the  natnus 
quantities  in  the  parentheses  become  greater  than  a,  making 
tlMj  parentheses  negative,  and,  therefore,  the  siujes  negative, 
and  indicating  that  such  values  as  are  deternuned  by  them 
must  be  laid  off  toicard  the  long  chord  Jl^. 

By  a  proper  summation  of  the  quantities  determined  by  eqs. 
(46)  and  (47)  we  obtain  the  distances  Aa\  Ab\  Ac\  etc.,  a^d 
the  ordinates  a'a^  b'b,  c'c,  etc.,  and,  the  curve,  may  be  Ippated 
accordingly.  It  is  well  to  m^ke  all  the  necessary  calculations 
before  beginning  to  lay  down  the  lines  on  the  ground,  thus 
avoiding  confusion  and  mistalj^es. 

Mcample.— The  P.O.  of  a  3°  20'  curve  is  fixed  at  +  25  feet 
beyoijid  a  station,  and  the  central  angle  is  16°  24'  =  a.  It  is 
required  to  locate  the  curve  by  ordinates  from  the  long  chord. 

We  have  c  =  100  -  25  =  75  and  (f  =  2°  30'  and  D  =  3°  20'. 
Hence,  eqs.  (46) 


Aa'  =    75  cos 

6°  57'    =74.449 

74.449  =  Aa' 

ab'  =  itocos 

4°  02'    -99.752 

174.201  =  Ab' 

be'  =i  100  cos 

0°42'    =  99.993 

274.194=  /I  <?' 

c^'ff  =  100  cos  (• 

-  2°  38')  =  99.894 

374.088  =  ^d' 

€"6    —  100  COS  (■ 

-  5°  58')  =  99.458 

473.546  =  A6' 

e'B  -    17  cos  (■ 

-  7°  55')  =  16.838 

490.384  -  AB 

By  eqs.  (47) 

a' a  =    75  sin 

6°  57'=        9.075 

9.075  =  a' a 

b'b  =  100  sin 

4°  02'=        7.034 

16.109  =  b'b 

c'e  =  100  sin 

0°42'=        1.222 

17.331  =  c'e 

ed"  =  100  sin  (- 

2"  38')=-   4.594 

12.737  =  d'd 

de"  =  100  sin  (- 

5^58')  =-10.395 

2.342  =  e'e 

ee'  =   17sm(-- 

7°  55')=-   2.841 

0.000   ,  .    . 
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The  same  formulae  can  be  used  when  the  curve  begins  at  a 
station  by  making  c  =  100  and  cL=^  D. 

.  120.  The  methods  of  locating  curves  by  linear  measure- 
ments  do  not  require  the  use  of  a  transit,  although  one  may 
be  used  to  advantage  for  giving  true  lines,  turning-  right 
angles,  etc.  When  a  transit  is  not  used  the  alignments  should 
be  made  across  plumb-lines  suspended  over  tlie  exact  points 
previously  marked  on  top  of  the  stakes.  A  right  ang^le 
may  easily  be  obtained,  without  an  instrument,  by  laying  off 
on  the  ground  the  three  sides  of  either  of  the  right-angled 
triangles  represented  in  the  following  table  (or  any  multiples 
of  them),  always  making  the  hose  coincide  with  the  given  line. 

Table  op  RiGHT-ANGiiED  Triangles. 


Base. 

HypothenuseJ 

Perpend 

4 

5 

3 

12 

13 

5 

20 

29 

21 

24 

25 

7 

40 

41 

9 

60 

61 

11 

84 

85 

13 

D.  Obstacles  to  ike  Location  of  Curves, 
127*  To  locate  a  curve  joining  two  tangents  when  the  in- 
tersection F  is  inaccessible.    Fig.  16. 

From  any  transit  point  p  on  one  tangent  run  a  line  pq  to 
intersect  the  other  tangent;  measure 
pq  and  the  angles  it  makes  with  the 
tangents.  Then  the  sum  of  the  de- 
fiectious  at  p  and  q  equals  the  central 
angle  A.  Solve  the  triangle  pqV 
and  find  Vp.  Having  decided  on 
the  radius  R  of  the  curve,  calculate 
the  tangent  distance  VA  by  eq.  (21), 
and  lay  off  from  p  the  distance 
pA  =  F^  --  "Fp  to  locate  the  point  ^^®-  ^^' 

of  curve.      The  point  p  being  as- 
sumed at  random,  Vp  may  exceed  VA,  in  which  case  the  differ- 
ence pA  is  to  be  laid  off  toward  F. 

In  case  obstacle^  preyent  the  direct  alignment  of  any  line 
pq,  a  line  of  several  courses  may  ^  be  substituted  for  it  (as 
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explained  in  §§  46,  47,  48,)  from  which  the  length  of  pq  will 
be  deduced.  The  algebraic  sum  of  the  several  deflections  will 
equal  A. 

128.  To  locate  a.  curve  when  the  point  of  curre  is 
inaccessible.    Fig.  17. 

Assume  any  distance  Ap  on  the  curve  which  will  reach  to 
an  accessible  point  p.    Then  by  eq.  (19)  the  angle 

^  100 

Ap'  =  jB  sin  pOA 
p'p  =  R  vers  pOA 
Vp'  =  VA-  Ap' 

Measure  Vp'  and  p'p  to  locate  a  transit  point  at  p;  and  rneas* 

ure  an  equal  offset  from  some  transit  point  on  the  tangent,  as 

qq'.     This  gives  a  linep^',  parallel 

to  the  tangent,  from  which  deflect  at 

p  an   angle  equal  to  pOA  for  the 

direction  of  a  tangent  through  the 

point  p. 

Instead  of  measuring  the  second 

offset  qq'  we  may  deflect  from  pq  an 

typ' 
angle  found  by  tan  qpq'  =  ^-~  and  so 

obtain  the  line  p^  parallel  to  the 
Fio.  17.  tangent.    Or  we  may  deflect  from  p  V 

pp' 
the  angle  found  by  tan  p  Vp'  —^-,  to  obtain  the  line  ^p  pro- 
duced, from  which  the  tangent  to  the  cui-ve  at  p  is  found  as 
above. 

Again,  we  may  lay  off  from  F,  the  external  distance  Vh 
found  by  eq.  (24)  or  Tab.  VI  on  a  line  bisecting  the  angle 
A  VB,  This  gives  us  h,  the  middle  point  of  the  curve,  and  a 
line  at  right  angles  to  ^  F  is  tangent  to  the  curve  at  A,  from 
which  the  curve  may  be  located  in  either  direction. 

129.  To  locate  a  curve  when  both  the  Vertex  and  Point 
of  curve  are  inaccessible.    Fig.  18. 

From  any  point  p  on  the  tangent  run  a  line  pq'  to  the  other 
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tangent,  and  so  determine  p^  as  in  §  127.    Suppose  the  curve 
produced  backward  to  p'  on  the  perpendicular  offset  'pj^. 
Then 

sin  p'  OA  =  ^-^  and  pp'  =  B  vers  p'  OA 

Having  located  the  point  p\  a  parallel  chord  p'^  may  bo 
laid  off,  giving  a  point  q  on  the  curve,  since  p'q  =  2  X  pA, 
At  q  deflect  from  qp'  an  angle  equal  to  p'OA  for  a  tangent  to 
the  curve  at  q. 
If  any  obstacle  prevents  using  the  chord  p'q^  any  other 


Fio.  18. 


Fig.  19. 


chord  as  p's  may  be  used,  by  deflecting  from  p'q  the  angle 
qp's  =  \  (qOs)  and  laying  off  its  length, 

p'8  =  2B  sin  (p'OA  +  qp's). 

At  «  a  deflection  from  the  chord  sp'  of  (p'OA  +  gp'*)  will  give 
the  tangent  at «. 

If  obstacles  prevent  the  use  of  any  chord,  the  methods  de- 
scribed in  §  181  may  be  resorted  to. 

130.  To  pass  from  a  curve  to  the  forward  tangent  when  the 
Point  of  Tangent  is  inaccessible.    Fig.  19. 

From  any  transit  point  p  on  the  curve,  near  the  end  of  the 
curve,  run  a  chord  parallel  to  the  tangent.  The  middle  point 
g  of  the  chord  will  be  on  the  radius  through  the  point  of  tan- 
gent B.  At  any  convenient  point  beyond  this  an  offset  equal 
to  pp'  =  B  vers  pOB  may  be  made  to  the  4.angent,  and  at 
some  other  point  an  equal  offset  ViW  9^  tfi^  4i]^ect|Q9  of  th^ 
tangent. 
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Otherwise,  if  an  unobstructed  linie  pq  can  be  fbtikid  inter' 
secting  the  tangent  at  a  reasonable  distance  from  B,  mebsulre 
the  angle  q^pq  =pqp\  and  lay  off  the  distance 


P^  = 


PP 


sm  qpq 
to  fix  the  point  q.    Then 

Bq  =  p'q  —  p'B  =  pp'  cot  q'pq  —  B  siii  pOB. 

Oiherwise;  assume  an  arc  of  any  number  of  stations  from 

;;  to  q'  on  the  curve  produced,  and  take  the  length  of  chord 

irom  Tab.  VII.     Lay  off  pq\  and  from  q'  lay  off  q'q  =  B 

vers  q'OB,  perpendicular  to  the  tangent,  to  locate  q.    The 

angle  pq'q  =  90**  —  q'pq",  and  the  distance  qB  =  B  sin  fOB. 

131.  To  pass  an  obstacle  on  a  curve.    Fig.  20. 
From  any  transit  point  A'  on  the  curve  take  the  direction 
of  a  long  chord  which  will  miss  the  obstacle,  as  A'B'.    The 

length  of  this  chord  is  2B  siii 
V'A'B\  V'A'  being  tangent  to  the 
curve  at  A'  (see  eq.  22),  and  by 
measuring  this  distance,  the  point 
B'  on  the  curve  is  obtained.  If 
the  angle  V'A'B'  is  made  equal  to 
the  deflection  for  an  exact  number 
of  stations,  the  chord  may  be  taken 
from  Tab.  VII. 

If  the  chord  which  will  clear  the 
obstacles  would  be  too  long  for  con- 
venience, as  A'^y  we  may  measure 
a  part  of  it  as  A'p\  and  then,  by  an 
ordinate  to  some  station,  regain  the  curve  at  p.  Tlie  distance 
on  the  curve  from  ^ '  to  ^  being  assumed,  the  distances  A'p' 
and  p'p  arc  calculated  by  the  methods  given  in  §  121  to  1 125. 
If  p'p  can  be  made  a  middle  ordinate  the  work  will  be  mUch 
simplified.  If  more  convenient  tlie  middle  ordinate  niay  first 
be  laid  off  from  A '  to  p\  and  the  half  chord  afterwards 
measured  from  p'  to  locate  p.        • 

Again,  we  may  calculate  the  auxilfaiy  tangent  A '  V  for 
any  assumed  length  of  curve  A'B\  and  lay  off  the  distance 
A'V  and  V'B',  deflecting  at  V  an  angle  equal  to  twlco 
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VA  'B',  But  if  the  point  V  should  prove  inaccessible,  we 
may  conceive  the  auxiliary  tangents  to  be  revolved  iabout  the 
chotd  A B'  2iS  an  axis,  so  that  V  will  fall  at  V\  and  the 
Hues  A'V  and  VB'  may  be  laid  out  accordingly.  If  these 
in  turu  meet  obstructions,  we  may  mn  a  curve  from  ^ '  to  ^ ' 
of  same  radius  as  the  given  curve,  but  tangent  to  A'V  aud 
VB'. 

Again,  the  entire  curve  or  any  portion  of  it  may  be  laid  out 
by  offsets  from  the  tangents,  or  by  ordinates  from  a  long 
chord,  as  already  explained,  §  119  to  §  126. 

In  case  any  distance  on  a  curve  must  be  measured  by  a  tri- 
angulation,  as  in  crossing  a  stream,  a  long  chord  may  be 
chosen,  either  end  of  which  is  accessible,  and  the  triangula- 
tion  is  then  performed  with  respect  to  this  chord  or  a  part  of 
it,  as  upou  any  other  straight  line. 

SPECIAL    PKOBLEMS  IN  SIMPLE  CUBVES. 

132«  Gi'oen:  a  <mrv6  joining  two  tangents,  to  find  tJie  change 
required  in  the  radius  R,  and  external  distance  E,  for  an 
(imikme^  ch^m^e  in  the  value  of  the  tangent  distance  T*    Fig.  21. 


Fio.  81. 


Let  T: 

*'    B 

'■•     E 


AV^VB 

AO 

VH 


and  T'  =  A  F=  VB' 
"   B'  =  A'0; 
"   E'  =  VH' 


Then  T—  T'  =  A  A'  =  the  given  change. 


By  eq.  (25) 


B  =  T  cotiA 
jB'=  TcotiA 


•    • 


OG  =  B-B'  =  (T-T')cotiA 


(48) 
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By  eq.  (26),  similarly, 

HE'  =  -&-  J?'  =  (T -  T)  tan i A  (49) 

Eqs.  (48)  (49)  give  the  changes  in  R  and  E  for  any  change 
in  T.  When  T  is  increased  B  and  E  will  be  increased  also, 
and  vice  versa. 

Example. — A  4°  curve  joins  two  tangents,  making  an  angle 
of  88°  ±=  A,  and  it  is  necessary  to  shorten  the  last  tangent  dis- 
tance 80  feet.  What  will  be  the  change  in  the  radius  and  in 
the  external  distance? 

Eq.  (48)  r-  T'  =  80  log  1.903090 

iA  19°         log  cot  0.463028 


Ans,  B  -B'    232.34  log.  2.366118 

B  1432.69 


B'  =        1200.35      or  about  4°  46'  =  D'. 

If  the  tangent  distance  had  been  increased  80  feet  we  should 
add  the  above  to  B. 

B'  =  1665.03        or  about  3°  26'  =  D ' 

Eq.  (49)        r-  T'  =  80  log  1.903090 

iA  9°  30'       log  tan  9.223607 


Ans.  E-E'      13.887  log  1.126697 

133.  Given:  a  curve  joining  two  tangents,  to  find  the  oftange 
required  in  the  radius  R,  and  tangent  distance  T,  for  any 
assumed  change  in  the  value  of  the  external  distance  £•    Fig.  21. 

We  suppose  EH'  given  to  find  OG  and  AA  \ 

Byeq.  (24)  E  =B  ex  sec  i A 

J^'  =  jB'exseciA 

OG=B''B'  =  -?-^-  (60) 

ex  sec  iA 

By  eq.  (49) 

X4'  =  r-  7"  =  (J&-  E')  cot  iA  (51) 
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Example, — A  4°  curve  joins  two  tangents,  making  an  angle 
of  38°  =  A,  and  it  is  necessary  to  bring  tlie  middle  point  of 
the  curve  25  feet  nearer  the  vertex  F.  What  changes  are  re- 
quired in  the  radius  and  point  of  curve? 

Eq.  (50)     E-E'=  25         log  1.397940 

iA  *19*'       log  ex  sec  8.760578 

Ans.        B-B'      433.87         log  2.637862 

B    1432.69 


B'    998.82  or  about  5"  44' =  D' 

Eq.  (51)    E-E'  25  log  1.397940 

iA  9°  30         log  cot  0.776393 

T-T'        149.39  2.174333 

or  the  P.  C.  will  be  moved  toward  the  vertex  149.39  feet. 

But  if  the  point  H,  Fig.  21,  were  to  be  moved  25  feet 
further  from  the  vertex  F,  then 

B'  -  1866.56  or  about  3"  04'  =  2>' 

and  the  P.C7.  will  be  moved  149.39  feet  further  from  the 
vertex. 

It  is  preferable  to  assume  some  radius  from  Table  IV.  near 
the  value  of  B '  found  as  above,  and  from  this  calculate  the 
value  of  T'  by  eq.  (21). 

134*  Given:  a  curve  joining  two  tangents,  to  find  the  change 
nuide  in  the  tangent  distance  T,  and  external  distance  jE,  by 
any  assumed  change  in  the  value  of  the  radius  R,    Fig.  21. 

By  eq.  (48) 

AA'  z^T'-T'  ^iB-B')  tan  i A  (52) 

By  eq.  (50) 

HH'  =  E - E'  ^iB-  B')  ex  sec  iA  (53) 

The  changes  calculated  by  eqs.  (52)  (53)  will  be  added  to  or 
subtracted  from  T  and  E  respectively,  according  as  the  radius 
if»  increased  or  diminished. 

135,  Since  for  a  constant  value  of  the  central  angle  A, 
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the  homologous  parts  of  any  two  curves  are  proportaoftri  to 
eiach  othei:,  we  may  write  at  once 


T' 


E' 


C 


R '  =  R-7iT-  =  R-^f=r  =  R—PT-  = 


M' 


T 


E 
E' 


C 

C 


'^\ 


mt     __  fpzl—  T  f  7T. 


M' 


(54) 


R 


etc. 


E 
etc. 


G 


M 

etc. 


136.  Given:  a  curve  joining  two  tangents,  to  change  tJis 
position  of  the  Point  of  curve  so  that  the  curve  may  end 
in  a  parallel  tatigrent.    Fig.  22. 

Let  AB  be  the  given  curve,  A  V,  VB  the  tangents,  and 
V'B '  the  parallel  tangent.    Then  VV'  is  the  distance  frona 

one  vertex  to  the  other;   and  since 
there  is  no  change  in  the  form  or 
dimensions  of    the    curve,  we   may 
conceive   it    to   be   moved   bddily, 
parallel    to    the    line  AV,  until    it 
*|^'  touches  the  line  V'B',  when  every 
point  of  the  curve  will  have  moved 
a    distance    equal    to   VV,     Hence 
AA'  =  00'  =  BB'  =  VV.     There- 
"T    fore,  run  a  line  from  B  parallel  to 
PiQ.  28.  AV,  intersecting  the  new  tangent  in 

B\  measure  BB',  and  lay  off  the  dis- 
tance from  A  to  find  A'.  In  the  figure  the  new  tangent  is 
taken  outside  the  cui*ve,  and  so  A '  falls  beyond  A,  but  if  the 
new  tangent  were  taken  inside  the  curve  at  VB',  the  nfew 
P.  G.  would  fall  back  of  A  at  some  point  A\ 

If  the  parallel  tangent  is  defined  by  a  perpendicular  offset 
from  B,  as  Bp\  since  the  angle  BB'p  =  a 


AA  =  BB'  = 


Bp 

sin  A 


(55) 


137.  Given:  a  curve  joining  two  tangents,  to  find  the 
radius  of  a  curve  that,  from  the  sdme  Point  of  curve,  wiU  end 
in  a  parallel  tangrent.    Fig.  28. 

Let  AB  he  the  given  curve,  AV,  VB  the  tangents,  and 
VB'  the  parallel  tangent;  and  let  40  =  /?  and  ^0'  -  /?'. 
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Bince  the  central  angle  A  remains  Untihanjg<^d,  the  angle 
^A  between  the  tangent  and  long  chord  remains  unchanged; 
therefore  V'A  B '  =  VAB,  and  the  new  point  of  tangent  is  on 
the  long  chord  AB  produced.  I^ind  on  the  ground  the  inter- 
section of  V'B'  with  AB  produced 
and  measure  BB',  In  the  diagram 
draw -Be  parallel  to  AO,  then  BeB  = 
A,  and  by  eq.  (22) 


but 


BB'  =2Be8miA 
Be=00'  =  B'  -B 


B'  =  E  + 


BB' 


2  sin  iA 


(56) 


dr^o 


Fig.  2:^. 


The  +  sign  is  used  when  B '  is  be- 
yond ^,  as  in  the  figure;  but  if  the 

parallel  tangent  is  within  the  given  curve  if  will  cut  the 
chord  in  soih^  point  B\  and  then  the  —  sig6  must  be  used, 
since  B '  will  evidently  be  less  than  R, 

If  the  parallel  tangent  is  defined  by  a  pei'pendicular  offset. 
2^$pz=B '/;  since  BeB'  =  A 


Bp  =  Be  vers  A  ={B'  --  B)  vers  A 


B'  =  B  + 


Bp 


vers  A 


(57) 


Add  or  subtract  as  explained  above. 

If  the  long  chord  G  =  AB  is  known,  then  the  new  long 
chord  C  =  AB'  or  AB"  =  0  ±  BB',  and  by  eq.  (54) 


B'  =  E 


G±  BB' 

C 


(58) 


138.  Given:  a  curve  joining  two  tangents,  to  change  tJie 
radius,  and  also  the  Point  of  curve,  so  that  the  new  curve 
muy  end  in  a  parallel  tangent  directly  opposite 

the  given  Point  €f  tangent.    Fig.  24. 

Let  AB  be  the  given  curve,  AV,  VB  the  tangents,  V'B'  the 
parallel  tangent,  and  ^'  the  given  tangent  point  on  the  radius 
Oi?  produced. 
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In  the  diagram,  produce  the  tangent  ^F  and  the  radius  OB 
to  intersect  at  K,    Then 

^Jr=5ex8ec  A 

J5'jr  =  i?'exsec  A 
Subtracting  we  have 

J?5' =(i2-i? ')ex8ec  a 

BB' 


E-E'  = 


exsec  A 


(59) 


from  which  B'  is  easily  determined,  as  in  §§  182  and  183. 


Fig.  24. 


FiaSS. 


To  find  the  change  A  A'  of  the  RC,  in  the  diagram  draw 
O'G  parallel  to  A' A;  then 


or 


O'G-  OGtm  A 
AA'  =  {B-B')ian  A 


(00) 


By  substituting  the  value  of  (B  —  B')  from  eq.  (59)  and  ob- 
serviDg  Table  II.  42  we  have 


AA'  =BB'  X  cotiA 


m 


Observe  that  eqs.  (59),  (60),  and  (61)  may  be  derived  directly 
from  eqs.  (50),  (52),  and  (51)  respectively  by  writing  A  for  i  A. 

139.  Given:  a  curve  joining  two  tangents;  to  find  the  new 
tangrent  points  <tfter  each  tangent  has  been  moved 
parallel  to  itself  any  distance  in  either  direction.    Fig.  25 
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Let  A  and  B  be  the  given  tangent  points,  a^d  A'  a.nd  B ' 
the  new  tangent  points  required.  Let  the  know4  perpendicu- 
lar distances  Aq  =  a,  and  Bp  =  b.  We  then  require  the 
unknown  parallel  distances  qA'  =  x  and  pB'  =  y. 

Since  the  form  and  dimensions  of  the  curve  remain  un- 
changed we  may  conceive  the  curve  to  be  moved  bodily 
into  its  new  position  on  lines  parallel  and  equal  to  the 
line  W  joining  the  vertices.  Then  AA'  =  00'  =BB'  := 
VV. 

In  the  diagram  draw  FJT  parallel  and  equal  to  Bp  =  b  and 
V'H  parallel  and  equal  to  Aq  =  a.  Then  Vff=  qA'  =  x,  and 
V'K=  B'p  =  y.    Since  FG=  F'  =  A,  we  have 


VG  =  -J—  and  GH=     ^ 


sm  A 


tan  A 


uid  since 


VH=  VG-OH=x 


Similarly 


X=z~ ■ 


y  = 


a 


sin  A 

tan 

A 

b 

a 

tan  A 

sin 

A  J 

(62) 


When  the  new  tangents  are  outside  of  the  given  curve,  the 
offsets  a  and  b  are  considered  positive;  if  either  new  tangent 
were  inside  of  the  given  curve  its 
offset  would  be  considered  negative. 
In  solving  eqs.  (62)  if  x  and  y  are 
found  to  be  positive  they  are  to  be 
laid  off  forwards  from  q  and  p^  as 
in  Fig.  25;  if  either  is  found  to  be 
negative  it  is  to  be  laid  off  in  the 
opposite  direction. 

Example. — A  certain  curve  has  a 
central  angle  of  50**  =  A ,  and  it  is 
proposed  to  move  the  first  tangent 
in  20  feet  and  the  second  tangent 
out  12  feet.  Required,  the  distances  on  the  tangents  from  the 
old  tangent  points  to  the  new.    Fig.  26. 


Fia.  36. 
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Here  a  =  -  20  and  ft  =  + 12 


+  b    12 


15.e65 


1.079181 
log  sin  9.884254 

1.194927 


—  a    20 
A       56^ 

-  16.782 


i.modo 

log  tan  6.076186 
1.224844 


X  =  15.665  -  (-  16.782)  ==  +  82.450 


4-^    13 
A       50° 


1.079181 
log  tan  0.076186 


10.069 


1.002995 


—  a    20 
A       50*'  . 

-  26.108 


1.301030 
log  sin  a  884254 

1.416776 


y  =  10.069  -  (-  26.108)  =  +  36.177 


For  4-  «  and  —  b 


For  +  a  and  4-  ^ 


For  —  a  and  —  b 


(x=-  32.450 
\y  =  -  36.177 

ix=-    1.120 
iy  =  -'  15.939 


x  =  +  1.120 
+  15.939 


If  we  have  a  and  x  given  to  find  b  and  y:  Solving  eqs.  (62) 
for  b  and  y  we  obtain 


b  =  XBin  A  -^-a  cos  A 
y  =  aj  cos  A  —  a  sin  A 


i 


■'•  (68) 


In  which  the  algebraic  signs  of  the  quantities  must  be  ob- 
served  as  above. 

140.  Given:  a  curve  joining  two  tangents,  to  find  a  new 
Radius  and  new  position  of  the  Point  of  curve,  such 
that  the  curve  inay  end  at  the  mme  point  as  before,  but  with 
a  given  change  in  the  direction  of  the  forward  tangent 
Fig.  27. 

Let  AB  be  the  given  curve,  AV,  VB  the  given  tangents, 
V'B  the  new  tangent,  and  VBV  the  given  change  in  direc- 
tion.   Let  A'  =  A  +  VBV\ 
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In  the  diagram  draw  BG  perpendicular  to  ^F  produced; 
then 

BO  =  B  vers  A 
=  jB'versA' 
Hence 

vers  A 


B'  =  B 


vers  a' 


(64) 


and 


AA  rzAG"  AG  =  JS  sin  a  -  B'  sin  a'       (65) 


In  thp  figure  the  change  in  direction  of  tangent  makes  a' 
greater  than  A ;  therefore  V  falls  beyond  F,  and  A  beyond 


Fl».97. 


Fia.88. 


A\  but  if  the  change  made  a' less  than  A,  th^n  V  and  J.' 
would  fall  behind  F  and  A  respectively,  and  B '  would  be 
greater  than  B, 

The  same  formulflB  apply  to  the  converse  problem  in  which 
B  is  taken  as  the  point  of  curve,  and  A  and  A  as  points  of 
tangent 

141*  Given  a  curve  joining  two  tangents,  to  find  the  change 
in  the  Point  of  curve  when  the  forward  tangent  takes  a  new 
direction /rom  the  vertex  V.    Fig.  28. 

By  eq.  (81) 

F4  =  J?  tan  i  A,    VA  =  12  tan  i  a' 


•  • 


AA  =  B  (tan  i A  -  tan  i a')  (66) 

14:2«  Given:  a  curve  joining  two  tangents,  to  find  the  new 
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radius,  R*  when  ike  forward  tangent  take$  a  new  dir^c* 
tion  from  the  vertex,  V.    Fig.  29, 
By  eqs.  (21)  (25) 

K4  =  -BtaiiiA,    B'  =:VAcoiiA' 


R'  =  i2taniA  cotiA' 


(67) 


14:3.  CHven:  a  curve  joining  two  tangents^  and  a  pinen 
change  in  the  direction  of  the  foruard  i ark  gent  from  ilte 
vertex,  to  find  the  radius  and  point  of  curve  of  a  eurte 
that  sliaUpass  at  (lie  same  distance,  VH,  from  th.  vertex. 
Fig.  30. 

Let  AB  be  the  given  curve,  BVB'  the  given  change  in 


Fio.  29. 


Fio.  80. 


direction  of  tangent,  and  FH'  =  FIT.    Let  a'  =  A  +5Fi?'. 
then  eq.  (24) 


731=  12  ex  sec  iA  =  F9"  =12' ex  sec  iA' 


B'-B 


By  eq.  (28) 


exsec  i  A 
exsec  iA' 


(68) 


VA  =  Fff  cot  i A.     YA'  =  VH'  cot  iA' 


AA'  =  FH'(cot  i  A  -  cot  iA') 


(69) 


But  in  case  a'  =  A  —BVB\  AA'  becomes  negative  and 
must  be  laid  off  backward  from  A. 
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.Kwwnpfe.— Given  a  2'  curve,  a  =  80*  and  BVB'  =  - 10' 


.-.  A'  =  70° 
B 

4A 

40° 

874.97 
35° 

1°27' 
20° 

17°  80' 

nearly 

* 

log  8.457114 
log  exsec  9.484879 

VH 

iA' 

2.941993 
log  exsec  9.343949 

B' 

iA 
iA' 

3.598044 
cot  2.74748 

cot  8.17159 

-  0.42411 

AA  =  874.97  X  (-  .42411)  =  -  871.08 
and  must  be  laid  off  backward  from  A. 

144.  Given:  two  indefinite  tangents,  a  paint  situated  be- 
tween them,  and  the  angle  a,  to  find  the  .radius  R,  and  tan- 
gent distance  T  of  a  eufve  joining  t?ie  tangents  which  sJiall  pass 
through  tfie  given  point.    Fig.  81. 

If  the  given  point  is  on  the  bisecting  line  FO,  as  H,  meas- 
ure F£r=  E,  and  find  i?  and  Tas  in  §§9^,  98. 
When  the  given  point,  as  P  is  not  on  the  bisecting  line  YO) 

if  a  line  GK  is  passed  through  P  per- 
pendicular to  F6,  it  will  be  parallel 
to  any  long  chord,  as  AB,  and  the 
angle  VGK=  iA.  The  curve  pass- 
ing through  P  will  intersect  GK  in 
some  other  point  P';  the  line  GK 
is  bisected  by  the  line  VO  at  /,  and 
P/=  PL 

If  the  given  point  P  is  located  by  a 
perpendicular  offset  from  the  tangent, 
asPX;  in  the  triangle  PLG,  LG  = 
PL  cot  iA.  Lay  off  LG,  and  at  G  deflect  VGK=  iA,  and 
measure  GP  and  PK  Since  by  Geom.  (Tab.  I.  24)  GA*  = 
GP'  X  GP,  and  GP'  =  PK ; 
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QA=:  VGPxPK 


(70) 
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Lay  off  GA;  and -4  te  the  Point  of  curve,  ^F=  T,  aad 

B  =  AVc,otiA, 

If  the  given  point  were  located  by  an  offset  from  BV,  find 
B  first,  and  make  VA  =  BK 

If  the  given  point  F  is  located  by  a  perpendicular  offset 
IP  from  the  bisecting  line  VO;  produce  IP  to  intersect  the 
tangent  at  G  and  measure  PG,    Since  P'G=GP-\-  2PI 


(71) 


GA=  VGP{GP-Y^PI) 
whence  we  have  the  point  of  curve  Ay  as  before. 


145.  Given:  a  curve,  APy  and  the  radial  offset 

to  find  a  curxe  which  shall  pass  through  the  point  P ',  start- 
ing from  the  Barm  point  of  curve  A.    Fig.  32. . 
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Let  b  zz  PP\  find  in  the  diagram  draw  P'G\  parallel  to  the 
common  tangent  AX,  and  join  AP\    Then 

^  P'a'  =  (/?±  5)  sin  A 
G'A  :=B-iR  ±  5)  cos  A 


taniA'  = 


B' 


G'A 


B 


Wg'      (B  ±  b)  sin  A 


—  cot  A 


PG'     .(^±b)8aiA 


sin  a' 


sin  a' 


(72) 


(73) 


When  the  offset  is  outward  uae  B-\-b,  when  it  is  inward 
use  B-^b. 

Example. — Given:  a  3°  curve  of  16  stations  and  a  radial 
offset  of  205  feet  inward  from  the  P.  T.  to  find  the  radius  of 
the  curve  passing  through  the  extremity  of  the  offset. 
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Here  a  =  8°  X  16  =  48^  and  ^  =s«05. 


i?     S^'r: 

=    1910.08 

li--b 

1705.08 

log 

3.281745 

A     48' 

log  gin  9.871078 

P'G' 

3.102818 

Ed'' 

log  8.281051 

1.50742 

0.178283 

A    48° 

cot  .90040 

=  81"  15V 
2 

iA' 

tan  .60703  = 

A' 

62°  31' 

log  sin  9.947995 

P'G' 

log  3.102818 

E '  (about  4°  OlO.    Ans.  3. 154823 

If  the  same  offset  were  made  outside  of  the  curve  we  should 
find  E'  log  3.438350,  or  about  a  2°  05'  curve. 

This  solution  is  inconveniently  long  for  ordinary  field  prac- 
tice. When  the  offset  is  small  compared  with  the  length  of 
curve,  we  may  use  the  following 

Approximate  Rule :  Divide  twice  the  offset  h  by  the 
length  of  curve,  look  for  the  quotient  in  the  table  of  nat 
sines,  and  take  out  the  corresponding  angle,  which  multiply  by 
100,  and  divide  by  the  length  of  curve.  The  quotient  is  the 
toi*reetion  for  the  given  degree  of  curve;  to  be  subtracted  when 
the  offset  is  made  outward^  and  oMed  when  the  offset  is  made 
inward. 

This  rule  is  expressed  by  the  formula 

D'  =  D  T  -y-  sm       -J-  (74) 

Taking  the  same  example,  we  have 

^r  =  sin  14°  51' 

100 

and  correction  =  14"  51'  X  j^  =  T  0°  56' 
Hence />' ±s  8"  66' or  2>' =  2"  04' 
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140.  Oivm:  any  number  iff  eireular  earwt  cf  egutd  length 
L,  all  ttarting  Jram  a  common  point  of  eame  A,  in  a  ammon 
tangent  AX,  to  find  tht  equation  of  the  curve  joining 
their  eatrtmaUi.    Fig.  Sa 
Let  AP  be  any  ona  of  the  given  curves, 
"  Jt  =  its  ndlua  .^0, 
"  i>  =  its  degree  of  curve, 
*    ^  =  its  central  angle  AOP, 
"    (7  =  its  lonir  chord  AP. 


Bjr  eabstltutiDg  the  vulue  of  R  from  eq.  (IS)  in  ^1-  (^  ^n 
have 


SubstitutJDg  in  this  the  value  of  D  from  eq.  (20)  and  letting 
(Iheta)  9  =  i i ,  (rho)  P  =  i~j  and  y=  -^,vie  have  for  the 
polar  equation  of  the  required  curve 


in  which  p  is  the  radius-vector  AP,  B  the  variable  angle 
XAP.  the  unit  of  measure  is  one  aide  of  the  inacribed  polygon 
by  which  the  circular  curve  AP  is  measun-d.  and  if  the  num- 
ber of  these  sidea  in  the  length  of  the  curve  AP    By  Uh 


SIMPLE  CUBVES.  87 

conditions  of  the  problem  If  is  constant,  but  B  may  have  any 
value  whatever.  If  we  let  0  vary  from  C  to  + 180**  and  from 
0°  to  -  180°  the  point  X  will  describe  the  curve  XP'PA 
shown  in  the  figure,  which  is  called  the  Valvoid  from  its  re- 
semblance to  the  shell  of  a  bivalve.  All  circular  curves  tan- 
gent to  AX  at  A  and  haviiig  a  length  L  =  AX  will  terminate 
in  the  valvoid,  and  the  line  PP'  joining  the  extremities  of 
any  two  of  them  is  a  chord  of  the  valvoid. 

147.  To  find  a  tangent  to  the  yalvoid  at  any  paint 
P.    Fig.  34.     See  Appendix. 
Differentiating  eq.  (76) 


=  A>(cot0-i.cotJ.)  (77) 


which  is  essentially  negative,  since  p  is  a  decreasing  function 
ofO. 
Let  (phi)  q)  =  APG,  the  angle  between  the  radius  vector 

and  the  normal  PQ. 

1  B 

tan  9)  =  -^^=7  cot  -^  —  cot  0  (78) 

The  line  PK  perpendicular  to  PG  is  tangent  to  the  valvoid 
at  P,  and  PF  perpendicular  to  PO  is  tangent  to  the  curve  AP, 

Then  APV=  B  and  VPG  ^B-tp,  and  letting  i  =  OPK  = 
VPQ, 

t  =  0  — <p  =  iA  — <p  (79) 

Therefore,  to  obtain  Ihe  direction  of  a  tangent  to  the  val- 
void at  any  point  P,  deflect  from 
the  radius  PO  an  angle  equal  to 
t  =r(^A  —  q>\  on  the  side  of  PO 
farthest  from  the  point  of  curve  A. 

The  value  of  i  may  be  found  by 
eqs.  (78)  (79),  but  we  are  saved 
this  somewhat  tedious  calculation 
by  the  use  of  Table  X.  1,  which 

contains  values  of  the  ratio  —  =  w  ^^®*  ^ 

A 

for  various  values  of  A,  and  length  of  curve  L.    Multiplying 

A  by  the  proper  tabulated  number  gives  the  value  of  t  =  OPK 

at  once;  or 

<  =  (iA-9>)=^A  (80) 
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148.  To  find  the  radius  of  curvature  qf  the  uilwi^ 
at  any  point  P.    See  Appendix. 
Differentiating  eq.  (77)  we  liave 


=:p[-l^|cot0COtJ.  +  iT(2cOt»J^  +  l)'] 


(. 


Tlie  general  formula  for  the  radius  of  curvature  of  polal 
curves  is 

Substituting  in  this  the  values  of  p,  ~,  and  -5^,  and  putting 

(10  \ 

•^  cot  -^  —  cot  0  1  =a  we  have  after  reduction, 

r=g-        (\+-'>*  (81) 

l-3]yl-»COtO 

This  formula  being  too  complicated  for  convenient  use  in 
\he  field,  its  use  is  avoided  by  referring  to  Table  X.  2,  which 

T 

contains  values  of  the  ratio  j  =  «j  for  various  values  of  A  and 

L.  Multiplying  the  given  value  of  L  by  the  proper  tabular 
ratio,  gives  the  value  of  the  radius  of  curvature  of  the  valvoid 
for  a  short  distance  either  way  from  the  given  point  P\  or, 

r^tL  (82) 

\  149.  To  find  the  length  of  arc  of  the  f>alvoid  eorre- 
Bponding  to  a  change  of  one  degree  in  the  value  of  the 
angle  A.     Fig.  35. 

Prom  any  chord  AP  suppose  a  deflection  of  J  degree  to  be 
made  each  way  to  Ap'  and  Ap' ;  then  the  angle  p'Ap'  =  i*  = 
the  change  in  0,  and  since  A  =  20,  this  makes  a  change  of  1* 
in  the  value  of  A .    We  then  require  to  know  the  length  of 
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the  axe  p'p\  and  we  may,  without  sensible  error,  consider  it 
to  be  described  by  the  radius  of  eurvature  r  =  F<r  fur  the 
point  F,  through  an  angle  p'op\    Now 


j/op' =^  Xop'  -  Xop' 

A' 


(x+'')-(-r 

A' 


--■) 


-■^+'p'-<p' 


By  eq.  (80) 


9' = -J- 0- -.^') 


Fig  .35. 
and  since  <p'  is  so  nearly  equal  to  <p'  we  may  assume  u'  = 

a'  —    A* 

u"  =  u  ;    hence  <p'  —  q}'  = (1  —  2w)  and  p'op*  = 

(A'-  A')(l-u). 

But  the  condition  of  the  problem  requires  a'—  a''  =  1*, 
hence  pop'  =  (1  —  uy. 

Therefore  the  length  of  arc  p'p'  for  a  change  of  1**  in  the 

value  of  A  is 

2,  =  r(l-w)  X  arcr 

or  (Tab.  XVII.)       ^,  =  r  (1  -  t*)  .0174533 

and  since  r  =  vL  (Tab.  X.  2), 

?,  =  tj  (1  -  t^)  Z  .0174533  (88) 

By  this  formula  Table  X.  3  has  been  prepared,  for  various 
values  of  A  and  X. 

150.   Given:  two  curves  of  the  same  l&ngth  L  but  of 
different  radii,  starting  from  the  same  point  of  curve  in  a 
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common  tangent,  to  determine  the  direction  and  lengrth  of 
a  Une  Joining:  their  extremities.    Fig.  36. 

Let  AX  be  the  common  tangent,  and  AP,  AP"  the  two 
curves,  to  determine  the  direction  and  length  of  PP". 

If  we  take  the  point  P  on  the 
arc    P' P'   determined  by  the 


angle   A  = 


_  A'+ A 


and  draw 


a  tangent  PK  to  the  valvoid  at 
P,  we  may  assume  without  ma- 
terial error  that  the  chord  P'P' 
will  be  parallel  to  PK  for  any 
value  of  P' P'  not  exceeding 
iL,  a  limit  not  likely  to  be  ex 
ceeded  in  practice. 
Let  0  be  the  centre  of  the  curve  AP  fixing  the  point  P ; 

then  AOP  =  ■^^— ,  and 


K    6"     o  c 

Fia.  86. 


A'+A* 

2 


OPK=zt  =  u 


Since  PP"  is  assumed  parallel  to  PK, 
PP'0''  =  KGO''=z  A"- Jr=  A"-  ^'+^'(l-tt) 

.-.       P'P'Q'  =  .-=:^'<^  +  "'>-^'<^-"'>        (84) 


Similarly  producing  P'P  to  any  point  ff, 

EPa=i^  = 
whence  also 


2 


r  =  r  +  A'  -  A* 


(85) 


(85)' 


The  slight  error  involved  in  the  above  assumption  is  cor- 
reeled  by  taking  out  the  value  of  u  (Table  X.  1)  correspond* 
ing  to  a\  the  less  of  the  two  given  central  angles;  we  have 
therefore  written  u  witb  the  do^ble  ticoeot  In  equations  (84) 
and  (85). 
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When  i'  and  (^  are  positive,  they  will  be  deflected  as  in 
Fig.  86,  on  the  side  of  the  radius  farther  from  A;  should  i"  be 
negative  it  will  of  course  be  deflected  from  P'O'  toward  A, 

The  arc  P'P'  corresponds  to  a  change  of  the  central  angle 
from  A'  to  A' ;  hence 

r  :  A'"  A'  ::  I,:  P'P' 

vt 

P'P'  =  {A'-  A')  I,  m 

in  which  I,  is  taken  from  Table  X.  3  for  X  =  AP,  and 

As  in  practice,  the  distance  P'P"  is  usually  small  comptired 
with  L,  the  arc  and  chord  will  be  almost  identical  and  no 
further  calculation  is  necessary.  Ic  P'P"  ie  large,  it  will  be 
found  that  equation  (86)  gives  the  '.ength  of  arc  very  correctly 

when  — 5 does  not  exceed  20*,  and  the  length  of  cTiord 

when  — ^ —  exceeds  60° ;  for  intermediate  mean  angles  it 

gives  a  value  to  P'P"  between  that  of  the  arc  and  chord. 
The  arc  P'P"  may  be  considered  to  be  described  by  the  radius 

/  '  -I-   A  * 

r  =  vL,  V  being  taken  fo*-  ^/  T-       (Table  X.  2),  and  its  total 

curvature  is  foun<7  ^y  tnultlplying  Its  length  by  tho  degree  of 
curve  corres^onding  to  r  (Table  IV). 

Example.  Given,  a  2**  SCT  curve,  and  a  1"  curve  of  12  stations 
each  from  the  same  PO,  to  determine  the  distance  between 
their  exti-emltlcs. 

A'  =  2i'*  X  12  =  30%        A'  =  12%        ^''^^-  =  21" 

A' -A' =  18%  «•  =  . 33446 

Eq.  (84).   i"  =  2%9737  =    2''58'25'' 

Eq.  (85)'.  t"  =  t'  +  A'  -  A'  =  20°. 9787  =  20''58'25'' 
Eq.  (S6).   Arc  P'P"  =  18°  X  10.425  =  187.65  ft.    Ans. 

Eq.  (82).   r  =  1200  X  .7479  =  897.48  ft.  =  (say)  a  6°23'  curve. 
Total  curvature,  P'P"  =  6°.383  X  1.8765  =  11°.9777. 
(The  distance  P'P"  may  be  found  by  solving  the  triangle 

formed  by  Itself  and  the  long  chords  of  the  curves  AP\ 

AP',) 


151.  Giff&n  .*  a  curve  AP,  to  find  a  curve  »tarUngfr<m  tfu 
fame  point  A,  that  skoM  shift  the  station  P  any  dekred  dU- 
tartee  PP'  to  the  right  or  left.    Fig.  86. 

Before  -we  can  determine  iirhat  distance  PP'  is  desired,  we 
must  know  (approximately)  its  direction.  We  have  given, 
tlierefore,  D,  L,  and  A  to  find  tlie  angle  OPP\  and  (after 
measuring  PP)  to  find  a'  and  D'. 

Tlie  solution  is  necessarily  somewhat  approximate,  yet 
close  enough  for  all  practical  purposes.  For  if  the  required 
value  of  D'  were  obtained  jfrecisely,  it  would  probably  involve 
some  seconds,  and  would  therefore  be  discarded  in  favor  of 
some  value  in  even  minutes. 

When  P'  is  inside  the  given  curve  : 

Eq.  ($0).  {  =  OPK  =  UA,    Table  X.  1. 

Eq,  (8»).  rstB)      ^  vL.      Table  X  2. 

Let  S  (delta)  =  degree  of  curve  corresponding  to  t;  by 
Table  IV. 

OPP'  =  »  -  ^  •  i^  nearly. 

Eq.  (86X  A'  r=  A  4-  ^.    Table  X.  8. 

Instead  of  taking  I,  from  Table  X.  Z.  for  the  exact  vulud 

A  '  —I-   A 

6f  A  It  is  well  to  take  it  for  the  estijnated  value  of  — ^ — , 
Eq.  (20).  D'  =  ^'a' 

When  P'  is  outside  of  the  given  curve : 

i  =  uA,       r  =  vL, 

180''  -  OPP  =  t  +  ^  •  iS  nearly. 

A'  -    A         ^^  ly  -  1^  A' 


,../•«  •  ••» 


Bxa/mple,  Given,  a  4"  curve  of  800  feet,  or  A  =  83"*  to  find 
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a  curve  from  the  same  P.  G,  which  shall  shift  the  last  station, 
in,  about  55  feet.    (Fig.  36.) 

%  =  32*  X  .3355  =  10^.736 
r  =  800  X  .7460  =  506,        .-.   <y  =  9°  36' r=  9^6 

OFF'  =  10^736  -  JQK  X  4°.8  =  S'*  06' 

^'  =  ^•  +  6^7  =  ^' 

D'  =  ^  =  5\    Ans. 
o 

For  a  5**  curve,  the  true  distance  PP'  =  55.53 
it  "4«59'  "      "      "  <*        PP' =  54.60 

which  proves  this  method  practically  correct. 

liBVi*  Given:  a  tangent  and  curve,  and  a  straig^ht  line 
intersecting^  them,  making  a  given  angle  with  the  tangent  at 
a  given  point,  to  determine  the  distance  on  the  line 
from  the  tangent  to  the  curve.    Fig.  37. 


Fio.  87. 


We  have  OA,  AO,  and  the  angle  AOP  to  find  G^P. 


tasiAGO^  — 
AG 


PGO  =  AGO  -  AGP 


sinOP/=^sinP^O  =  ?!'^^|? 
M  hwiAGO 

PG=B  ^^(^PI-P^^) 
sin  PGO 
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When  AGP ^  AGO,  eq.  (24), 

GP-B  exsec  (90"  -  AGO) 
When  AGP^  90%  §§(92),  (119), 

GP=B  vers  POA,       sin  POA  =  ^ 
When  AGP'  >  AGO,  we  have 
P'GO  =  ^G^P'  -  AGO 
but  the  other  formulae  remain  unchanged. 

Bmmple.^Let  B  =  955.37,  ^G^  =  850,  ^G^P  =  40* 


B       955.87 
AG    850. 

log  2.900170 
log  2.^t4068 

^GP 

69°  52'  47* 
40° 

log  tan  0.^^102 

POO 

29°  52'  47" 

log  sin  9.697887 

^G'O  69°  52'  47' 

32°  02'  36* 

log  siD  9.972653 

OPI 

log  sin  9.724734 

POG 

2°  09'  49" 

log  sin  8.576968 

8.879566 

B 

log  2.980170 

PG            72.40    Am. 

log  1.859736 

This  problem  ma/  be  used  in  passing  from  a  tangent  to  a 
curve  when  the  tangent  point  is  obstructed.    The  distance 
•■  P  on  the  curve  is  defined  by  the  angle  AOP,  which  is  readily 
(>und. 
If  AGP'  >  2AG0  the  line  will  not  cut  the  curve. 

153.  Given:  a  curve  and  a  distant  point  to  find  a 
tansrent  that  shall  pass  througli  the  point.    Fig.  88. 

We  have  the  curve  adg  and  the  point  P  viaible,  but  distance 
unknown,  to  find  the  point  of  tangent  B, 
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Any  chord,  as  hf,  parallel  to  the  required  tangent,  if  pro- 
duced will  pass  the  point  P  at  a  perpendicular  distance  equal 
to  the  middle  ordinate  of  that  chord.  Ranging  across  every 
two  consecutive  stakes  on  the  curve  we  at  first  find  the 
range  falling  outside  of  the  required  ta.ngent,  as  bcO,  cdH, 
etc. ;  but  finally  the  range  falls  inside,  as  deK  We  then  know 
that  the  required  point  is  between  c  and  e.  / 

If  the  range  ee  falls  inside  the  point  P,  a 
perpendicular  distance  equal  to  the  middle 
ordinate  of  ca,  the  tangent  point  is  at  d. 
If  the  perpendicular  distance  is  greater 
than  this,  the  point  B  is  between  e  and  d. 
If  less,  or  if  the  range  ee  falls  outside  of 
P,  the  point  B  is  between  d  and  e.  The 
middle  ordinate  for  ee  (200  feet)  equals  the 
tangent  offset  for  100  feet,  given  in  Tab. 
IV.,  and  it  is  generally  so  small  that  it  can 
be  estimated  at  P  without  going  to  lay 
it  off. 

To  find  the  exact  point  B,  when  it  falls 
between  d  and  e,  find  by  trial  a  point  x 
on  the  arc  ed  in  range  with  e  and  a  point 
inside  of  P  a  perpendicular  distance  equal 
to  the  middle  ordinate  of  ex.  The  point  B 
is  at  the  middle  point  of  the  arc  ex.  If 
the  point  B  is  between  e  and  d,  stand  at  c 
and  find  a  point  x  on  the  arc  de  in  the  same 
way.    P  is  at  one  half  the  arc  ex. 

The  middle  ordinate  of  any  chord  ex  is 
less  than  M  for  200  feet,  and  greater  than-  m  for  100  feet.     If 
necessary,  its  exact  value  m'  can  be  found  by 


Fio.  38. 


m  = 


m  X  ex* 

looocT 


(87) 


and  this  equation  is  nearly  true  when  eo;  is  as  great  at  300  or 
400  feet.  That  is,  middle  ordiuates  on  the  same  curve  are  to 
each  other  as  the  squares  of  their  chords  terp  nearly. 

By  this  method  the  point  B  is  found  without  the  use  of  the 
transit,  so  that  the  plug  can  be  driven  at  ^  before  the  transit 
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is  brought  up  from  the  rear.    It  is  therefore  preferable  to  the 
following  solution.    Fig.  89. 

From  any  two  points  a  and  c  of  the  curve  measure  the 
angles  to  the  point  P,  so  that  with  the  chord  ac  as  a  base, 
and  the  measured  angles,  we  may  find  cP  by  the  formula 

„  sin  caP 

eP^iObc-. — ^ 

sm  cPa 

Y 

Knowing  the  angle  c  that  cP  makes  with  a  tangent  at  c,  we 
find  the  length  of  the  chord  c(Z  by  (xf  =  2i?  sin  c. 
By  Geom.  Tab.  I.  24, 

PB  =  Pe-  VcPx  dP 

whence  we  know  ce.    Opposite  e,  or  on  the  arc  eB  described 
with  the  radius  Pe,  we  find  B. 


•!-- 


Fig.  39. 


Fio.  40. 


154.  Given:  two  curves  exterior  to  each  other,  to 
find  the  tangent  points  of  a  line  tangent  to  both  and  its 
length  between  tangent  points.    Pig.  40. 

Let  B  and  A  be  the  required  tangent  points.  Let  OB  =  -B, 
and  0'^  =  i?'. 

On  the  curve  of  greater  radius  2?  select  a  point  H  supposed 
to  be  near  the  unknown  tangent  point  B,  and  knowing  thd 
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diroction  of  the  radius  OJI,  fivA  on  the  other  curve  a  point  K 
having  a  radius  O'K  parallel  to  OH,  and  measure  HK.  In 
the  diagram  draw  Oh  and  O'a  perpendicular  to  HK,  Then 
the  angle  KO'a  =  W  -UKO'  =  KO'A  nearly,  which  is  the 
angle  required.  We  have  therefore  to  find  the  correction 
aO'A  =  x,  and  apply  it  to  KO'a. 

Aa  =  B '  vers  KO 'a;        Bb  =  JR  vers  KO 'a  nearly, 
Ka=zB'  sin  KO'a;        Hh^E^mKO'a 

Eb  -Aa=z  {B-B)  vers  KO'a 

ab:=ffK+(B--B')  sin  KO'a 

(B^B')YeTsKO'a  ,  „., 

*       .         ^  ^  =  HK+(B  ~  B')  sin  KO'a  ''''''^^'      («^> 

KO'A  =  (KO'a  -a:)  =  HOB 

Observe  that  ^0 'a  =  the  angle  between  the  tangent  at  K  or 

ff  and  the  line  HK ;  and  KO  'A  =  the  angle  between  the 

tangent  at  JTor  J3"and  the  required  tangent  BA. 

If,  instead  of  H  and  K,  the  points  H'  and  K'  had  been 

selected,  then  ' 

(B'-B')YevsH'Ob  .       ,._.. 

■    ''^''^WK^iB^^Wj^^-m''''''^^'   (^^ 
and 

H'OB-K'0'A  =  H'Ob  +  x. 

The  length  of  BA  should  be  obtained  by  measurement,  but 
it  may  be  calculated  by 

AB  :=  ab  -  (B-B')  sinx  (89) 

When  U  =\B',ic  =  0,  and  HK  is  parallel  to  BA, 

In  ease  the  curves  are  reverse  to  each  other,  as  in 

'"    sin X  - '     (^  +  B')yeTsKO'a 

-    ^'''''-HK+(B  +  B')BmKO'a''^^''^^'       ^^^^ 

KO'A  =  HOB  =  KO'a-  a; '    " 

If  the  points  H'  and  K'  are  selected.  Fig.  41, 

.'     "        \B+'B')  vers H' Ob  ,        ,^^    * 

'^''^H'K'  -(B  +  B')^[^WOb  ^^.^^y-    (^^> 

H'OB  ^K'O'A  ^  H'Ob  +  9.. 
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Tha  llnea  HK,  AB,  and  00'  all  intersect  In  »  common 
point  /,  F^.  41. 


(B2) 
(98) 
(M) 


TtLeselast  three  equations  furnish  another  method  of 
solving  the  same  problem.  Thej  may  be  Applied  to  Fig.  40 
by  clianging  the  sign  of  S'. 

la  Fig.  41,  itB=  B'.  then  BI=  iBK  aoA  AS  =  ilB. 


155.  Qiom:  two  curres,  O  and  O',  reverse  it 

eaek  other,- joined  by  a  langent  BA',  and  termiTtatiTiff  i» 
another  iangeat,  B'F  ;  to  change  the  position  of  th« 
Point  of  Tangent  B  of  tht  fint  e\tne.  w  Uiat  the  tewni 
cume  jnay  terminate  in  a  giten  parallel  tangent,  B'F'. 
Fig.  4-2. 
Let  X  be  Uie  required  new  position  of  B. 

"  0' be  the  corresponding  position  of  0'. 

"    ^' =  A'0'B' and  A' =  A'O'B'. 
Since  the  radii  and  the  connecting  tangent  are  unchanged 
In  length,  and  all  rotate  together  about  0  as  a  centro,  0'  will 
he  on  a  circle  passing  through  0',  desctibed  wlUi  a  radius 
OO;  and  the  required  »ngle  BOXa  O'OO'. 
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In  the  diagram^  produce  O'^'and  draw  the  perpendicular 
00 1  and  let  a  =  the  angle  00' G,  Also,  draw  OK  parallel 
and  O'K  and  0 'JJ  perpendicular  to  ^'0'.  In  the  triangle 
00 'G^  we  have 

cotOO'(y  =  |~,     or     cota=:?^t^         (95) 

00'  =  ^+^  (96) 

cos  a  ^ 


and 


The  angle  KOO'  =  OO'B'  =  a  +  a'. 
The  angle  KOO'  =  OO'B'  =  a+  a\ 

KO  =  00\  cos  (a  +  A"),      £^0  =  00',  cos  (a  +  a  \ 
.*.     HK  =  00'  [cos  (a  +  A")  -  cos  (a  +  a')]  =  B'F' 

cos(a  +  A")  =  cos  (a  +  a')  +  -^j^  (97) 

i?OX=  O'OO'  =  (a^i-t-  A')  -{a+A")  (98) 

If  we  conceive  a  line  to  be  Urawn  through  0  bisecting  the 
arc  0'0\  the  angle  it  makes  >wilh-B''0''  is  a  mean  between 
B'0'0  and  B'O'O  ;  hence  the  chord  0'0\  perpendicular  to 
this  line,  makes  an  angle  with  O'P  perpendicular  to  j?'0'  of 

PO'0'  =  i[(a+  A')  +  (a+  A')] 
and  since 

O'PzzzPO'  coXp6'0\ 

p'B'  =  B'F'  cot  i  [  (a  +  a;')  +  (a  +  a ")]      (99) 

which  gives  the  distance,  measured;  on  the  parallel  tangent, 
between  the  old  tangent  point  and  tlve  new. 

This  problem  occurs  in  practice  when  both  the  connecting 
tangent  and  the  radius  of  the  last  curve  are  at  their  minimum 
limit,  and  the  parallel  tangent  is  inside  of  the  old  one,  as  in 
the  figure.  Should  the  new  tangeni  he  outsidCy  the  same  for- 
mulee  apply,  only  changing  t^e  sign  of  B'F'  in  eq.  (97).  But 
in  this  last  case  it  is  usually  preferable  to  employ  problem 
§  136  or  §  137. 

Kxample. — A 1**  40'  curve  is  followed  by  a  tangent  of  200  ft.j 
and  that  by  a  V  curve  of  10  stations  ending  in  a  tangent ; 
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und  the  offset  to  the  given  parallel  tangent  is  80  ft  on  the 
ini^e.    Required,  the  position  of  the  new  tangent  pcdnti  X 
and  B'. 
Here  B  =  3437.87,  B'  =  1432.69,  BA  =  200,  B'F'  a  80. 

Eq.  (95)  B  +  B'  4870.56  log  8.687579 

BA'  200.  log  2.801030 

,\  a  ,2°  21'  log  cot  1.386549 

Eq.  (96)  a  2"  21'  log  cos  9.999685 

00'  8.687944 

Eq.  (97)  B'F'     80  1.908090 

.01641  a215146 

a+  A' 42°  21' cos  .73904 

«  + A"  40'' 66' COS  .75545 

Bq.  (98)  BOX        r  25'     .-.  ^X=  85  ft.  Ans. 

Eq.  (99)  POO"  41°  38'  30"  cot  1.12468  X  80  =  89.97  =  :F'B' 

156*  When  the  tangents  of  a  proposed  road  are  to  be  in 
general  much  longer  than  the  curves,  it  is  desirable  to  estab- 
lish the  tangents  Urst  in  making  the  location,  and  afterwards 
determine  suitable  curves.  On  the  other  hand,  if  the  curves 
necessarily  predominate,  they  sliould  be  first  selected  and 
adjusted  to  the  ground  with  reference  to  grade  and  easy 
alignment,  and  afterwards  joined  by  tangents.  In  the  latter 
case  the  field  work  cannot  be  successfully  accomplished 
unless  the  location  has  been  previously  worked  out  upon  a 
correct  map  constructed  from  the  preliminary  surveys.  The 
map  £lhould  show  contours  of  the  surface,  and  also  the  grade 
contour,  or  intersection  of  the  surface  and  plane  of  the  giadq. 
In  side-hill  work  the  grade  contour  indicates  •  approximately 
the  degree  and  position  of  the  necessary  curves.  In  the  work 
of  selecting  proper  curves  upon  the  map,  templets  or 
pattern  curves  are  almost  indispensable.  The  templets  are 
cut  to  form  a  series  of  curves,  the  radii  being  taken  from 
Table  IV.  to  a  scale  corresponding  to  the  scale  of  the  map, 
which  ranges  from  400  to  100  feet  per  inch,  according  to  the 
difficulty  of  the  location.  The  templets  should  represent 
convenient  curves,  or  those  in  which  the  number  of  minutes 
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per  station  bear  a  simple  ratio  to  100.  Curves  of  50'  and 
multiples  of  50'  are  most  convenient;  40'  curves  and  multi- 
ples standing  next  in  order,  and  80'  curves  and  multiples 
next. 

TABLE  OF  CONVENIENT  CURVES. 


D. 


6(K 
!•  4fy 

Q<*  OC 


50 

70 
8- 


50' 

30' 

20' 


90  10/ 
10«»  CO' 


RatibofMin. 
to  Feet. 


1: 
1: 
3: 
2: 
5: 
3> 
7: 
4t 
9:2 
5:1 
11:2 
6:1 


D. 


Ratio  of  Min.i 
•  to  Feet.     I 


40' 

2:5 

I**  30' 

4:5 

20  00'. 

6:5 

2«  40' 

8:5 

8«  20' 

2:1 

40  00' 

12:5 

4°/ 40' 

14  :  5 

5*  20' 

16:5 

60  00' 

18:5 

60  40' 

4:  1 

7°  20' 

22:5 

8°  00' 

34:5 

D. 

Ratio  of  Min. 

to  Feet. 

30'  . 

3:10 

1°  00' 

3:5 

l"  80' 

9:10 

2«  00' 

6:5 

2«  80' 

3f  2 

.  £»  00' 

-.9:5 

3*  30' 

21  :  10 

4"   00' 

13:5 

4*'  30' 

27:  10 

5«»  00' 

3:1 

50   30' 

83il0 

60  00' 

18:5 

After  drawing  the  cuiTes  and  tangents  upon  the  map,  the 
tangent  points  and  central  angles  are  carefully  determined, 
the  latter  being  compared  with  the  lengths  of  the  curves  ob- 
tained by  a  pair  of  stepping  dividers  set  j?>7'ec2^?y  by  scale  to 
the  length  of  one  station.  Field  notes  are  then  prepared  from 
the  map,  and  if  the  work  has  been  well  done  these  notes  may 
be  followed  in  the  field  with  scarcely  any  alterations. 

No  ordinary  protractor  will  measure  the  angles  closely 
enough  for  this  purpose  ;  it  is  better  to  use  a  radius  as  large 
as  convenient,  of  50  parts.  The  chord  of  any  arc  drawn  with 
this  radius  equals  100  times  the  sine  of  one  half  the  angle 
subtended. 

The  importance  of  having  absolutely  straight-edged  rulers 
in '  such  work  is  obvious.  In  case  a  very  long  line  is  to  be 
projected  upon  the  map,  it  is  w^ell  to  use  a  piece  of  fine 
sewing  silk  for  the  purpose.    See  §§  53,  54. 
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CHAPTER  VI. 
Compound  Curves. 

A,  Theory, 

157«  A  compound  curve  consists  of  two  or  more  cooseca- 
tive  circular  arcs  of  different  radii,  liaving  their  centres  on 
the  same  side  of  the  curve  ;  but  any  two  consecutive  arcs 
must  have  a  common  tangent  at  their  meeting  point,  or  their 
radii  at  this  point  must  coincide  in  direction.  The  meeting 
point  is  called  the  point  of  compound  curve,  or  P,C,0, 
c;om pound  curves  are  employed  to  bring  the  line  of  the  road 
upon  more  favorable  ground  than  could  be  done  by  the  use 
of  any  simple  curve. 

When  a  compound  curve  of  two  arcs  connects  two  tangent 
lines,  the  tangent  points  are  at  unequal  distances  from  the 
interaction  or  vertex,  the  shorter  distance  being  on  the  line 
which  is  tangent  to  the  arc  of  shorter  radius. 

158.  Let  VA,  VB  (Fig.  43)  be  any  two  right  lines  inter- 
secting at  F,  and  let  A  be  the  deflection  angle  between  them. 
Let  A  and  B  be  the  tangent  points  of  a  compound  curve  (VA 
less  than  VB),  and  let  AP,  PB  be  the  two  arcs  of  the  curve. 
The  centre  Ox  of  the  arc  AP  will  be  found  on  A8,  drawn  per- 
pendicular to  VA  ;  the  centre  Oa  of  the  arc  PB  will  be  found 
on  B8  produced  perpendicular  to  VB\  and  the  angle  A8B 
will  evidently  equal  A .  Join  Vs,  and  on  V8  as  a  diameter 
describe  a  circle ;  it  will  pass  through  the  points  A  and  B, 
since  the  angles  VA8,  VB8  are  right  angles  in  a  semicircle. 
Draw  the  chord  FQ,  bisecting  the  angle  A  VB,  and  join  AQ^ 
BQ.  Then  AQ,  BQ  are  equal,  since  they  are  chords  subtend- 
ing the  equal  angles  ^FQ,  BVQ.  From  Q  as  a  centre,  and 
with  radius  QA,  describe  a  circle  ;  it  will  cut  the  tangent 
lines  at  ^  and  2?,  and  also  at  two  other  points  O  and  J,  such 
that  VO  =  VA,  and  VY=  VB.  Hence  BO  ^  AT,  and  the 
parallel  chords  AG,  J?F  are  perpendicular  to  VQ.  Join  AB\ 
then  AQB  =  A8B  =  A,  since  both  angles  are  subtended  by 
the  same  chord  AB. 

In  the  triangle  VA  B,  the  sum  of  the  angles  at  A  and  B  is 
equal  to  the  exterior  angle  A  between  the  tangents ;  while 
their  difference  (^  —  ^  is  equal  to  the  angle  at  the  centre  Q 
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subtended  bj  the  chord  B&,  which  is  the  diflei'CDce  of  the 
sides  (.VB  —  VA).  For  the  aogle  VAB  =  VAO  +  GAB.  and 
the  angle  VSA  =  VST  -  ABT.  But  VAO  =  VBY  and 
BAB  =  ABT,  and  by  subtraction  VAB  —  VBA  =  HQAB  —■ 
GQB,  since  A  is  on  the  circumference  and  Q  at  the  centre. 

ISO.  Theorem.— I'fte  drtU  TAGB,  lehou  centre  U  Q,  U 
the  locus  of  the  point  tf  compound  cvrre  P,  uha^ver  be  Iha 
relatite  length*  of  the  area  AF,  PB  eompeiiny  t/U  etirte. 


F10.U. 

On  the  circle  TAQB.  and  between  A  and  O,  take  any  point 
P,  and  on  AS  find  a  centre  0,,  from  which  a  circular  arc  may 
be  drawn  cutting  the  circle  at  A  and  P ;  also  on  B8  produced 
find  a  centre  0,,  from  which  a  circular  arc  may  be  drawn 
cutting  the  circle  at  B  and  P.  Join  PQ,  PO,  and  PO,. 
Bince  when  two  circles  intersect,  the  angles  are  eqUal  be- 
tween radii  drawn  to  the  pointa  of  intersection,  QPOi  =  (jA  0, 
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and  QPO^  =  QBO^.  Draw  the  chord  QS  and  it  subtends  the 
equal  angles  QAd  =  QBO^.  Hence  QPOi  =  QPO9  and  the 
radius  POi  coincides  in  direction  with  the  radius  POj,  which 
is  the  condition  essential  to  a  compound  curve. 

Now,  if  we  imagine  another  point  P '  to  be  taken  on  QP  or 
on  QP  produced,  and  the  arcs  AP'  BP\  drawn  from  ceatres 
found  on  AS  and  B8,  it  is  evident  that  the  equality  of  angles 
found  in  respect  to  P  could  not  exist  m  respect  to  P.  Hence 
the  arcs  would  intersect  in  P'  at  some  angle  dPO^  and  would 
not  form  a  compound  curve.     Therefore,  Q.  E.  D. 

160.  Theorem. — In  any  compound  cuvm  the  radial  lines 
passing  through  the  three  iangerd  points  A^  P,  and  B  a/re  aU 
tangent  to  a  cirde  having  the  point  Q  for  its  centre,  and  for  iU 
diameter  the  difference  of  the  sides  VB  and  VA. 

Draw  the  three  lines  QM,  QN,  QL  perpendicular  to  the 
radial  lines  J50a,  AS,  and  POa  respectively.  Then  the  three 
right-angled  triangles  BQN,  PQL,  and  AQM  are  equal,  since 
BQ  =  PQ  =  AQ  =  radius  of  the  circle  AOB,  and  the  angles 
at  By  P,  and  A  are  equal  by  the  last  theorem.  Hence  QJf = 
QL  =  QNy  and  if  a  circle  be  described  with  this  radius  about 
Q,  the  three  lines  POa,  POa,  and  A  Oi  produced  will  be  tan- 
gent to  it.  Draw  Ql  perpendicular  to  VB;  it  will  bisect  the 
chord  G'Pin  /;  and  QK=  BI=  ^BO.  Hence  the  diameter 
2QiV=  BG  =  VB  —  VA\  which  was  to  be  proved. 

CoroUary  1.  The  compound  curve  intersects  the  circle  AOB 
in  the  point  P,  at  an  angle  equal  to  half  the  difference  of  the 
angles  VAB,  VBA.  For  QPL=  QBN=  BQI  =  ^BQG.  The 
arc  AP  is  exterior,  and  the  arc  PB  interior  to  the  circle 
AOB, 

Cor.  2.  Since  both  centres  ar6  on  the  line  PL,  the  position 
of  the  point  P  fixes  the  lengths  of  the  radii  of  a  compound 
curve.  As  P  is  moved  toward  G  both  radii  are  increased, 
until  when  P  reaches  O,  AOx  becomes  AK,  a  majrimuvi,  while 
/?0a  becomes  infinite.  As  P  moves  toward  A  l)oth  radii  are 
diminished,  but  the  least  value  of  the  arc  AP  depends  upon 
the  least  radius  allowed  on  the  road.  If  in  the  dhigram  we 
make  Ad  equal  to  the  least  radius  allowed,  a  right  line  drawn 
through  the  point  Oi  tangent  to  the  circle  LMN  fixes  the 
corresponding  minimum  value  of  the  arc  AP.  and  also  of 
the  radius  POa  for  given  values  of  VA,  VB,  and  A.     Be- 
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tween  these  limits  any  desired  values  of  the  radii  may  be  em 
ployed. 

Cort  3.  In  the  triangle  SOiO^,  the  sum  of  the  two  central 
angles  ulOiPand  PO9B  is  equal  to  the  exterior  angle  ASB  = 
A ;  consequently,  as  the  central  angle  of  one  arc  is  increased 
by  any  change  in  the  position  of  the  point  P,  the  central 
angle  of  the  other  will  be  diminished  an  equal  amount. 

Cor,  4.  Only  one  value  of  the  angle  AOiP  is  consistent  with 
a  given  value  of  the  radius  AOi,  since  both  depend  on  the 
variable  position  of  the  line  PL;  and  for  the  same  reason  only 
one  value  of  the  angle  BO^P  is  consistent  with  a  given  vfilue 
of  the  radius  BO^.  Hence  only  one  radius  or  one  central 
angle  can  be  assumed  at  pleasure,  the  remaining  parts  being 
deducible  therefrom  in  terms  of  the  sides  VA,  VB,  and  the 
angle  A. 

B,  Oen&ral  Equations, 

161.  Let  81  =  the  side  VA,  8^  -  the  side  YB 

Let  Bi  =  the  radius  AOi  iJg  —  the  radius  BO^ 
"    X  =  dJff-  y^^  -  y^^*         ^  -  tJie  sum  F4P+  YBA 

'*  Ai  =  central  angle  AOiP^  As  =  central  angle  BO^P. 

In  the  triangle  BQI,  cot  BQI  =  ^.    But  IQ  =  VI  X 

cotIQV-U82  +  8i)cotiA,mdBI=U89-Si). 

cotir  =  ^-^cotiA  (100) 

oa  —  01       . 

By  Cor.  8,  Ai  +  Aa  =  A  (101) 

In  the  triangle  AQM,  AO,  =  AM-  MOi.  But  AM  = 
MQ  cot  \r»  aiid  ^Oi  -  MQ  cot  iAi. 

Bi  =  ^8i  -  ^1)  (cot  ix  -  cot  i  A  0  ) 

[ .       (102) 
Similarly,  :  •  J?.  =  K'^a  -  -^i)  (cot  ir  +  cot  i  Aa) ) 

Subtracting, 

E^^Bi  =  ^82  -  81)  (cot  i Aa  +  cot  ^ A,)      (108) 
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cot  jAi  :=cotiy-' 


A 


Prom  (103), 


cot  ^Aa  = 


JR. 


IK'S*  -  ^i) 


—  coti;^ 


.ao»f 


In  the  triangle  ABO, 


BG=: 


AB  sin  BAG 
^nAGV 


or 


005) 


by  which  we  find  ^(8,  —  8i\  when,  instead  of  the  sides  and 
A,  we  have  given  AB,  and  the  angles  VAlB  and  VBA. 


From  (103),    i(^-/Si)  = 


xfj  —  jBl 


cot  ^As-|-COt  ^Ai 


(10« 


iJ. 


From  (103), 


'=*'**^=m"^^+'°**^' 


Bt 


«'Hr  =  -j^^rrsr)-«'**H 


acw) 


PromdOOX    J/^  +  5.)  =  ^^^^|^ 


<x<m 


8,  and  iSi  are  found  by  adding  and  subta-acting  the  Tilues 
found  by  eqs.  (106),  (108). 


From  (105),        t^  =  ^^'-.'^->/°  *^- 
^     ^  "  sm  Jx 


(lot) 


which  may  be  used  instead  of  (108)  when  the  sides  are  not  re- 
quired.    VAB  =  i{A+r)  and  VBA  =  i(  A  -  r). 

162.  Given :  t?ie  sides  VA  =  8i  and  VB  =  8t  and  ths 
angle  A;  assuming  the  shorter  radius  Bu  to  find  Ai,  At, 
and  Rt. 

Use  equations  (100),  (104),  (101),  (102),  and  (18). 

ExampU.—ljei  VA  =  1899.90,  VB  =  1091.12,  A  =  74*,  and 
assume  Bi  =  955.87. 


COMPODND 

cubteb. 

lOT 

(100)  iCS.  + 5,)  1485.51 
J(S.-&)   404.89 

log  8.1T47B9 
•'    2.606800 

jA               sr 

CO 

•'    0.567989 
"    0.122886 

.-.  \r               irsi'or 

{104)»,  (B  =  6°) 
\(B,  -  S>) 

5cot4.»7W    " 

"    0.690875 
'■    2.980170 
■'    2.606800 

2.86249 

•'    0.878870 

.-.     lA.                    21' 27' 

(101)  U                     87° 

.-.    JA,                    15°  88' 

(102)  Ir 

K'S.  -  5.) 

cot  2.54520 

"    8.59370 
"   4907W 

8.601S9 

■'    0.929490 
"    2.606800 

. ■.     fl,  (i>  =  1=  40) 

(18).-.  A,=4a°64.  i,  =715- 

A,  =  sr  oe'.  L 

8.586290 

=  1866. 

163.  Oiven:  Ote  lineAB,  and  the  angUt  YAB.  VBA; 
oMuiMitg  th«  bmger  radiut  £i,  to  find  Ai,  Ai,  and  R^. 

Meampk.— Let  AB  =  2487.83,  VAB=  48°  81',  VBA  =  25'39', 
and  BHume  St  =  8487.87. 


a06)|.U!  1318.91 

11'  81' 

log  8.065972 
Bin  "    9.800276 

iA 

8r 

-'    2.866248 
"    "    9.779468 

(104)  S. 

-Si 

404.86 

"    2.806786 
8.680289 

ir 

11°  81' 

6.50160    ■■    0.929504 
cot  4.90786 

(101)  4A 

16°  88- 
87' 

cot  8.59881 

-•-      *A. 

1102)  ir 

ai'27' 

cot  2.54616 
-  4.90786 

WS. 

-a, 

186269  log  0.873407 

3.606785 

.-.     A 

(0  = 

«•) 

».980m 
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164.  Usually  a  compound  curve  is  fitted  by  trial  to  tiw 
shape  of  the  ground,  after  which  it  may  be  desiiable  to 
calculate  the  sides  VA,  VB,  or  the  line  AB,  and  the  angles 
VAB,  VBA. 

Example. — From  the  point  of  curve  -4,  a  6*  curve  is  run 
716  feet  to  the  P.  C.  C. ;  thence  a  IMO'  curve  is  run  1866  feet 
to  th^  P.  r.  Bequired,  the  sides  VA,  VB,  and  the  line  AB, 
and  angles  VAB,  VBA,  Here  Bi  =  955.37,  Ai  =  42**  54', 
J?a=  3437.87,  Aa  =  81°06'. 


(106)  B^  - 

iAi 

iAa 

Bi    2482.50 

21**  27' 
15^33' 

-  Si)  404.39 

21°  27' 

ii**  31'  or 

37' 
hSi)  1495.51 

cot  2.54516 
"  3.59370 

log  8.894889 

6.13886 

2.36248 
cot  2.54516 

"    0.788088 

(107)  Bi 

*'    2.606801 
"    2.980170 

iA, 

** .  0,87P869 

(108)  m  ■ 

'.7  "  4.90764 

cot 

"    0.690878 
2.606801 

iA 

"    8.297674 
'*    Q.122886 

.-.     U8^' 

"    8.174788 

.-.     -K/Sa  + /^O  1495.51 

^ 

1899.90 

^1 

1091.12 

VAB 

48*^ 

31' 

VBA 

25" 

29' 

(xmks.- 

Si) 

zr 

ir 

. 

IV 

31'  01' 

.7 

.-.     iAB 

1218.91 

AB 

2437.82 

€t 


2.606601 

shi  "    9.779468 


2.886264 
sin  "    9.800294 


<( 


8.085970 


165.  Given :  the  radii  Bu  ^»  ^^  angle  a,  and  one  iide, 
VA,  or  VBf  to  find  tTie  other  side  and  the  central  a7igls$  Ai, 
At.    Fig.  43. 
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In  the  triangle  AMQ,  AOx^  AM  -^  MOi  ^IQ  -^  MQ  cot 
MOiQi  or 

Bi  =  K-^a  +'  S,)  cot  i' A  ~  i(/Sa  -Si)  cot  i  A I 

whence 

US2  +  iS'i)  =  -JC/^a  -SiYcot^Ai  tan  iA  +  i?,  tan^A 
By  eq,  (106) 

sin  "i  A 
SubstitutiDg  this  above,  subtracting  and  reducing 


^  =  (i?a  -  i?i)  sin  i  Aa  il5i(^ ^)  +  i?,  tan  *  A 

isin  A 


But  HA  —  Ai)  =  i Aa  and  2  sin*  i Aa  =  vers  Aa,  whence 


S  —  (-^a  —  ^0  V^^S     A  a  +  -^1  vers  A  ^^^ 

* "~  sin  A 


Transposing, 


iSi  sin  A  —  i?ivers  A  ,^^^. 

vers  A  a  = 5 5 (ill) 


Similarly,  from  the  triangle  BQO^ 


B2  =  i(-Sa  +  8^)  cot  i A  +  -K^a  -  /S'l)  COt  lA. 


from  which  and  eq.  (106)  we  derive 


S  _  Bi  vers  A  —  (i?a  —  igQ  vers  A 1  ^^ 

'^  ""  sin  A  ^      ^ 


and 


i^  vers  A  —  >9^a  sin  A  ,^^ov 

vers  A I  =  -^ iT^T^ —  ^  ^ 
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Erample.— Given  :  K4  =  5,  =  1091.12,  A  =  74",  and  th^ 
radii  Ri  =  955.37,  J?,  =  3437.87.  to  find  Ai,  A»,  and  8^. 


(Ill)  ^x  1091.12  log  3.037878 

A  74"*  $iu  •*    9.982842 


Ml 

A 

'Bi  2482.50 

'B^ 

74* 
3r  06' 

1048.85 

vers 
692.03 

*i 

3.020715 
2.980170 
9.859956 

2.840126 

-B.- 

356.82 

vers 

663.96 

vers 
2490.26 

2.552449 
3.394889 

.•.      A» 

9.157560 

.•.       Ai 
(112)  i?,  - 

i2**54' 

9.427254 
8.394889 

A 

2.822143 
3.536289 
9.859956 

3.396245 

A 

1826.30. 

sin 

3.261572 
9.982842 

.\     8t  1899.90  '*    3.278780 

166.  Given  :  one  side,  and  the  radius  and  central  angle  of 
the  adjacent  arc,  to  find  ths  other  raditis  and  side. 
From  eqs.  (HI),  (113)  we  have 


„        o        iS'i  sin  A  —  Bi  vers  a 


iJa  —  J2i  = 


vers  A  J 

jga  vers  A  —  8t  sin  A 
vers  A I 


(114) 


by  one  of  which  the  required  radius  may  be  found ;  the  required 

■ide  is  then  found  by  eq.  (110)  or  (112),  as  in  the  htst  problem. 

EsMmpU,—Q\ren  :VA^8t=z  1091.12  a  =  74%  A  =  955.87 

and  Ai  =  42*54';  to  find  B,        A.  =  74*  -«•  04'  =  »*  06'. 


iJoitwuKD  otrEtJjs. 


m 


fll4)A       •   1091.13 

A  74' 


A 


955.87 


.-.  JB,  -  Ri  2482.52 
.-.  iJ,     8437.89 


74' 


log    8.087873 
**     Bin  9.982842 


1048.85  " 


8.020715 


<< 


2.980170 
"  vers  9.859956 


692.08  " 


2.840126 


81*06 


856.82  <'     2.552449 
"  vers  9.157556 


«( 


8.394393 


Fio.  44. 


Otherwise :  Fig.  44.  If  convenit^nt  in  the  field,  a  tan- 
gent PVi  may  be  run  from  the  point  P  to  intersect  the 
farther  tangent.  The  distance  PVt  multiplied  by  cot  iAa 
will  equal  the  radius  J2«  by  eq.  (25). 


16  7  •  Remarks — If  the  first  arc  AP  be  produced  to  G, 
Fig.  44,  so  that  AOiG  =z  a,  then  O  is  the  tangent  point  of  a 
tangent  parallel  to  VB,  and  by  §137,  the  tangent  point  B  must 
be  on  the  line  PG-  produced.  Conversely,  if  the  point  B  is 
assumed,  and  the  arc  AG  given,  the  point  P  must  be  on 
the  line  BG  produced.    The  radius  B^  may  be  found  by 


/.» 


••*.<-  "^ 


:£» 


-■ « 


^-  ^5^ 


—  ~V       *     - 
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ViB  -=  FaP  =  i?s  tan  i  a«,  from  which  each  arc  may  then 
^  located  by  offsets  or  otherwise,  as  in  the  case  of  simple 
curves. 

Should  the  points  Vi  Fa  be  obstructed,  the  common  tangent 

■may  be  found  by  an  offset  IIG  =  LP  from  any  convenient 

point  iZ,  for  knowing  the  angle  MOiP,  we  have  HO  =  Bi 

vers  JTOiP,  and  GP  =  R^  sin  HO iP, 

If  the  entire  tangent  Vi  Fi  is  too  much  obstructed  for  use, 

the  parallel  line  HE  may  be  employed,  observing  that  the 

LP 
angle  POiK  is  found  by  vers  PO^K  =  ^^,  and  the  distance 

LK  by  LK=z  i?,  sin  PO^K,  by  which  a  point  K  on  the  second 
arc  is  found  having  a  tangent  offset  KI  =  HQ. 


Fio.  45. 


Fig.  46. 


Should  the  line  HK  be  also  obstructed,  we  may  run  the  in- 
verted curve  HP'  =  HP  and  P'K^  PK  to  find  the  point  K 
from  which  so  much  of  the  second  arc  as  is  accessible  may  be 
located. 

C.  Special  Problems  in  Com/pound  Ouroes. 

169.  Given:  a  compound  curve  ending  in  a  tangent;  to 
change  the  P.C.C.  so  that  the  curve  may  end  in  a  given 
parallel  tangent.    Fig.  46. 
Let  APB  be  the  given  curve  ending  in  VB, 
V'B  be  the  given  parallel  tangent, 
p  =  perpendicular  distance  between  tangents. 
It  is  required  to  change  the  point  P,  and  with  it  the  values 
of  Ai  and  A  a,  so  that  with  the  same  radii  i?i  and  i?a  the  new 
curve  APB  may  end  in  the  parallel  tangent  V'B. 


(< 


(( 
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*  BP  '    ■ ^ 

2jj  =5;r-- — ; ,  BP  being  measured  on  the  ground  ;  or  by 

2  sin  t  Aa 

similar  triangles  B^  \  Ri  ::  BP  :  OP. 

The  distance   F/>,  Fig.  43,  from  the  vertex  to  the  circle 

AOB  is  expressed  by  the  formula 

VD  =  S,  cos  I  Aan  |  -  tan  ^^^)  (115) 

.y  <A^  point  P  falls  at  i),  then  VD  is  also  the  distance  of  the 
curve  from  the  vertex  measured  on  the  line  VQ,  But  when 
P  falls  at  D,  the  radius  PO^  is  perpendicular  to  the  line  AB, 
and  Ai  =  YABy  and  Aa  =  VBA,  When  Ai  is  greater  than 
VAB,  the  arc  APy  being  exterior  to  the  circle,  cuts  the  line 
VD\  but  when  Ai  is  less  than  VAB,  the  arc  PB  cuts  the  line 
DQ, 

Jf  the  line  O^^P  produced  passes  through  F,  we  have 

BmCrX  =  ^^sin^A  .     (116) 

Oa  -f-  bi 

giving  Ai  =  iA  +  QVL  and  Aa  =  ^A  —  QVL, 

When  Ai  is  greater  than  this,  we  have  for  the  external 
distance  of  the  vertex 

JSi  =  Bi  ex  sec  AOi  V 

in  which  the  angle  A'Oi  Fis  found  by  the  formula  cot  AOi  F= 

— -y  and  El  is  measured  on  a  line  VOi,  making  the  angle 

AVO,  =90^  -  AOiV. 

When  A 1  is  less  than  (i  A  +  Q  FL),  we  have  similar  expres- 
sions with  respect  to  the  arc  BP  and  centre  Oa. 

168.  7b  locate  a  compound  curve  when  the  point  of  com- 
pound curve  M  inaccessible.    Fig.  45. 

Each  arc  being  in  itself  a  simple  Curve  is  located  as  such. 
When  the  P.G.G.  is  accessible,  the  transit  is  placed  over  it, 
and  the  direction  of  the  common  tangent  found,  from  wliich 
the  second  arc  is  then  located. 

When  the  P. CO,  is  not  accessible,  the  common  tangent 
Vi  F«  may  be  found  by  locating  the  points  Fi  and  Fa,  which 
may  bo  easily  done,  since  VxA  a  FiPss  Rx  tan  }Ai,  and 
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VtB  •=  FaP  =  Rt  tan  i  At,  from  which  each  arc  may  then 
be  located  by  offsets  or  otherwise,  as  in  the  case  of  simple 

CUTYeS. 

Should  the  points  Vi  Fs  be  obstructed,  the  common  tangent 
may  be  found  by  an  offset  IIG  =  LP  from  any  convenient 
point  B,  for  knowing  the  angle  HOiP,  we  have  EG  =  Bi 
vers  JSrOiP.  and  GP  =  Bx  sin  50, P. 

If  the  entire  tangent  V\  Vt  is  too  much  obstructed  for  use, 

the  parallel  line  HK  may  be  employed,  observing  that  the 

LP 
angle  POi^  is  found  by  vers  PO2K  =  -^-,  and  the  distance 

LK  by  LK^  R^  sin  PO3K,  by  which  a  point  K  on  the  second 
arc  is  found  having  a  tangent  offset  KI  =  MG. 


Fio.  45b 


Fig.  46. 


Should  the  line  HKhe  also  obstructed,  we  may  run  the  in- 
verted curve  HP'  =  HP  and  P'Kz=  PK  to  find  the  point  K 
from  which  so  much  of  the  second  arc  as  is  accessible  may  be 
located. 

0.  Special  Problems  in  Compound  Curoes, 

169.  Given:  a  compound  curre  ending  in  a  tangent;  to 
change  the  P.C.C.  so  that  the  curve  may  end  in  a  given 
parallel  tangent.    Fig.  46. 
Let  APE  be  the  given  curve  ending  in  VB, 
"   Y'B  be  the  given  parallel  tangent, 
"  p  zs  perpendicular  distance  between  tangents. 
It  is  required  to  change  the  point  P,  and  with  it  the  values 
of  A I  and  A «,  so  that  with  the  same  radii  Bi  and  B2  the  new 
curve  APB  may  end  in  the  parallel  tangent  V'B. 
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a*  When  the  tangent  VB'  is  inside  of  VB: 

Let  Ai  =  ^OiP,  Ai'=AOiP\  A,  =  POaB,  Aa'^P'Oa'^', 
and  in  the  diagram  draw  OiO  perpendicular  to  BOa;  then 
GO2  =  OiOa  cos  A  2,  ^Oa'  =  OiOa'  COS  A  a'.  Subtracting, 
since  OxOa  =  OM  =  {Ri  -  i?i),  and  KO^'  -  00^  =  GB  -- 
KB'=p. 

pz={R2  —  Ri)  (cos  A  a'  —  COS  A  «) 

whence 

cos  Aa'  =   p  p    +  cos  A  a  (117) 

xia  —  xii 

POiP'  =  (Aa  —  A  a')  and  the  point  Pis  advanced 
b.  TF^eTi  t?ie  tangent  VB'  is  outside  of  VB: 

jp  =  (jRa  —  Ri)  (cos  Aa  —  cos  A  a') 


whence 


cos  Aa'  =  COS  Aa  —  p    ^ '  (118) 


POiP'  =  (Aa'  —  A  a)  and  the  point  P  is  7noved  back  and  the 
arc  AP  diminished. 


Fio.  47. 

In  case  the  curve  termiuates  with  the  arc  of  shorter 
radiuSy  or  Ri  foUows  Ra.    Fig.  47. 
c.  When  VB  is  inside  of  VB: 

p  =  (i2a  —  Rx)  (cos  A  I  —  COS  Ai') 

whence 

COS  A  i'  =  COS  A  J  —  p  ^   p  (llfl) 

POaP'  •=  (Ai'  —  ^i)  and  the  point  P  is  fMmd  hack. 
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d.  Wh£n  V'B'  is  outside  of  VB: 

p  =  (Hi  —  El)  (cos  Ai'  —  cos  Ai) 


whence 


P 

cos  Ai'  =  cos  Ai  -f   ^  p  (120) 


PO2P'  =(Ai  —  Ai')  and  the  point  P  is  advanced. 

Example.— Ij^i  R  =  2392.01,  i?i  =  1482.69,   Aa  =  28%  and 

p  =20.07  inside  of  VB ;  case  a* 

p  20.07  log  1.302547 

(117)  Bi--  Bi    859.32  "    2.934155 

.023356        '*    8.868392 
Aa  28''  cos  .88295 


A'«  25^  **  .906306 

POiP'  3° 


170.  Given:  a  compound  curve  terminating  in  a  tangent, 
to  change  the  P.C.C*  and  also  the  last  radius,  so  that  tJie 
curve  %haVj  end  in  a  parallel  tangent  at  a  point  on  the 
same  radial  line  a%  before.    Fig.  48. 


Fia.  48. 

Let  APB  be  the  given  curve  ending  in  the  tangent  VB\  let 
V'B'  be  the  given  parallel  tangent;  and  let  p  =  BB'  =  HI=: 
the  perpendicular  distance  between  tangents. 

It  is  required  to  change  the  point  P  to  P',  and  also  the 
value  of  iJa  to  i2a',  so  that  the  new  curve  may  end  in  V'B'  at 
B'  inside  of  VB  on  the  same  radial  line  BOa. 

In  the  diagram  produce  the  arc  AP  to  G  to  meet  OiG 
drawn  parallel  to  O9B;  then  POiG  =  A  2.  Draw  the  chord 
PB,  and  it  will  pass  through  G.    Lay  off  the  distance  p  from 
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^on  BO^  to  find  B'\  draw  B'G  and  produce  it  to  intersect 
the  arc  APQ  in  P'.  Then  P' is  the  P.  (7.  C.  required.  Join 
P '  Ox  and  produce  it  to  meet  POa  produced  in  0«',  Then 
F'0%  =  B'Oi  =  Pa'  the  new  radius,  with  which  describe  the 
arc  P'B\ 

By  Geom.  Tab.  I.  18: 

PBV  =  i  POiB  =  i Aa,  and  GP'  V  =  iP'O.P  =  iA,'. 

PGP'=BOB'  =  K Aa  -  As') 

Draw  OiK  perpendicular  to  POa. 

Then  O^K  =  P'P'=  P/=  OiOa  sin  Aa  =  (Pa  -  Pi)  sin  A, 

taniAa  =  ^5r       taniAa=^7-^= 


taniAa'  =  taniAa -7^ w^-^ (121) 

(Pa —  Pi)  sin  A»  ^       ' 

In  the  triangle  OiO^O^' 

sin  Aa' :  sin  Aa ::  OiOa  :  OiO,'  ::  (P.  -  Pj)  :  (P,'  —  A) 

• 

Pa'  —  Pi  =  ■   .       ,    ,   (Pa  —  Pi) 
oux  A  a 

iJ,'  =  (i?,  -  g.) "°  ^\  +  B,  (188) 

Sin  A  a 

IfBV  were  outside  of  VB; 

tan  i Aa'  =  tan  iAa  +  7^ p.  .    ^  ■  (123) 

(iia  —  ill) Sin  Aa 

i?,'  =  (JZ,  -  J?.)^!°^',  +  iJ.  (138) 

Sin  A  a 


TT^w  ^  smaller  radius  Pi  foU(m%  Pa:  ^  <^  ffiv&n 
tangent  B'V  is  inside  (?/PF.    Fig.  49. 


tan  iA.'  =  tan  iA.  +  -^^^j^^^j^        (184) 


B.' =  22.  -  (iJ,  -  A)  fg^  aiW) 
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JlfBTis  outside  ofBV: 

tan  iAi*  =a  tan  ^ Ai  --  7 


P 


{Bi  -  i?i)gin  Ai 


p  / p        /  p        p  \  WXlAi 

^  Sin  Ai 


(186) 
(128) 


FlO.  49. 


JEmmpfo  1.— 
Let  A 

(121)  i?«  -  i?i 

At 

z^  2292.01       1) 
:^  1432.69     At 

=    859.32 

20.07 

,04975 
,24983 

=»  20.07  mide. 
=  28' 

28' 

IV  ir 

22*^34' 

28* 

log  2.934155 
log  sin  9.671609 

P 

2.605764 
1.302547 

tan  i  As 

8.696783 

.'.  taniAt' 

(122)          A,' 

(A  -  i?i) 

.19958 

1051.25 
1482.69 

sin  9.584058 
2.984155 

A, 

3.350097 
Sin  9.671609 

3.021706 

Am.       Bt'       2488.04  . *.  D  =  2*  18'  26' 

POiP  =^  a8'-  22"  34'  =  6*  26'  ,  \  FF'  »=  185.8g  ft 
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Example  2,—Mg,  49. 


Let  iJs  = 

2292.01 
1482.69      I 

P  = 

ii  = 

D 

V   ft 

:  20.07  inside 
=  46' 

46' 

23' 
24"33i' 

49"  or 

46* 
=  3°  53'  12' 

no 
TO.  PP'  -^   ' 

• 

(124)  iJ,  -  iJi 

Ai 

859.32 

20.07 

.03247 
.42447 

log  2.934155 
log  sin  9.856984 

P 

2.791089 
1.302547 

taniAi 

8.511458 

.*.  taniAi' 

.'.    Ai' 

Mi  —  Bi 

.45694 

817.60 
2292.01 

log  sin  9.878547 
2.934155 

Ai 

3.055608 
log  sin  9.856934 

Bi 

2.912542 

Ans.      Bi'  = 

1474.41  .-. 

A ,  —  .q°  or 

^^^®    -19.lft7ff 

"*       "^- 2.6      ^ 

Observe  that  in  either  figure  both  tangents  must  be  on  the 
same  side  of  the  point  G,  in  order  to  a  solution. 


Fzo.  60. 


171.  Given:  a  compound  euree  ending  in  a  tangentf  U 
change  the  last  radius  and  also  the  position  of  the  P.G.G*) 
so  that  the  cwnoe  may  end  in  the  same  tangent.    Fig.  60. 
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I.  When  the  eurte  ends  with  the  greater  radius  Bt, 

Let  APB  be  the  compound  curve  in  which  Bi  Bq  A  i  and 
A  9  are  known. 

In  the  diagram  draw  the  chord  PB  and  produce  the  first 
arc  J^Pto  meet  it  in  G;  draw  OiO,  and  produce  it  to  meet  the 
tangent  in  K.  Then  by  §  137  OiK  is  parallel  to  O^B,  and  by 
eq.  (57) 

0K=(B2'-  Bi)  vers  A  a  (127) 

ff  we  assume  P'  as  the  new  P.  G.  G. ,  we  have  a  a'  =  P'OiB ' 
and  the  chord  P'G  produced  will  intersect  the  tangent  at  the 
new  point  of  tangent  B\  and  50a'  =  B^.  Similar  to  eq.  (127) 
we  have 

GK^  (J?a'  -  iJi)  vers  A  a' 

and  equating  the  two  expressions,  we  obtain 

•  vers  Aa  vers  Aa      ^       ■ 

ffwe  assume  Bal  we  have 

vers  A,'  =  -r^, p-  vers  A  a  =  -pi — ^        (129) 

In  the  two  right-angled  triangles  BKG  and  B'KG,  we  have 

BK=  GKcoi^h^ 
B'K=  GJTcotiAa' 

and  by  subtraction, 

BR  =  6?^ (cot  lAa'  -  cot  i Aa)  (130) 

in  which  GKis  obtained  from  eq.  (127). 

When  BB  as  given  by  eq.  (130)  is  negative,  the  point  B'  falls 
between  B  and  V, 

If  we  assume  the  distance  BB'  on  the  tangent,  we  have 
from  the  last  equation, 

BB 

cot  iAa'  =  cot  i Aa  ±  g^  (131) 
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GK  being  obtained  from  eq.  (137)  and  B%  from  eq.  (198).    In 
cq.  (131)  use  the  +  sign  when  B  is  beyond  JB  as  in  the  Fig.  60. 

II.   When  the  given  curve  ends  wUh  the  smaller  radius 
Rx.    Fig.  61. 


Fxo.  51. 

We  have  by  a  similar  reasoning 

OK  =  (i?a  -  Bi)  vers  A  x  (183) 

*         ^  vers  Ai'  vers  a/         ^  ^ 


I  Bi    —    Bx  ^  GrK  fA€%AK 

vers  Ai'  =  Tj^ttbT'  ^®"  ^'  "^  jg^  _  jg >       (184) 
BB  =  OK(coi^Ai  -  cot  iAO  (185) 

cot  i Ai'  =  cot i Ai  ±  ~^  (186) 

using  the  ~  sign  when  B  is  beyond  B, 

Example.— Fig.  51. 

Let  i?a  =  2292.01,  Bx  =  1432.69,  Ai  =  46°,  and  let  the 
P.  C7.  a  be  moved  back  200  foet  from  P  lo  F ;  hence  POi^F  = 
y*  and  Ai'  =  51"*;  to  find  the  new  radius  Bx  and  the  distance 
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Eq.  a32)  -B,  - 

i?i    859.82 

707.85 
2292.01 

46' 

51* 

idDr: 

23' 
25' 

r8' 

80' 

log 
(( 

log 

87' 
log 

log 

2.984155 

vers  9.484786 

.-.  OK 
eq.  (133)  a/ 

2.418941 
vers  9.568999 

2.849942 

eq.  (185)  GK 
cotiAi 

COtiAj' 

1584.16  ai 

2.85585 
2.09654 

2.418941 

0.25931 
68.04 

0.418819 

.•.JRff 

1.882760 

172*  Oicen:  a  compound  curve  ending  in  a  tangent,  the  la$t 
radf/M  being  the  greater,  to  change  t?ie  last  radius  and 
aUo  Ihe  position  of  (he  P,C«0«  9o  that  the  curve  may  end  at  the 
same  tangent  point,  but  with  a  given  difference  in  the 
direction  qf  the  tangent.    Fig.  52. 


Let  APB  be  the  given  compound  curve,  POi  s  Bi  and 

LetF.Bbe  fbe  new  tangent,  and  the  angle  VBV  =  i,  the 
g^ven  difEarenoe  in  direction  ;  to  find  ^Oa'  =  i^',  BO^T'  ^ 
A«'MdtteiampleJ'0,P\ 
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We  have 

BO2  -  OyOi  =  Bi"  (Bi-  Bi)  =  Bi 
BO2'  —  O1O2  =  Bi  —  {Bi  —  Bi)  =  ^1 

From  which  we  see  that  whatever  may  be  the  value  of  the 
new  radius,  the  difference  of  the  distances  from  B  and  Oi  to 
the  new  centre  is  constant,  and  equal  to  Bx.  We  therefore 
conclude  that  the  centres  Oj  and  O2  are  on  an  hyperbola  of 
which  B  and  Oi  are  the  foci,  and  Bi  the  major  axis. 

This  suggests  an  easy  graphical  method  of  solving  the 
problem. 

Through  B  draw  a  line  perpendicular  to  the  new  tangent 
VB  which  will  give  the  direction  of  the  required  centre  Oa'. 
On  this  line  lay  off  5^  equal  to  Bu  and  since  {Bi  —  Bi)  = 
OiOi  =  KOi,  if  we  join  KOx,  the  triangle  KOi'Oi  is  isosceles; 
therefore  bisect  KOx  and  erect  a  perpendicular  from  the  mid- 
dle point  to  intersect  the  line  ^JT  produced  in  O2'.  Draw  OiOi 
and  produce  it  to  intersect  the  arc  AP  (produced  if  necessary) 
in  P\  Then  P'  is  the  new  P.G.C.  required,  and  BO^'  = 
P'Oi  =  Bi\  the  new  radius. 

The  analytical  solutiou  is  as  follows  : 
Adopting  the  usual  notation  of  the  hyperbola 

Let  2a  =  Bx    =  the  major  axis, 
'*  2c  =  BOy  —  the  distance  between  foci. 

Produce  the  arc  AP  and  through  B  draw  the  tangent  BE, 
and  Join  HOx  =  Bx,    Then  m  the  right-angled  tnangle  BHOi 

BH^  =  BOx^  _  12,2  =  4c«  -  4a« 

Now  by  Anal.  Geom.,  c'  —  a*  =  5«. 
Therefore  2b  =  BII  =  the  minor  axis. 
Draw  the  chord  PB  and  produce  the  arc  AP  to  cut  it  m  0. 
Then  by  Geom.  (Table  L  24) 

BH*=PBx  (?-B  =  2i2aainiAt  X  a(-Ri  - /?i)8m  iAt 
.\  J?J?  =  2  8miAiV'-ftTS.  -iJi)  (187) 
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Let  (X  =  the  angle  HOiB,  then 

tana  =  -^  and  BOi  =  -^^  (138) 

Bi  cos  a  ^     ^ 

In  the  triangle  J50iOa  let  Oi^Oa  =  /?  ;  then 

sinygrr  ^'^Q^'  sm  Aa  (139) 

The  polar  equation  of  the  hyperbola  for  the  branch  lOM, 
taking  the  pole  at  B  and  estimating  the  variable  angle  v  from 
the  line  BOu  is 

r  = 


c ,  cos  V  -^  a 


When  «  =  y5  ±  t,  r  =  J?a',  and  substituting  the  values  of 
a,  b,  and  c  found  above,  we  have 

^"'  =  2  (^Ox  cos  (/J  ±  0  -  i^i)  ^^^^ 

using  ()5  +  e)  when  F'  falls  between  V  and  -4,  as  in  the 
figure,  and  (fi  —  i)  when  V  falls  beyond  F. 
In  the  tnangle  BOM,  the  angle  BO^'Oi  =  Aa'  and. 

sm  Aa'  =   pf     p  sin  (/?  ±  i)  (141) 

xla    —  xti 

Finally 

POxP'  =  Aa  -  (Aa'  ±  i)  (142) 

i2g7n«rA;— When  F'  falls  between  F  and  ud,  as  In  Fig.  52,  if 
the  angle  i  be  greater  than  the  angle  VBH,  the  curve  ceases  to 
be  a  compound,  and  becomes  reversed.  Therefore  VBH  = 
a  — ^  is  the  maximum  value  of  /  possible  in  this  case.  When 
F'  falls  beyond  F,  the  point  P'  will  fall  between  Pand  ^; 
and  the  latest  possible  value  of  I  will  then  be  that  which 
renders  POiP'=  Ai,  and  makes  the  point  P'  coincide  with  A 


lU 
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Bx€mple,—Fig.  52.     Let  i?i  sa  1432.69      Ai  »  SI"" 


(137)  J?a  -  iJi 
iifa 

«:  =6°        ^a  =  2292.01 
859.32 
2392.01 

28* 

1432.69 

42°  86'  38\7 
43'  36'  33".  7 

21°  28'  06\3 
27'  28'  06\3 

1727.09 
1432.69 

29440  X  2  =  688.80 

2949.05 

A,'  =  96'  18'  W 
POiP'  =  18°  41'  84"  = 

Aa  =  56° 

log  2.934155 
3.360217 

iAa 
2 

2 )  6.294372 

8.147186 

log  sin  9.671609 

0.301030 

(138)            El 

3.119825 
3.156151 

a 

a 

BOx 

(139)  i?a  -  i?x 

log  tab  9.968674 
log  cos  9.866889 

8.289»dd 

2.934155 

As 

9.644893 
log  sin  9.918574 

(140)      )5  +  ^ 
^0, 

log  sin  9.568467 

log  cos  9.948053 

8.28926B 

8.237315 

2.769968 
6.239650 

(141)  .-. 

(142)  .-. 

8.469683 
342.3  feet. 

Remark — This  problem  may  also  he  solved  by  first  finding 
the  new  sides  F'-4,  V'B,  from  which  and  the  new  central 
angle  (A  ±  i),  and  the  radius  Bi,  may  be  found  Ai',  A  a',  and 
Bi\  as  in  §  162.  The  new  sides  are  readily  found  from  the 
old  ones  by  solving  the  triangle  VBV,  If  the  original  sides 
ace  Dot  given,  thoy  must  be  calculated  aS  in  ^  164 

173.  Oi'ben:  a  compound  curte  ending  in  a  tangent^  the 
last  radius  being  the  leM^  to  change  the  last  raditls  and  the 
position  tf  the  P»€«C«  so  th<i$  the  mrve  v/kay  end  at  the  Mme 
tangent  point,  iMt  tHth  a  ^ren  difltoende  in  the 
direotion  qf  tangenL    Fig.  68» 
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Let  APB  be  the  given  curve,  and  POt  =  i^t,  and  Pd  :^ 
Ui  <  -Ba.  Let  7'Pbe  the  new  tangent,  and  VBV  =  *,  the 
given  angle;  to  find  BOi  =  Bx\  BOi'P'  =  a/,  and PO^P'. 

We  have 

BOi  +  OiOa  =  Bi  +  (Bt  -  iifi)  =  Ba 
BOi'  +  0/Oa  =  i?/  +  (i2s  -  iJi')  =  B^ 

from  which  we  infer  that  the  locus  of  the  centre  Oi  is  an 
elUpse,  of  which  B  and  Oa  are  the  foci,  and  B%  the  major  axis, 


Fio.  B8. 
Since  the  turn  of  the  distances  BOi  and  OaOi'  is  always  equal 

to  J2a. 

Hiis  ao^sests  an  easy  graphical  solution  of  the  prob- 
blem,  as  follows : 

Perpendicular  to  V'B  draw  the  indefinite  line  BKy  which 
will  contain  the  required  centre  Oi',  and  lay  off  BK  =  B^. 
Join  KO^f  bisect  it,  and  from  the  middle  point  erect  a  perpen- 
dicniar  to  intersect  BK  in  O/.  Join  O^Oi',  and  produce  the 
line  to  intersect  the  arc  AP  (produced  if  necessary)  in  P\ 
which  is  the  new  P. a  G.  required.  P'Oi  =  BOi  =  ^i',  the 
required  radius,  and  P'0,'5  =  Ai*. 

The  analytical  solution  is  as  follows  :  Adopting  the 
usnml  notation  of  the  ellipse, 

let  2a  =  Bt    =  the  major  axis, 

"  2c  =  BOi  =  the  distance  between  foci. 

AXBfnci  BiT  perpendicular  to  BO^  to  intersect  the  arc  AP 
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(produced  if  necessary)  in  H,  and  join  HO3  =  E^,     Then 

But  by  Anal.  Geom.,  a'  —  c*  =  bK 

Hence  26  ~  5fi^  =  the  minor  axis. 

In  the  triangle  BO  id  we  know  Bd  =  Ri,  and  O1O9  = 
Bi  ^  lii,  and  the  included  angle  BOiO^  =  180"  —  Aj ;  hence 
by  Trig.  (Tab.  II.  25) 

o  J?     p 

tan  i(Oi 0,5  -  0,50a)  =  ^^^  —  tan  i  A 1         (143) 


5 


a 


The  angles  at  5  and  O2  are  then  found  by  (Tab.  II.  26). 
Let  /3  =  the  angle  OiBO^ ;  then 

J90a  =  (i?a-i?x)?^i  (144) 

'  sin  p  ' 

The  value  of  BH^  above  may  be  written 

BH^  =  (/?a  +  BO,)  {Ra  -  50a)  (145) 

The  polar  equation  of  the  ellipse,  taking  the  pole  at  B,  and 
estimating  the  variable  angle  v  from  the  axis  50a,  is 

r  = 


a  —  c.  cos  V 

When  «  =  /5  T  t,  then  r  =  5i',  and  substituting  the  values 
of  a,  6,  and  c,  given  above,  we  have 

^'  ^  2(i?o-502"cos(/JTi)")  ^^^^ 

using  (/5  —  0  when  F'  falls  between  Fand  -4,  as  in  Fig.  53, 
and  (^  +  *)  when  V  falls  beyond  F. 

In  the  triangle  BOi'O,,  the  angle  0,'50a  =  (fiT  i),  and  the 
exterior  angle  BOx'P'  =  Ai';  hence 

sin  A  /  =  V^^p^  8i«  (>^  =f  *)  (1^7) 

Finally  50,5'  =  (A,  T  »)  -  Ai'  (148) 

When  F'  is  on  -4  F  then  PO%P'  is  negative,  showing  that 
it  must  be  laid  oflf  from  5  toward  A;  but  when  F'  is  beyond 
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F,  then  PO2P'  is  positive,  and  P'  will  be  on  -4P  produced. 
The  only  limits  imposed  on  the  angle  i  are  that  the  resulting 
value  of  PP'  shall  not  exceed  PA,  and  that  Ri'  shall  not  be 
less  than  a  practical  minimum. 

Example.— Fig.  53. 


Let  Da  =  3'  20'     i?,  =  1719.12 
Dj  =  6°  i?x  =    955.37 


Aa=23^20' 
A,  =  48^ 


i  =  7^  45' 


The  resulting  values  are  as  follows: 

2V  09'  32".6 


BR" 

A.' 

PO^P' 

PP' 


1572.42 
1273.65 

440.5 


54^56' 
14°  41' 


3.196567 
5.683829 
3.105052 


(See  also  remark  at  end  of  §  172.) 

1 74.  Given  a  simple  curve  joining  two  tcmgents,  to  re- 
place  it  hy  a  three-centred  compouiid  curxie  between 
the  same  tangent  points.    Fig.  54. 


Fia.  54. 

Let  B  =  AO  =  radius  of  simple  curve. 

Bi  =  POi  =  P'O,  <R    Ai  =  POiP' 

B^=  AOi=  BOs  >  i?    Aa  =  AOJ^  =  BOtP' 

A  =AOB 

Since  AO9  is  made  equal  to  BOi  and  VA  =  VB  ,  AO^Pmust 
equal  BO%P',  and  the  compound  curve  will  be  symmetrical 
about  the  bisecting  line  V0\  and  the  centre  Oi  will  be  on  the 
Une  VO. 
We  l»ve  at  once  from  the  figure, 

2A.+  A,  =  A  (149) 


128 


FIELD  £l^Gi:N££Bi:ErO. 


In  the  triangle  OOi  0^  we  have 

OiOa :   00a  ::  sin  AOV:  sin  POi  V 


whence 


^a  —  -Ri  = 


(jga  —  ■R)8iniA 
sin  i  A 1 


(160) 


which  expresses  the  general  relation  between  the  quantities, 
R  and  A  being  given. 

We  may  now  assume  values  for  Bi  and  B^  subject  to  the 
above  conditions,  viz.,  Bi  <  B  and  B^  >  B;  whence 


sin  i  A 1  = 


{Bt  —  JQsinjA 
i?a  -  Bi 


(151) 


In  selecting  values  for  Bi  and  i?a,  the  degree  of  curve  Di 
should  be  but  little  greater  than  D  of  the  simple  curve,  say 
from  30  to  00  minutes,  while  i>9  may  be  taken  at  iB  to  iD, 

-Kmm;?fo. -Given:     B  =  1719.12    D  =  8°  20'     A  =  40* 

Let  Bi  =  1432.69    Di  =  4^ 
"  i?a  =  5729.65    i>a  =  1' 


B^-  B       4010.53 
Ba  -  Bi      4296.96 

20' 

18°  36'  57' 

37°  13'  54' 

1°  23'  03' 

log  3.603202 
•*  3.633161 

iA 

*•  9.970041 
log  sin  9.534052 

iAi 
Ai 
Aa 

AP=:P'B   138.4  ft. 

"    "   9.504098 

Again  we  may  assums  A  a  and  Bi,  whence 

Ai  =  A  —  2At 


and 


B  sin  I A  —  Bi  sin^Ai 


iJa  =  t:- .— !  - 


sin^A  —  sin  -JAi 


(162) 


Example.— QiYen:  B  =  1719.12     A  =  40' 

Let  Bx  =  1432.69     Aa  =  1'  .'.   Ai  =  88* 
Ans.  i?a  =  7887.24    .  •;  2),  =  0°  46i'    AP  =  129. 

FijKiUy  we  may  assume  A  a  and  R%^  and  deduce  Ai  and  Bi 
from  eqs.  (149)  (150);  but  this  is  the  least  desirable  because 
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the  value  of  jRi  so  found  will  not  usually  give  a  conyenient 
value  to  the  degree  of  curve  2>i. 

175.  To  determine  tJie  distance  HH'  between  tJie  middle 
paints  of  a  simple  curve  and  a  three-centred  compound  curve 
joining  the  same  tangent  points  AB,    Fig.  54 
In  the  triangle  00i0%,  we  have 

EH'  =  OOx  +  Oiff'  -^  OH 

.-.  HH'  =  {B,  -  H^f^jl  -  (i?  -  BO     (153) 

In  the  first  example  given  above  HH'  =  14.55,  and  in  the 
second  HH'  =  17.05  ft. 

In  many  instances  the  distance  HH'  is  so  great  as  to  render 
this  problem  practically  useless,  unless  the  distance  HHi  ia 
discounted  beforehand  by  putting  the  simple  curve  AHB  a 
sufllclent  distance  Inside  of  the  proper  location  through  the 
point  H',    But  the  problem  given  below  is  usually  preferable. 

176*  Oiven,  a  simple  cnrye  joining  tico  tangents  to  re- 
plate  U  hy  a  three-centred  compound  curve  which 
shall  pass  through  the  same  middle  point  H. 

L  The  curve  flattened  at  the  tangents.    Fig.  55. 

Leti^rs.^0,  the  radius,  and  A  =  the  central  angle  of  the 
simple  curve  AHB,  and  let  H  be  the  middle  point. 

Let  Bx-POx-HOx  Ai  =  POxP' 

"  A  =  POt  =  A'Ot  =  B'Ot  A,  =  PO^A'  =  P'O^B' 

"  A'  and  B'  be  the  new  tangent  points  required. 

We  have  at  once,  as  in  the  last  problem, 

2a,+  Ai  =  A.  (154) 
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Since  the  curve  is  to  be  symmetrical  about  FO,  HP  =  HP*. 
PA  =  P'B,mdAA'  =  BB'.     , 


Fio.  55. 

In  the  diagram  produce  the  arc  HP  to  G,  and  draw  OiQ 
parallel  to  OA,  and  produce  it  to  K.  Then  a  tangent  line  at 
G  will  be  parallel  to  VA ;  and  by  §  137  the  point  G  will  be  ou 
the  long  chord  HA,  and  on  the  long  chord  PA'.  GK  is  the 
perpendicular  distance  between  parallel  tangents,  and  the 
problem  is  similar  to  that  given  in  §171;  whence  by  eq.  (67) 
we  have,  in  this  case, 

GK  =  (i?a  -  Bi)  vers  A  a  =  (i?  -  ijj)  vers  \  a.    (155) 

for  the  general  equation  in  which  B  and  A  are  given. 
Analagous  to  eq.  (130)  we  have 

A  A'  =  KA'  ^  KA=z  GK  cot  GAK-  GK  cot  GAK. 

.'.AA'=GK (cot  1  Aa  -  cot  i A)  (156) 

in  which  GK  is  obtained  from  (155). 

We  may  now  assume  values  far  Bi  and  -Ba,  making  Bi  <B 
and  Bi  >  B,  and  deduce  the  values  of  A  a,  Ai,  and  AA\ 

Solving  eq.  (155) 

(B  -  Bi)  vers  iA  GK  ^^^ 

^^^«  ^'=       A--A ^BT^rs:        »«^ 

Eq.  (154)  gives  Ai,  and  eq.  (16Q  gives  AA\ 
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Given:  2?=    764.489 
Leti?i  =    716.779 
"  iJa  =  3437.870 
(155)  B-Bi         47.71 


2)  =  7**  30' 
2>i  =;8° 
2>a  =  1'  40' 

20** 


(156) 


GE 
Bt-Bi 

As 

A'P 

iAa 
iA 

GK 
AAl 


2721.091 

(say)  2"  38' 
158.00       Ai=34''44' 
43.5081  =  cot   V  19' 
5.6713        cot  10° 


A  =40' 


log  1.678609 
log  vers  8.780370 

log  0.458979 
*'  3.434743 


log  vers  7.024236 


37.8868 


108.87 


log  1.577914 


'*  0.458979 


y 


<( 


2.036893 


Agadn,  we  may  assume  As  and  Bi  <  B;  whence 

Ai  =  A  —  3Aa 


and 


and 


eq.  (165)    GK=z{B'-  Bx)  vers  1 A 


B%  =  x?i  -|- 


G^^- 


vei*S  A  a 


(158) 


Eq.  (156)  gives  AA'. 

Again,  we  may  assume   A  a  and  the  distance  AA']  whence, 
from  eq.  (156) 

A  A' 

GK  =     ,,    ^"^     ,,  (159) 

cot  iAa  —  cot  i  A  ' 


eq.  (165)      JJi  =  i2  - 


GK 


vers  i  A 


eq.  (158)  gives  B%, 
Again,  we  may  assume  Bi  <  B  and  AA' ;  then,  eq.  (155) 


and  eq.  (156) 


GK=(B-  Bi)YeT8iA 

AA' 
cot  i^At  =  cot  J  A  +  -^^ 


am 


and  eq.  (158)  gives  Bn. 
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Bxample. — Fig  66. 

Given:  iR  =r    764.480 
Let  Bi  =    716.779 
AA'  =    110. 


Z>  :=7°80' 

2>x=:8^ 


AS  40* 


<• 


Hence  by  last  example, 


GK 
eq.  (160)  ^J[' 


110. 


]og0.458en 
9.041808 


(158) 


cot  J  A 

38.2809 
5.6718 

1.682414 
10' 

cot  iAa 

GK 

43.902d 

1"  18'  18*       Jog  1.642486 

(say)      2"  Sr      log  vers  7. 018147 

0.458070 

B, 
AP' 


2759.5 

8476.3 

157, 


2)a=    r89' 
At  =  84°  46' 


8.440689 


II.  T?ie  curve  sharpened  at  the  tangents.    Fig.  66. 

This  case  will  only  occur  when,  with  a  given  external  dis* 
tance  VH,  a  simple  curve  would  absorb  too  mticli  of  the  taa- 
gents. 


Fig.  60. 

Let  AHB  be  the  shnple  curve,  and 

*'  A'PHP'B'XhQ  required  compound  curve. 

"    i?ar=POa=   HO^;  Aa  =    POtP' 

"  B,  =  POi  =  A'Oi  =  B'Ot;  Ai  =  A'OiP=  P'(hB'. 

We  have  from  the  figure, 

2Ai  + Aa=  A.  (M) 
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In  the  diagram  dnw  OtQ  parallel  to  OA  cutting  the  tan- 
gent at  Jr»  and  produce  the  arc  HP  to  Q.  Draw  the  chords 
QH  and  QP^  passing  through  A  and  A'  respectively.  We 
have  then  a  disoussion  similar  to  the  preceding  case,  and  to 
the  problem  %  171,  Fig.  61,  whence  we  derive  tlie  general 
formulae: 

GK^{]h^  Rx)  vers  Ai  «  (Ui  - 12)  vers  iA     (168) 
and 

AA  =  QK  (cot  i  A »  -  cot  i  A)  (163) 

1.  Assuming  Bi  <B  and  Bt>  R 

GK  Bi—B  ,  ,,^,, 

vers  Ai  =  p  _  j^  =  ^  ^  j^   vers  iA        (164) 

B.  Afisuming  Ai  <  iA  and  i?i  <  J? 

„      i?  vers i A  —  JBi  vers  Ai  ,.^^ 

R7  = r^;^ ,^^    , (160) 

vers  iA  —  vers  Ai  ^     ' 

8»  AiBiiTning  Ai  <  iA  SLudAA' 

A  A' 

4.  Assuming  i^  >  J2  and  AA' 

GK=  (A  -  iQversiA 

AA' 

cotiAi  =  cot  Ja +-^^  (169) 

The  third  assumption  will  usually  secure  most  readily  the 
desired  curve.  AA'  should  be  assumed  as  small  as  the  nature 
of  the  caae  will  allow,  and  Ai  should  not  be  much  smaller 
than  iA. 

It  is  evidently  not  necessary  that  the  new  curve  should  be 
symmetrical;  for  having  laid  out  the  curve  A'PH,  the  simple 
curve  HE  may  then  be  used,  or,  If  desirable,  some  compound 
curve  HP'B'  determined  by  an  assumed  value  of  BB*  not 
equal  to  AA', 
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These  formulae  (154)  to  (169)  are  readily  adapted  to  the 
case  of  substituting  a  compound  for  a  simple  curve  when  it 
is  necessary  to  keep  one  tangent  point  fixed,  but  to  move  the 
other  a  certain  distance  in  either  direction  on  the  tangent 
For  if  in  Figs.  55,  56,  we  draw  a  tangent  at  U,  and  make  H 
the  fixed  point  of  tangent,  it  is  evident  that  the  central  angle 
of  the  curve  will  then  be  AOII.  The  only  change  necessary, 
therefore,  to  adopt  the  formulae  to  this  case  is  to  write  A  in 
place  of  ^A,  and  to  observe,  instead  of  eqs.  (154)  (161),  that 


A,  +  A 

Example. — Fig.  55. 

Let               B  -  1910.08     A    = 
Assume    A  A         260.         Ai 
Eq.  (166)  AA  =    260. 

cotiA,             2.90421 
cotiA             2.60509 

a=  A 

=  84° 
=  38° 

19* 
21° 

42° 
88° 

• 

.-.    Aa  =  8' 

log  2.414973 

.299 

3384.07 
1910.08 

12 

log         9.475846 

GK 

Eq.   (167)  i  A 

2.939127 
"  vers  9.409688 

R 

8.529489 

Eq.  (168)  OK 

Ai 

5294. 15 
4100.27 

D  =  say  1°  05' 

log         2.989127 
*'  vers  9. 320314 

3.612818 

AP 

1193.88 
791.67 

D  =  4°  48' 
PH  =  869.23 

177.  Oiven,  two  curves  joined  by  a  common  tangent 
to  replace  the  tang^ent  by  a  curve  compounded  wUh 

the  given  curves.     Fig.  57. 

Let  Ri  =  BOi  the  radius  of  one  curve, 

**  Bt  =  ^403  the  radius  of  the  other  curve,  >  jRi, 
"       ^  =  BA  the  common  tangent, 

**  i?2  =  POi  =  P'Oa  the  radius  of  connecting  curve. 

**  Aa  =  POiP'  the  central  angle  of        '*  " 

"  a=  AOtP  and  fi  =  BOiP. 
"      i  =  AOtOu 
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In  the  diagram  join  O1O3  and  draw  OiG  parallel  to  BA, 
Then  in  the  right-angled  triangle  O1QO3  we  have, 


00s        Us  -  Hi 


OiO,  = 


^3  —  ^1 

COSi 


I 


Bin  I 


(170) 


(171) 


which  gives  the  distance  between  the  centres  of  the  given 
curves. 


Fio.  57. 

We  shall  now  assume  the  following  geometrical  truths. 
which  may  be  easily  demonstrated. 

If  two  circles  intersect  in  one  point,  they  intersect  in  two 
points;  and  the  line  joining  the  two  points  is  the  common 
chord. 

The  common  chord  is  perpendicular  to  the  line  joining  the 
centres,  and  when  produced  it  bisects  the  common  tangents. 

If  a  third  circle  is  drawn  touching  the  two  circles,  a  tangent 
to  the  third  circle,  parallel  to  the  common,  tangent,  will  have 
its  tangent  point  on  the  common  chord  produced. 

Conversely,  therefore,  if  the  tangent  BA  be  bisected  at  K, 
and  a  line,  KI,  drawn  perpendicular  to  OiOs,  -flT/will  coincide 
with  the  common  chord  produced,  and  the  angle  IK  A  —- 
AO9O1  =  i.  If  on  KI  we  assume  a  point  /  through  which 
it  is  desirable  that  the  connecting  curve  should  pass,  then  I  is 
the  tangent  point  of  a  tangent  parallel  to  BA ;  consequently 
a  line  through  /  perpendicular  to  BA  contains  the  required 
centre  0%. 
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I.  Let  p  =  HI  :=:  the  perpeodicular  distance  between  the 
tangents. 

If  in  the  diagram  we  join  lA  and  IB,  and  produce  the 
chords  to  intersect  the  given  curves  in  Pand  P',  then  Pand 
P'  are  the  points  of  compound  curvature;  and  the  lines  POi 
and  P'0%  produced  will  intersect  /Oa  in  the  same  point  0%; 
and  the  angles  P'O^I  =  a  and  PO%I  =  )8. 

In  the  triangle  AIB  the  line  KI  bisects  the  base  AB,  and 
we  have  by  Geom.  Tab.  I.  25. 

AI'-  +  BP  =  2AK^  +  %KD 

By  eq.  (56)        AI  =  8(i?a  -  Bz)  sin  \a 

BI  =  2(i2a  -  Bi)  sin  i/J 

,lir=i2     and     KI=^ 

.-.  4(i?a  -  i?8)2  Bin«  ia  +  4(i2a  -^  Pi)*  sin«  i/?  =  -H*  +  ^. 

Dividing  by  2  and  putting  vers  a  =  2  sin'  ia  and  vers  fi  = 
2  sin*  iy5  (Tab.  II.  46) 

(Pa  -  P,)«  vers  a  +  (P,  ^  Pi)«  vers  /?  =^  ii»  +  ^^ 
But  by  eq  (57) 

(Pa  -  P.)  vers  a  =  (P,  -  Pi)  ven  >5  =  p        (17«) 

.-.  p  (2Pa  -  (P.  +  Pi))=:  1^  +  5II7 


2Pa  =  (P.  +  Pi)  +  ^  +  aJ7  (17© 


4p 
From  (172) 

vers  a  =  p  £  p  ;  vers  ft  =  j^  ^j^        (174) 
and  from  the  figure 

These  formulflB  aolve  the  problem  when  p  i«  aafomed.   If 
desirable  we  may  find  a  and  fl  independently  of  P|,  for  in 
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the  triangle  AIB,  TAB  =  \a  and  IBA  =  \fi\  and  since 
HK  =  p  cot  t, 

coti«  =  ^  =  iL::^  =  ^-cot»      (176) 

eoti/,  =  ^  =  iH^  =  ^  +  cot,-       (177) 

n.  In  ease  a  or  fi  is  assumed,  we  have  from  the  last  equa- 
tion 

« 

^  ~  2(cot  ia  +  cot  i)  "  2(cot  i/?  -  cot  0         ^^'^^^ 


HI,  Jn  (ki«0  ^A^  radius  R^  is  assumed^  then  in  the  triangle 
0x0^0%  we  know  all  three  sides ;  for  OiOa  =  (J?a  —  jBj), 

OsO,  =  (jB,  ~  jB,),  and  OiO,  =  r^JZ:^ 

cost 


By  Trig.  (Table  H.  31.) 

in  which  «  =  i  sum  of  the  three  sides. 
Substituting  values,  and  reducing,  observing  that, 

(5^-1)  (0-5^+0  =  ««*''••- !  =  »'"»•»• 

sad  that  (fi»  —  Ei)  tan  i  ^  I,  we  have 


^"  ^'  =  2(i;.-ig.)(i?.-i?.)  ^"^^ 


In  the  same  triangle. 

sin  OtOiOi  =  sin  A 9 


0x0, 


But  from  the  figure  OsOiOa  =  i  —  jS,  and  taking  the  value 
dt  Ot(h  from  eq.  (in). 
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•    / •       a\       (-Ra  —  -Ks) sin  Aa  sin  t'  ^ jj^ 

Sin  (*  —  /?)  =  ^ '-j (180) 

We  then  find  a  from  eq.  (175)  and  p  from  (172). 

The  angles  a  and  /3  may  be  found  otherwise,  for  by  Trig 
fTab.  II.  27)  we  have  in  the  triangle  OjOaOs 

sin  K^i^sOa  -  OsOxOa)  =  ^'^V"^^'^'  cos  i A, 


or 


sin  (90°  -  a  +  ^))  =  (-«'--«j^co8^cosiA. 

.  •.  COS  I*  -| g-^j  =  COS  i .  cos  i Aa  (181) 

which  is  a  convenient  formula  when  i  and  A  a  are  not  too 
small.    Having  obtained  — ^-^,  we  have 

a  =  iAa+^-f^        /^  =  iAi.-^^        (182) 


For  a  constant  value  of  I  the  less  the  difference  ot  Bt  ^  Bi 
the  greater  will  be  the  value  of  the  angle  i.  When  J?»  =  A, 
cot  i  =z  0  and  ^  =  90°  and  the  tangent  point  /  will  be  on  a  per- 
pendicular to  BA  drawn  through  the  middle  point  K;  and 
a  =  ft.  On  the  contrary,  as  (i?3  —  Ri)  increases,  i  becomes 
less,  and  the  foot,  H,  of  the  perpendicular  HI  moves  toward 
J9,  the  tangent  point  of  the  curve  of  smaller  radius  Ri.  The 
distance  HK  =  p  cot  i.  The  connecting  curve  is  farthest 
from  the  tangent  BA  at  /.  To  find  the  ordinate  from  BA  to 
the  curve  at  any  other  point,  subtract  from  p  the  tangent 
offset  for  the  length  of  curve  from  /  to  the  ordinate  in  ques- 
tion. §115,  eq.  (39)  may  be  used  on  flat  curves  with  tolera- 
ble accuracy,  even  when  the  distance  equals  several  hundred 
feet. 

lY.  It  is  evident  that  in  this  problem  Bt  must  be  gretter 
than  either  Bi  or  B».    As  the  centre  O2  is  taken  neaier  tlit 
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line  OiOa,  Bt  grows  less,  and  is  a  minimum  when  O3  falls  on 
the  line  OtOf    In  this  case  we  have  Aa  =  180°,  and 

^  J2a  =  i(iJ,  +  Bi  +OiOs);  a  miuimunL         (183) 

This  limit  must  be  regarded  in  assuming  the  value  of  B%. 
Since 

OiOa  -  O2O3  =  (Bi  -  Bi)  -  (Bi  -  Bt)  =  (i?8  -  Bi) 

a  constant  value,  independent  of  i?2,  we  infer  that  the  centre 
Oa  is  always  on  a  hyperbola  of  which  Oi  and  O9  are  the  foci; 
{Bt  —  -Bi)  equals  the  diameter  on  the  axis  joining  the  foci; 
and  I  equals  the  diameter  at  right  angles  to  it,  for  in  the  tri- 
angle O1QO3, 


l^  =  0,0^   -  (Bz  -BiY  (184) 

Example.-^'Fig.  57. 

Given:  JR,  =  1432.69    B^  =  1910.08  and  I  =  400. 

Assume  p=      11.4   to  find  i?2,«  and  y5. 


Eq.(170)i?,- 

• 

•    • 

Eq.  (178) 

• 

Eq.  (174) 

• 

•  • 

A- 

• 

•  • 

• 
• 

-  ^1 

I 

• 
• 

I 

• 

I 
P 

* 

P 

* 

i 
t 

Bi 

I 

a 
Aa 

477.39 
400. 

11.4 
27.64 

3508.77 
3342.77 

3d°  57'  34" 

39°  57'  34" 

39°  57'  34" 

(say)  3437.87 
7°  00' 

6°  or 
13°  or 

log  2.678873 
*•    2.602060 

log  cot  0.076813 

'*  sin  9.807701 

"  sin^  9.615402 

log  1.056905 

"  1.441503 
"  4.602060 
"  1.056905 

"  3.545155 

2)  6879.18 

3439.59 

11.4 
1527.79 

11.4 
2005.18 

(nearly) 

'*  1.056905 
"  3.184064 

log  vers  7.872841 

log  1.056905 

"   3.302153 

log  vers  7.754752 
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Exampk,^¥ig  57. 

Given:    Bi  --^  1482.69,  Bs  =  1910.08,  and  Z  =  400. 
Assume  B^  =  3437.87,  to  find  A«,  )5,a  andjp. 


Eq.  (179) 

i?2- 

2. 

2005.18 
1527.79 

log  0.801030 
'*  8.802158 
"  8484064 

"  6.787947 
5.204120 

• 

A. 

•  Bi 

I 

477.39 
400. 

18'  or  22' 

log  vers  8.416873 

log  2.678878 

*'  2.602060 

• 

Eq.  (180) 

i 

• 

% 

Aa 

'Bt 

1527.79 

89°  Sr  84" 

39°  57'  34* 
13°  07'  22" 

log  oot  0.076818 

log  Bin  9.807701 

"    "  9.856099 

log  8.184064 

I 

400. 

log  sin  2.847864 
log  2.602060 

Eq.  (175) 
Eq.  (172)/?.- 

a 
-Bz 

a 

33°  50'  39" 
6**  06'  55* 

7°  00'  27* 

7°  00'  27* 

log  sin  9.745804 

log  8.184064 
log  vers  7.873809 

p  11.41  1.057878 

178.  Oiven:  a  ihree-eentred  compound  curte  to  replace 
the  middle  arc  by  an  arc  of  differerU  radius, 

I.  When  the  radius  of  the  middle  arc  is  the  g^reatest. 
Pig.  57. 

First  find  the  length  and  direction  of  the  common  tangent 
AB,  Let  Aa  =  central  angle  of  the  middle  arc,  i2i  =  its 
radius,  and  Bi  and  J?s  the  radii  of  the  other  arcs.  From  eq. 
(179). 

I  =  V2{B2  -  Bi)  (TJa  •  A)  vers  At  085) 

Then  find  i  by  eq.  (170),  a  and  /5  by  eqs.  (181)  (182),  *nd  p  by 
eq.  (172). 

For  the  new  arc  we  may  now  assume  a  new  value  for  p,  or 
for  JSf ,  or  for  a.  Indicating  the  new  values  by  an  accent,  if 
we  assume  p'  we  proceed  as  in  the  last  problem,  using  eqs. 
(178),  etc.  If  we  assume  Ba,  we  use  eq.  (179),  etc  If  we 
assume  a',  we  use  eq.  (178). 
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n.  When  ^  radvus  <tf  the  middle  are  is  the  least  of  the 
fhre^    Fig.  58. 

In  this  case  the  middle  arc  is  within  the  other  two  pro- 
duced; and  for  the  same  values  of  RiBz  and  OiOs,  the  loeue 
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of  the  centre  Oa  is  the  opposite  branch  of  the  hyperbola  found 
in  §177.  When  the  centre  O2  falls  on  the  line  OiOs,  Aa  = 
180%  and 

A  =  ^B^  +  iJj  —  OiO%\  a  maximum.        (186) 


Analogous  to  eq.  (185),  we  have 

I  =  V2(i?i  -  iJa)  {Bt  -  B2)  vers  Aa. 
which  gives  the  length  of  the  common  tangent  YZ, 


a87) 


We  then  have  the  values  of  i  and  of  Oi  0»  by  eqs.  (170)  (171), 
and  of  a  and  fi  by  eqs.  (181)  (182),  and  analogous  to  eq.  (172), 

p  =  (jRi  -  iJa)  vers  a  =  (JBs-iJa)  vers  /?        (188) 

in  which  p  is  the  perpendicular  distance  .ST  between  parallel 
tangents. 

For  the  new  arc  we  may  now  assume  a  new  value  for  p,  for 
A,  or  for  a.    Indicating  the  new  values  by  an  accent,  if  w© 
p',  we  have,  analogous  to  eq.  (178) 
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aod  from  eq.  (138) 
If  we  assume  Ri',  we  have,  analogous  to  eq.  (179), 

and  we  And  a  and  /J  by  eqs.  (181)  (182).  and  p'  by  eq.  (188). 

III.   When  the  radius  of  the  middle  are  hag  an  InterKiedl- 
ate  value,  compared  leith  tfie  other  radii.    Fig.  S9. 


Fia.G9. 

In  this  case,  whatever  be  the  value  of  St,  we  have 

0,0,  +  0,0,  =  (B,  -  R,)  +  (H.  -  ^i)  =  (R,  -  Si 

a  coDHtant  value  iodependent  of  Bi ;  hence  we  infer  tha*  Jht 
locus  of  0,  is  an  ellipse,  of  which  0|  and  Oi  are  the  foci,  Vid 
(R,  -  Bi)  equal  to  the  traosverse  axis. 

Let  ;  =  <iQ'=  the  conjugate  axis,  and  lei  •'  =  $0,0,  =: 
Q0,0,. 

Produce  0,Q  to  G,  making  QO  =  0,Q,  and  join  00, 
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Then  by  similar  triangles  OOi  is  perpendiculju*  to  0x0%,  and 
Q0\  =  /;  and  in  the  right-angled  triangle  OOzOi 

Oi  0,  =  (/?3  -  Ri)  cos  i  =  ^  cot  i  (193) 

Analogous  to  eqs.  (185)  and  (187),  we  have 


I  =  V  %{Rz  -  i?a)  (i2a  -  Bi)  vers  Aa  (194) 

which  may  also  be  derived  from  the  triangles  OiO^Oz  and 

Let  a  =  OaOaOi,  and  yS  =  OaOiO, 
Then 

sm  a  =  7^=-7^  sm  A »  =  j tan ».  sm  Aa         (195) 

From  the  figure  fi  =  A^  —  a  (196) 

In  the  diagram  produce  the  hne  OzOi  and  it  will  intersect 
all  the  arcs.  At  the  points  Z  and  Y,  where  it  cuts  the  inner 
and  outer  arcs,  draw  tangent  lines  perpendicular  to  O3O1. 
Draw  the  radius  Oa/  parallel  to  O3O1,  and  the  tangent  line 
IL  at  /. 

Let  q  =  ZYsLndp  =  ZL  =  EI 

Then  by  the  theory  of  parallel  tangents,  §137,  the  point  I  is 
on  the  chord  PZ  produced,  and  it  is  also  on  the  chord  P'  T; 
and  we  have 

p  =  ZL  =  (Ra-  Ei)  vers  y5.  (197) 

q-p  =  L7=iRz  -  Ri)  vers  a  (198) 

and  S' equals  the  mm  of  these.  But  y  =  ZT  is  the  shortest 
distance  between  the  inner  and  outer  arcs,  and  has  a  constant 
value  independent  of  i?a.  If  we  assume  R^  =  i(i?3  +  Ri)  the 
centre  Oa  will  be  at  Q,  and  a  =  /3  =  »,and  p  =  iq.  Making 
these  substitutions  above, 

q  =  (i2,  -  El)  vers  i.  (199) 

Also,  from  the  figure, 
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ZT=  o.r-  OxZ"  OiOm, 

or, 

q=z  Ez"  El"  OiOt.  (200) 

In  the  triangle  ZITwe  have  by  Geom.  Tab.  L  26, 

ZP  =z  lY^  +  ZT*  •"  2Zr(ZT  -  ZL) 
or 

ZY^  -  2ZY,ZL  =  lY^  ~  Zr« 

Now, 

ZP  =  4(i?a  -  i?i)»  sm»  i/J  =  2(i?,  -  JBi)«  vers /? 

ir«  =  4(iJ.  -  -Ba)'  sm»  ia  =  2(i28  -  i2,)  vers  a 

Hence 

ZT^  =  2(i2a  -  iJi)p  and  /r«  =  2(i2,-  iJa)  fe-l>) 
Substituting  these  values,  and  solving  for  p,  we  have 


Also 


^        Bt  —  Bi  —q  OiO,  ^     ' 


Bt  =  (B,-ig)-p.^  (80a) 


For  any  other  value  of  B,,  we  have 

B,'=(B,-iq)-p-^ 
Hence 

B,'-R,  =  ^(p-p')  (906) 

which  gives  the  change  in  R3  for  a  given  change  in  the  value 
of  p 

Observe  that  as  p  diminishes  E9  increases  and  vice  vena. 

Having  determined  the  value  of  E%\  we  find  p'  by  substitat- 
ing  E2  fori?,  in  eq.  (201);  and  from  eqs.  (197)  (198)  we  hare 

^^"^'  =  S^  <^ 

Tersa'  =  -^£^  (SOUf) 
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and  the  change  in  the  points  of  compound  curvature  is  found 
by  (/?  -  fi')  and  {a!  -  a). 

Remark. — When  Ra  =  \{Bi  +  i?i),  Aa  =  2t,  a  minimum, 
and  the  long  chord  PP'  is  perpendicular  to  OiOa.  When  R% 
is  greater  than  this,  a  is  greater  than  p,  and  vice  versa.  What- 
ever be  the  value  of  jBi,  the  long  chord  PP'  always  cuts  the 
line  0x0%  produced  in  the  same  point  8,  at  a  distance  from  Zot 

Z8  =  Bi  vers  i; 

or  from  Oi  of  dS  =  Bi  cos  t. 

This  item  will  be  found  useful  in  solving  the  problem 
graphically. 

Mcample, 

Let  Bi  =    781.84    Di  =  T  20' 
*•    Ra  =  1375.40    2>a  =  4M0'       A,  =  48' 
"    22,  =  1910.08    Dt  =  8**  00' 
Letjp-p'=     11.30 
Eq.  (194)  2 


(192) 


(198) 


Jvt  "^  2?a 

As 


534.68 
598.56 


48" 


log  0.301030 
"  2.728094 
"  2.773465 
log  vers  9.519657 


458.27 
1128.24 


2)  5.322246 

log  2.661123 
*•  3.052402 


23"  57'  55"  log  sin  9.608721 


(195) 


i 
Bt  —  Bi 

OiOz      1030.98 

B%  —  B\ 

Aa 


(203) 
(200) 


OiOz 
OjOz 

Bi  —  Bi 
Bi' 


97.26 

11.30 
119.78 


23'' 57' 55"  log  cos  9. 960847 
log  3.052402 

log*  3.013249 

log  2.773465 
48**  log  sin  9.871073 

log  *  2J44538 

25°  19'  52"  log  sin  9T631289 
22'  40'  08" 

log  3.013249 
1.987934 


1.025315 

log  1.053078 

"  2.078393 


1495.18  (say)  149495  for  3"  50'  curve. 
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(201)i28~i2/-ig 

0.03 

366.50 

3457 
713.11 

62.69 
415.13 

6^34'   .-. 
4'' 45'   .-. 

P'F 
PP 

17° 

r"  _ 

1          _ 

55'      log 

54'      log 

49' 

=r  218.89 
=    64.77 

log  2.564074 
"  1.025315 

(197)     R^'  -  B, 

"  1.538759 

"  2.853157 

vers  8.685602 

(198)            q  -V\ 
Pa  —  Ma 

log  1.797198 
*'  2.618184 

a' 

A,' 
a'  —  a  = 

vers  9.179014 

The  practical  difficulty  ia  changing  the  middle  arc  of  three 
centred  curves  lies  in  the  difference,  of  measurement  that 
ensues.  Thus,  in  the  last  problem,  although  the  total  central 
angle  is  the  same,  the  new  curve  is  6.56  feet  shorter  than  the 
original,  making  a  fractional  station  at  P  ".  If  the  change  is 
made  during  the  location,  it  is  well  to  re-run  the  last  arc  from 
P"  to  the  tangent  following,  so  as  to  eliminate  the  fractional 
station  from  the  curve. 


/  /  I 
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CHAPTER  VII. 
Turnouts. 

170.  A  turnout  is  a  curved  track  by  which  a  car  may 
leave  tlie  main  track  for  anotlier.  At  the  point  where  the 
outer  rail  of  the  turnout  crosses  the  rail  of  tlie  main  track  a 
frog  is  introduced  which  allows  the  flanges  of  the  wheels  to 
pass  the  rails.  A  frog  consists  essentially  of  a  solid  block  of 
iron  or  steel  having  two  straight  channels  crossing  each  other 
on  the  upper  surface,  in  which  the  flanges  of 
the  wheels  pass.  The  triangular  portion  of  the 
upper  surface  formed  by  the  channels  is  called 
the  Umgue  of  the  frog,  and  the  angle  which  the 
channels  make  with  each  other  is  called  the  frog- 
angle.  Every  railroad  is  provided  with  a  set  of 
frogs  of  different  angles,  from  which  may  be 
selected  one  best  adapted  to  any  particular  case. 

The  frogs  may  be  designated  by  their  angles, 
but  it  is  customary  to  designate  them  by  numbers  expressing 
the  ratio  of  the  bisecting  line  FC  of  the  tongue  to  the  base 
line  ab.  Fig.  60.     Observe  that  F  is  at  the  intersection  of  the 
edges  produced,  and  not  at  the  blunt  point  of  the  tongue. 

In  the  triangle  aFG, 

FC 

=  coi\aFb 


aG 


and  if  we  let  n  =  the  number  of  the  frog,  and  F  =  the  frog 
angle,  then 

wn       FC 

On  some  roads,  however,  the  frogs  are  numbered  arbitrarily, 
or  according  to  their  length  in  feet,^ while  on  others  they  are 
designated  by  letters  of  the  alphabet.  In  any  case  the  true 
number  (»)  of  a  frog  may  l)e  determined  by  the  above  for- 
mula. 
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The  first  rail  of  the  turnout  is  common  to  both  tracks,  and 
is  called  the  switch-rail.  It  has  one  end  free,  so  as  to  be  shift- 
ed from  one  track  to  the  other  as  required ;  the  free  end,  D 
(Fig.  61),  is  called  the  point  of  switch.  The  tangent  point  of 
the  turnout,  at  A^  is  called  the  heel  of  switch,  and  the  distance, 
AD,  is  the  length  of  switch.  The  switch-rail  should  be  several 
feet  longer  than  AD,  and  the  excess  be  spiked  down  in  the 
line  of  the  main  track  back  of  the  point  A.  Then  if  the  point 
D  is  thrown  over  to  meet  the  rail  of  the  turnout  at  K,  the  switch 
rail  is  sprung  into  an  arc,  which  coincides  with  the  arc  of  the 
turnout,  provided  that  the  length  of  switch  AD  has  been  prop- 
erly taken.  The  distance  DK  through  which  the  point  moves 
is  called  the  throw  of  the  switch.  It  varies  on  different  roads 
from  4^  to  6  inches,  but  is  usually  made  about  5  inches,  or  0.42 
feet.  A  turnout  should  be  a  simple  curve  from  the  heel  of  the 
switch  to  the  point  of  the  frog. 

180.  Given:  a  main  track,  straight,  and  a  frog  angle  F,  to 
determine  the  distance  BF,  on  the  main  track  from  the  heel  of 
mitchto  paint  of  frog,  the  radius,  r,  of  the  centime  Une  of  the  turn- 
out, the  lengihof  chord  &£,  cmd  the  proper  length  of  switch  AI>. 
Fig.  6t 


Pio.  61. 

Let    Che  the  centre  of  the  turnout 
F  =  the  frog  angle,  HFI  =  FCB. 
g  =  the  gauge  of  track  AB, 
r  =  radius,  a(7  =  fC, 
•'  DK  =  the  throw  of  switch. 

Then  the  radius  of  the  gauge  side  of  the  outer  rail  is  (r  -|-  j^X 
and  we  have 


(( 


(( 


<< 


or, 
whence 
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AB  ==  FC .  YGta  FOB 
g  =  (r-{-^)  vers  P 


(^  +  ^>  =  ^  ^ 


The  angle  AFB  =  iF 

and         BF=  AB  cot  AFB  =  ^^ .  cot  \F  (80© 

Again,  in  the  triangle  FCB 

BF=zFC.BmFCB=(r  +  ig)AnF  (309) 

The  chord  af  is  evidently 

af=Zr  sin  iJ^  (210) 

Similar  to  eq.  (207),  we  have 

vers-4C7i?  =  -=77-  =  — r—r- 
KO       r  +  ^ 

But  since  the  inside  rail  has  the  same  throw,  while  its  radius 
is  (r  —  ig),  we  may,  if  convenient,  drop  the  ^,  and  hence  the 
length  of  switch  is 

AZ>  =  7- .  sm  ACD  (211) 

The  degree  of  curve  corresponding  to  r  is  found  from  Table 
IV.,  or  by  eq.  (17),  and  the  centre  line  of  the  turnout  may  be 
located  by  transit  deflections  from  the  tangent  point  a,  using 
chords  of  20  or  25  feet  +  the  correction  found  in  §§  106,  107; 
or  the  deflection  for  a  20-foot  chord  may  be  calculated  at  once 
by 

sm  (id,o)  =  -^  (212) 

1S1«  Simple  as  these  formulae  are,  they  may  be  rendered 
still  more  convenient  by  introducing  the  number  of  the 
ttog,  n.  By  eq.  (206)  we  have  cot  iF=:  2n,  which  substi- 
tuted in  eq.  (208)  gives 

BF=  2gn  (213) 

Drawing  the  chord  ^i^to  the  outer  rail, 

AF==  VAB^  +  BF^=gVl  +  ^^  (214) 


I  . 
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Make  BA'  =  AS  and  join  FA';  then  by  similar  triangleai 
AAF^ndiAFG, 

AA'  lAFv.  AF\  FO 
whence 

or.  (r  +  i^)  =  fe'(l  +  47i^)  (215) 

whence  r  —  2gn^  =  BF.  n  (216) 

The  chord  a/ to  the  arc  of  the  centre  line  is  to  AFas  r  is  to 

AF   r 
(r  +  i^);  hence  af  =  — xi~"'  ^^^  substituting  values  from 

^qs.  (214)  (215)  we  have 

4/1  +  47i« 

Assuming  that,  for  small  angles,  the  tangent  offsets  vary  as 
the  squares  of  their  distances  from  the  tangent  point,  which 
will  lead  to  no  material  error  in  this  case; 

ABiDK::  BF^ :  AD^ 

Whence  AD=BFa/^^  ) 

^    AB  {         (218) 

or  AD  =  ^4,n^g  ,DK  =    VWTDK   ) 

It  is  not  necessary  to  determine  the  degree  of  curve  in  order 
to  locate  the  turnout,  for  having  fixed  the  position  of  BF,  the 
position  of  af  is  found  by  laying  off  Ba^  and  F/,  each  equal  to 
\g.  Whatever  be  the  length  of  the  chord  af,  found  by  eq. 
(217)  or  (210),  its  middle  ordinate  is  always  ^g,  and  the  ordin- 
nates  at  the  quarter  points,  | .  i^r  =  ^^g.  Thus  for  the  stan- 
dard gauge  of  4.708  the  middle  ordinate  is  1.177,  and  the  side 
ordinates  0.883. 

By  the  preceding  formulae  Table  XI.  has  been  calculated. 
Which  gives  the  required  parts  of  a  turnout  for  various  frogs 
When  the  gauge  is  4  feet  8^^  inches  and  the  throw  5  inches; 
also  for  a  gauge  of  3  feet  and  throw  of  4  inches.  For  any 
other  throw,  only  AD  must  be  calculated.  For  a  different 
gauge  the  engineer  will  do  well  to  construct  a  similar  tables 
adapted  to  the  frogs  used  on  the  road. 
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In  the  table  the  frog  angle  is  given  to  seconds,  in  order  that 
the  TesultB  may  agree,  whether  found  hy  equations  in  §  180 
or  §181;  but  in  practice  the  nearest  minute  is  sufficiently 
^act.  The  frogs  mo^  used  for  single  turnouts  ore  those 
from  No.  7  to  No.  9,  inclusive. 

183.  /ft 


FlQ.  82. 


switch  is  called  a  three-throw  twiteh.  because  Its  point  takes 
three  positions.  The  frogs  F  and  F'  are  usually  alike,  and 
placed  exactly  opposite  each  other  in  the  main  track.  The 
other  frog  F'  is  placed  on  the  centre  line  of  the  main  track. 
Its  angle  F'  and  its  distance  from  a  are  now  1o  he  determined 
in  terms  of  i^. 


In  the  figure  we  have  vers  F"Ca  = 


F"0 


aF" 


=  r .  tan  iF" 


(330) 
(231) 


All  the  parts  of  the  turnout  required  to  locate  the  frogs  F 
and  F'  are  calculated  by  the  formula  in  the  preceding  sec- 
tions, or  are  taken  from  Table  XI. 

If  we  let  m"  =  the  number  of  the  frog  F",  then  by  eq.(306) 


taaiF" 


which  substituted  in  eq.  (331)  gives 
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Also,  in  the  triangle  aF'C, 


aF"  =  V{r-\-^gf  -  r«  =  SW+W        (233) 
Equating  these  and  replacing  r  by  2gn^,  we  obtain 


271'  +i 


If  we  neglect  the  J,  we  have 

n 


(approx.) 


n"  =  -^  =  .  7071» 

V2 


(224) 


(225) 


Exam/pie,— It  F-F'^^""  W,  or  »  =  n'  =  8.5,  then  n' 
6.0  +  or  i«^'  =  9"  82'. 


183*  In  case  no  frog  is  at  hand  of  ihe  angle  or  ntmber  given 
by  eq.  (219)  or  (225),  we  may  select  one  as  nearly  like  it  as  pos- 
sible, and  locate  the  turnout  as  a  compoundl  curve,  pro* 
Tided  that  F'  is  less  than  2F    Fig.  63. 
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Let  r"  =  C'a,  and  r  =  /  =  QT  =  C7/' 
Then  analogous  to  the  equations  of  §  180, 

'  '^  -  exseciF" 


<!»9« 


(SMW) 


aF"  =  (r"  +  ig)  sin  iF"  =  r"  tan  ii?"       OUH) 
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The  length  of  the  switch,  by  eq.  (218),  is 


AD=  V2r"  DK 

The  curvature  of  the  rail  between  the  frogs  F"  and  F  is 
P"CF  =(F''  iF"). 

Draw  the  chord  ^"i^'and  the  perpendicular  F"L;  then  the 
angle  LFF"  =  F^i(F"  iF")  =  i{F  +  iF");  and  since 
LF"  =  ig, 

•  '•  ^"^  =  miUF+iF")  ^^^^ 

ZF=ig.coii{F  +  iF")  (230) 

<^  +  ^^)  =  sini?JlV)  (^'^ 

JKMwnpfc.— Let  i?'  =  6'  44'    J^"  =  10**  24' 

£q.  (326)  i^       2.854  log  0.871806 

iF"  5M2'    log  exs  7.616224 


• 

£q.(22Q 

• 
•  • 

r" 
iF' 

aF" 

■iF^ 

-iF') 

569.616 

51.839 
2.354 

22.645 

6M2' 

5*'58' 
0''46' 

2.755582 
log  tan  8.959075 

1.714657 

Eq.  (829) 

log  0.371806 
log  sin  9.016824 

• 

iSq.  (281)  Ki^- 

1.354982 
log  sin  8.126471 

2(r  +  ig)  1692.432  3.228511 

r    843.862 

When  n"  >  .  707n,  r  will  be  less  than  r".  Should  F '  not 
equal  F,  {F"  being  given),  then  r'  and  L'F'  must  be  calculated 
also,  by  substituting  F'  for  i^^in  eqs.  (230)  and  (231). 


184.  F^om  the  same  switch  in  a  straight  track  it  is  required 
to  lay  two  turnouts  on  the  same.  side.    Fig.  64. 

If  we  assume  F'  =  F,  and  that  these  two  frogs  shall  be 
opposite  each  other,  we  calculate  all  the  distances  of  the  first 
turnout  for  the  angle  F  (or  number  n)  by  §  180, 181,  whence 
we  have  the  radius  r  zs  Ca, , 
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Let  r'  =  C'a,  the  radius  of  the  centre  line  of  the  second 
turnout  The  angle  ACP  =  F,  and  since  F'  =  F,  the  ati^e 
CF'O'  =  F,  and  the  triangle  GFC  la  laosceles,  and  O'F'  = 
CO.    But  O'F-  =  C'A  =  iCA. 


(307) 

haye  from  et 

or  from  eq.  (318) 

(284) 

(set) 

BF'  =  i>-'-i-ig)MaF=2gn 

CS8«) 

af  —  Hr'  sin  171"'  — 

(M7) 

and  since  AC'F"  =  2P, 

»/'  = 


The  length  of  switch  may  be  calculated  hj  either  r  or  r', 
^ce  for  r',  which  is  about  jr,  the  throw  of  switch  ia  ilowiU, 
thuB  giving  practically  ideaticitl  results. 

If  we  compare  the  values  of  F'  as  obtained  by  eq^  (88^ 
and  (SIS),  we  shall  find  them  almost  ideutickl  for  given  viIiih 
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of  ^and  ff;  and  since  this  may  also  be  proved  analytically  by 
assuming  that  vers  ^F'  =  i  vers  F\  which  is  very  nearly 
true  for  ordinary  values  of  F\  we  conclude  that  a  set  of  frogs 
{F  =  F',  and  F")  which  is  adapted  to  a  double  turnout  in 
opposite  directions  from  a  straight  line  (as  in  Fig.  62)  is  also 
adapted  to  a  double  turnout  on  one  side  (as  in  Fig.  64),  the 
curves  being  simple  curves  in  every  case.  But  this  being 
true,  the  set  is  also  adapted  to  a  double  turnout  in  opposite 
directions  from  any  curved  track  the  radius  of  which  is  not 
less  than  r  as  given  for  F^  since  any  such  case  is  intermediate 
between  the  two  cases  named.  When,  therefore,  a  certain 
frog,  F,  is  adopted  for  general  use  on  any  road,  another  frog 
should  also  be  adopted,  whose  angle,  F ",  is  determined  by 
eq.  (219),  or  whose  number  n  is  determined  by  eq.  (225). 
Thus,  if  -F'=  6'  44',  or  w  =  8i,  then  F'  should  be  9"  32',  or 
n'  =  6. 

185*  In  case  no  frog  is  at  hand  of  the  angle  or  number  given 
by  eqs.  (234)  (235),  we  may  select  one  as  near  the  same  angle 
as  possible,  and,  calling  this  F",  calculate  the  distance  BF' 
and  the  radius  O'F'  (Fig.  65)  as  for  a  single  turnout;  §  180. 
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Then  assuming  any  other  frog  F\  whether  equal  to  For  not, 
it  is  required  to  find  the  chord  F''F\  and  the  radius  C'F'  of 
the  arc  F'F'.  The  point  F'  may  fall  either  side  of  the  radius 
CF,  according  to  the  values  given  to  F"  and  F'. 

a*  In  COM  F'  falls  beyond  the  radius  CF,  we  will  assume 
first,  that  the  entire  rail  from  B  to  F'  is  laid  with  the  same 
radius  BC,  and  centre  G.  (This  investigation  also  applies  to 
the  case  when  F'  falls  between  B  and  the  line  OF.) 

In  the  diagram  (Fig.  65)  draw  CF\    We  then  have 
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and 

GF"  =  (r  -  1^)  exsec  BCF"  (240) 

In  the  triangle  F"CF\ 

F"0'-F'C  :  F"0  +  F'C::  ta,ni{F"F'0^  F'F"C) 

:  cot  F"CF' 
Now,  since  C'F'C  =  F\  and BO'F'  =  i?"', 

.-.  F"F'G=  F"F'C'  +  F' 
and 

F'F"0  =  F'F"C"  -  C"F"G=  F"F'C'  -  (i?"'  -  5Ci^"{ 
Letting  17  =  (/"J^^'C  =  (2?"'  -  JJC/i?"') 

and  subtracting,  we  have 

F"F'G  -  F'F'G  =F'  +  V 
Hence  the  above  proportion  may  be  written 

OF"  :  2BG+  GF"  ::  tan  V.F'  +  U) :  cot  \F"GF' 
whence 

cot  \F " GF'  =  ^-S£+^^EL  tan  \{F'  +1^)         (241) 

(Since  BCii^"  +  F"GF'  -  BGF\  and  we  know  the  radius 
BG,  the  chord  or  arc  BF'  is  easily  obtained,  which  fixes  the 
position  of  the  frog  F'\  and  the  problem  may  end  here, 
frequently,  in  practice.) 

Now  in  the  same  triangle  F"GF\  the  half  stun  of  F"  FG 
and  F'F"G  is  90"  -  \F"GF'\  while,  as  we  have  just  seen, 
the  half  difference  is  VJF'  +  CT);  and  by  subtracting  we  haTe 
the  less,  or 

F'F'G  =  90**  -  K^'  +  17+  F"GF')         (24$ 

Vow  F"F'-  F'GsinF-GF' 

Now  F  F  =  —^F'j^fTg— 

__  __BG^_^F^F^ 

^'  ^  -^  ""  cos  i(i?"  +  17+  F"GF')  ^^*^ 
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To  find  the  angle  F"0'F';  produce  the  line  F'O'  in  the  dia- 
gram to  intersect  the  line  BO  at  K.  Then  the  two  triangles 
KC'C  and  KOF'  have  the  angle  JT  common,  and  the  sum  of 
the  other  angles  will  be  equal;  that  is, 

KC'O'  +  C'C'K  =  KGF'  +  CFK 

or  F"  +  F"C'F'  =  BGF'  +  F' 

and  since  BCF'  =  BGF"  +  F"GF' 

.',  F"0'F'  =  F"GF'  +  F'  -  U  (244) 

If  we  denote  the  radius  F'C  by  r'  +  ^ 

i.jp"jp' 
r'  +  ig  =  am  ^F"0'F'  ^^^ 

Ezample,-^iyen:  the  three  frogs  -F'  =  6°  43'  59',  i^'  = 
e**  01'  32',  and  F'  =  S**  47'  51'  to  lay  a  double  turnout  on  one 
side  of  a  straight  track.    Fig.  65. 

By  Tab.  XI.  BF  =  80  036    r  =  680.306  AD  =  23.82 
BF'  =  61.204    r"  =  897.826 

Eq.  (289)              BF'      61.204  log  1.786779 

{r-ig)    677.952  "    2.831199 

BGF'  6°  09'  38'       log  tan  a955580 


Eq.(240)  BGF'  5"  09' 38'    log  exsec  7.609587 

(r  -  iff)    677.952  log  2.831199 

GF'        2.760  "    0.440786 


Eq.  (241)  (2BC+  GF")  1368.664  *'    8.133112 

([7=  3°  38' 13')  2.692326 

\{F'  +  U)                  4°  49  52". 5  log  tan  8.926968 

V,F'GF')                  1"22'35'  **   cot  ^619294 


Eq.  (248)          F'GF'  2°  45' 10"         "   sin  8.681481 

r-\g  677.952                                    2.831199 

1.512680 

^F'+U'\'F'GF')  6°12'27\5     *'   cos  9.997446 

F''F'  32.752                                       17515234 

Eq.  (245)       \F"G'F'  2"34'14".5      **   sin  8.651781 

a(^'+i^)  730.219                                     2.863458 

r'  362.755 
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b.  We  assume,  secondly,  that  the  middle  track  U  straight 
beyond  F,  and  tangent  to  the  curve  at  F.    Fig.  66. 

Then  whenever  the  value  of  F"  is  less  than  that  given  by 
eq.  (234),  the  arc  AF\  produced  with  the  same  radius  ^C", 
will  intersect  the  straight  rail  HF'  at  some  point  F',  and  the 
frog  angles  i^and  F'  will  be  equal. 


Fig.  66. 

For  the  straight  rail  HF'  produced  backwards,  passes 
through  the  point  A^  making  an  angle  F  with  the  main 
track,  since  the  triangles  CBF  and  CHA  are  equal,  and  AH 
=  BF.  Now  any  circle,  tangent  to  the  main  rail  at  A^ 
will  intersect  the  line  AHm  some  point  F\  and  since  AF'  is 
the  chord  of  the  arc,  the  angle  at  F'  equals  the  angle  at  A, 
which  is  F.     Hence  F  =  F  ;  and  the  angle  ACF'  =  2^. 

The  length  of  the  chord  AF  is 


AF'  =  2AC''  sin  F 
The  chord  F'F'  =:2F''C''  sin  ^F'G'F') 


(246) 


Hence, 


=  2AC''sinU2F''  F") 
F'F'  =  2(r'  +  ig)  siniF-  iF') 


(247) 


Example.— Let  F'  =  F  =    6^  43'  59"  and  F'  =  8**  47'  51' 

Hv  Table  XI.      r"  =  397.826 

Eq.(247) 2(r"  +  \g)  =  800.360  log  2.908285 

F  -iF"  2°  20'  03'.5        log  sin  8.609915 

F'F' 


32.60 


1.518300 


If  the  frog  F'  is  required  to  be  different  from  F,  then  the 
inside  curve  must  be  compounded  at  F^",  giving  other  values 
to  the  length  and  radius  of  the  arc  F'F'. 
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C.  We  UBome,  thirdi^,  that  the  curve  of  the  muldb  track  U 
rtwrmd  at  F.    lig.  67. 

In  the  diagram,  let  Q  be  the  centre  of  the  reversed  portion, 
and  F'  the  proper  position  of  the  frog  F',  and  C  the  centre 
of  the  required  arc  F''F'.  Then  Q  is  on  the  radial  line  OF, 
produced,  and  O'  is  on  the  radial  line  F"C"  produced.  Join 
FQ  and  F'Q,  and  produce  G"F"  to  intersect  these  lines  in  L 
and  M  respectively.  Also  join  F"l^,  and  denote  the  angle 
ZF'Qbj  Pandlheangle  J*"e-'*"'by  S- 


In  the  triangle  i^"e  we  know  J?"'i''=BJ!'-BJ?"',  and  the 
side  FQ  is  pven ;  and  the  included  angle  F"FQ  =  60°  -\-  F. 
Hence  we  may  calculate  (Tab.  II.  35)  the  angle  F"QFa,nA  the 
■ide  F"Q. 

The  triangle  CCi  gives  the  angle  ati,=  F''  -  F;  and  the 
triangle  F"LQ  gives  LF'Q  =  L-  F"<iF 

.:   V ^  F"  -  F -  F''QF  (348) 

In  the  triangle  F'QF"  we  have 

F'Q  -  F"Q  :  F-Q  +  F'-Q  ::  tan  i{F'F"Q  -  F"F'Q) 
■.coii{F-QF'') 
Bat  F-F'(i  =  F'F-L  +  Umi  F"F'Q  =  F 'F'N  -  F',m6 
rince  F'-F'N  =  F'F'L,  we  have  by  siiblraclion, 


F-F-Q  -  F"F-q=  U+  F 
CotiC=J,«ij;«tanl(tr4 
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(Now  the  angle  FQF'  ==  Q-~F"QF,  and  is  subtended  by  tke 
chord  HF',  which  is  therefore  easily  found,  and  serves  to 
locate  the  frog  F',  and  frequently  this  is  all  that  will  be 
required.) 

In  the  triangle  F"QF\  the  half  sum  of  QF"F'  and  QF'F' 
is  90°  —  i§,  while,  as  we  have  just  seen,  the  half  difference  is 
i{U-{-  F');  hence  by  adding,  we  have  the  greater,  or 

QF"F'  =^90"  +  ^{U+F'  -  Q) 

The  triangle  G'F'M  gives  F"G'F'  =  F'  -  M,  while  the 
triangle  F'MQ  gives  M=  U  +  Q;  hence  F"C'F'  =  F'  - 
(£/"+  0;  and  denoting  the  radius  0  'F'  by  r'  +  ig, 

''  +  ^^=  sin  Jr"u-Q)  (^^> 

Bxample.—Let  F  =  F'  =  6°  43'  5^,  F'  =  8"  47'  51',  and 
FQ  =  953.013.  Then  by  Tab.  XL.,  BF=  80.036  and  BF'  = 
61.304;  hence  F"F  =  18.833;  and  the  included  angle  is 
96"  43'  59". 

Solving  the  triangle  FF"Q  we  find  F'QF  =  I''  07'  18'. 
FF"Q  =  83°  08'  43*.  and  F"Q  =  955.403.  Now  FQ  = 
J^§  +  ^  =  957.730. 

(349)  F'Q  +  F"Q    1913.133  log  8.281748 
F'Q-F'Q         3.318  **  0.866118 

(U  0""  56'  ^')  "  3.916680 

i(Cr+  F')  3°  50  16".5  log  tan  8.836281 

iQ  r0308'.4    "  cot  1.742861 

(350)  0  3°  04'  16'.8    "  sin  8.558088 
K^+i^'-g)  3°48'08M    *•  cos  9.999480 

8.558658 
F'  Q     957. 730  log  3.981289 

F"F'       84.638  1.589892 

(251)  HF'  -  U-  Q)  V  51'  84M  log  shi  8.511191 

2(r^  +  y)    1068.82  8.0WTW 

r'      531.81 
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186.  Oiwn:  a  main  track,  curved,  and  a  frog-angle  F,  to 
loc€Ue  a  turnout  on  the  inside  of  the  curve.    Fig.  68. 

i 

Let  B=i  Oa     =  radius  of  main  track. 

*'    r  =z  Ca     =  radius  of  turnout. 

"    F=  CFO  =  tlie  frog  angle. 

In  the  diagram  draw  the  chord  AF  &nd  produce  it  to  inter- 
sect the  outer  rail  at  G;  and  draw  FO  and  QO.  Since  the 
chords  AF  and  AG  coincide,    and  the  radii  AC  and  AO 
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coincide,  the  chords  subtend  equal  angles  at  C  and  0  respec- 
tively, and  GO  is  parallel  to  FC.  (See  §  137;)  Hence,  FOG 
=  CFO  =  F.    Let  B  =  the  angle  FOA, 

In  the  triangle  FOA,  Q  =  GFO  -  FAO  =  GFO  -  FGO; 
and  in  the  triangle  GFO,  00+  FO  i  GO-  FO  ::  tan  V<GFO 
+  FOO)  :  tan  \{GFO  -  FGO),  or  2B  :  g  ::  cot  ^F  :  ian^ 

.'.  tan  i6  =  ^  cot  iF=  -^  (252) 

In  the  triangle  CFO, 

(^  +  ^)  =  (^-*^)sin'(^  +  e)  (258) 

In  the  triangle  BOF, 

BF  -  2{B  -  ig)  sin  ^  (254) 

In  the  triangle  aCf, 

af=^%T  sin  \!^F+  S)  (265) 


162  FIELD  EKGIKEERIKG. 

27ie  length  of  noitch  AD,  for  a  given  throw  DK,  may  be 
found  thus :  from  Table  IV.  take  the  tangent  offsets,  t  and  t, 
corresponding  to  E  and  r  respectively,  and  assuming  that  the 
offsets  may  vary  as  the  squares  of  their  distances  from  the 
tangent  point,  we  have 

t-t'  :  JDK::  (100)«  :  AI>^ 


.'.  ^i)=  ,/iOOOOg  (356) 

r       t-tf 

This  result  is  practically  the  same  as  that  found  for  length 
of  switch  in  a  turnout  from  a  straight  line  with  the  same  frog, 
when  JR  is  large. 

Mcample.— Let  B  =  1433.69  and  i?'  =  6°  43'  59*. 

Eq.  (252)        ig         2.854  log  0.871806 

iF  3°  21'  59\6         log  cot  1.230440 

log  1.602246 
iJ(Tab.  IV.)  *'  3.156151 

^  r35'59\8        log  tan  8!446095 


Eq.  (254)  0  8°  11'  59'.6  "  shi  8.746786 

F+B  9°55'58\6  "    **  9.286778 

9.510008 
B  -  ig'  1480.886  8.156488 

r  +  ig  462.856  2.665446 

r  460.502 

(254)  2  log  0.801080 
(B  —  ^g)  1480.336  "  8.155488 

id  1"  35'  59'.8         log  sin  8.445924 

BF       79.872  log  1.902892 

(255)  2r      921.004  **  2.964269 
V.F  +  B)                        4°  57'  59".8        log  sin  8.987881 

af       79.734  log  1.901648 

The  values  of  BF  and  af  are  found  to  be  so  nearly  identical 
in  this  case  with  those  determined  in  case  of  a  turnout  from  a 
straight  line,  that  the  values  given  in  Table  XI  may  be  used 
at  once  for  ordinary  values  of  B;  and  the  degree  of  curve  of  the 
turnout  in  this  problem  is  approximately  the  turn  of  the  degree 
of  curve  of  the  main  track  and  the  degree  of  curve  given  in 
Table  XI.  opposite  F.  Thus,  in  the  example  4''  +  d""  M*  s 
12' 26'  .-.  r  =  461.7  nearly. 
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187.  QfMn:  a  main  track,  curved,  and  a  frog-angle  F,  to 
locate  a  twmout  on  the  outside  of  the  curve.    Fig.  69. 

In  the  diagram  draw  the  chord  AF,  and  produce  it  to  meet 
the  inner  mil  at  G\  and  draw  FO  and  GO.  The  triangles 
CAF  and  OAO  are  both  isosceles,  and  have  the  angles  at  A 
equal;  hence  they  are  similar,  and  FCA  =  AOO.  Hence 
FOG  =  HFO  =  F.    Let  B=  Oa,r=  Ca,  and  G  =  FOA, 


O-.^ 
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In  the  triangle  FOA,  Q  =  OAG  -  AFO  =  FGO  -  GFO; 
and  in  the  triangle  FOG;   FO  +  GO  :  FO  -  GO  ;:  tan 
UFGO  +  GFO) :  tan  ^FGO  -  GFO),  or  2B   :  g  ::  cot  ^F 
:  taniO 


.-.  tani©  =  g^  cot^F=^ 

which  is  identical  with  (252). 
In  the  triangle  GFO 

In  the  triangle  BOF, 

BF  =  2{B  +  \g)  sin  iS 

In  the  triangle  aCf, 

af=2r.  sini(F-0) 

For  a  given  throw,  the  length  of  switch  will  be 


(257) 


AD  =  A  /  lOOOO  BK 

y  t+t' 


(258) 

(259) 
(260) 

(261) 
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in  which  t  and  t'  are  the  tangent  offsets  (Tab.  lY.)  corre- 
sponding to  B  and  r. 

In  this  problem,  as  in  the  preceding,  we  may,  for  ordinary 
values  of  E,  assume  the  values  for  BF&nd  af  given,  in  Tab.  XL 
The  degree  of  eurve  of  this  turnout  is,  approximately,  d  -^  D, 
taking  d  from  Tab.  XI.  and  J)  from  Tab.  IV.  corresponding 
to  B.    Shoiild  2>  =  (2,  this  turnout  becomes  a  straight  line; 
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and  when  D  >  d,  or  when  B  is  less  than  r  given  in  Tab.  XI., 
the  centre  falls  on  the  same  aide  as  0.  Fig.  70.  In  this  case, 
using  the  same  notation,  ^6  is  given  by  eq.  (267). 

(,.|^)  =  (ij  +  ^^)_|?l_  (262) 

Eq.  (259)  BF  =  2(B  +  ig)  sin  i© 

af=2rami{e-F)  (268) 

188.  A  tong^ue-switch  is  a  short,  stiff  switch  which, 
when  moved,  revolves  at  the  heel  as  on  a  pivot.  When  it  is 
thrown  over  to  the  turnout  track,  it  makes  an  abrupt  angle 
with  the  main  track,  called  the  stcitch  angle;  but  in  this  posi- 
tion it  should  be  tangent  to  the  turnout  curve.  The  use  of 
this  switch  is  generally  confined  to  yards  and  warehouses, 
where  but  little  space  can  be  afforded,  and  where  the  motion 
of  the  cars  is  always  slow. 

189.  Owen:  a  straight  track,  a  frog-angle  F,  and,  tkb  Imffii 
and  throw  of  a  tonfi^e-switdi,  to  locate  the  twnMut 
Fig.  71. 


TUBNOUTS.  165 

Let  AJD  be  the  length,  and  DK  the  throw  of  switch,  and  let 
S  denote  the  switch-angle  DAK. 

Then        sin  5  =  ^  or  /ff*  =  57\8  ^  (264) 

(Compare  §86.) 

Let  O  be  the  centre  of  the  required  turnout,  and  in  the  dia- 
gram draw  CK  and  OF;  also  draw  DG  perpendicular  to  the 
straight  track.  Then  DGF  z=  F\  and  in  the  triangle  KOG, 
KCF=i  KGF  -GKG,  and  since  GKA  is  a  right-angle,  GKG 
-a  .-.  KGF^F-  8. 

Draw  the  chord  KF,  and  since  the  triangle  KGF  is  isosceles, 
the  angle  GFK  =W  -  ^(F  -  S),  Now,  GFI  =  90**  -  F; 
hence  by  subtraction,  KFI  =  i(^+  ^). 
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If  g  denote  the  gauge,  we  know  KI  =  ^  —  DK;  and  in  the 
right-angled  triangle  KIF,  we  have 

IFz=:KI.  cot  ^(F  +  ^S')  (265) 

These  equations  are  analogous  to  eqs.  (229)  (280)  (231). 

190.  Oicen:  a  double  turnout  with  tongrue- 
gwitchy  from  a  straight  track;  to  find  the  angle,  F\  of  the 
nUddUfrog. 

Asfiwming  F'  ^F  calculate  (r  +  ^)  by  the  last  equations. 
Knee  the  rails  of  the  turnouts  intersect  on  the  centre  line  of 


166  FIELD  SNGINEeBlSU. 

tlie  straight  track,  as  in  Fig  63;  if  vf>  substitute  (be  value  of 

F'l-^,  eq.  (23B)  in  eq.  (331),  we  have 

{»■  +  **')  =  a  sin  K^  4- i J")  Bin  K^-  iF") 
and  by  Trig.  Table  II. 


If  tlie  angle  of  the  middle  frog  to  be  used  does  not  agree 
with  F'  found  by  the  last  equation,  the  turnout  will  be  com- 
pounded at  F'. 

191.  GiJien:  a»traighttrack,thefrog-a7igie»  F,  F'andF', 
and  the  switch  angle  S,  to  locaU  a  double  turnout. 
Pig.  72. 


Assuming  that  F'  shall  he  placed  on  the  centre  Une  oi 
the  Rlrajght  track,  let  A  be  a  point  ou  the  centre  line  at  the 
point  of  switch.  Then  hK  =  ^  —  DK;  and  since  the  angle 
F'  is  hisecled  by  the  centre  line  llie  necessary  formula  in  tlila 
case  are  obtained  from  glS9  by  simply  replacing  F^j\F' 
and  £/ by  AiTi  am)  in  the  first  members /f  hy  A^"»ndrbj  . 
r'.     Tliis  14  obvious  by  the  Himilarity  of  the  flf  urea. 


Hence 
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1( 

hF' =  hK.  cot  i{iF'  + 3) 

P69) 

^;n,.  _                *^ 

(270) 

^^    "  mi^^F'+S) 

r'\la~        ^^^' 

(371) 

^    '  *^  -  sin  HiF"  -  .S) 

The  location  of  the  remaining  frogs  is  a  problem  already 
discussed,  §  183,  eq.  (229),  etc. 

192.  Gfiven:  a  straight  track,  the  frog  angles  F,  F',  F\  and 
the  switch  angle  S»  to  locate  a  double  turnout  on  one 
side.    Fig.  73. 


Fia.  73. 


The  frog  Fis  located  by  §  189;  but  for  the  frog  F'  we  have 
evidently  a  double  throw;  hence  eqs.  (265)  (266)  (267)  become 


IF'  =z{g^  2I)K)  cot  iiF'  +  25) 


KF" 


r'+ig^ 


g-'2DK 


sin  ^F'  +  28) 

^KF' 

sin  HF'  -  28) 


(272) 
(278) 

(274) 


To  locate  the  remaining  frog  F' :  when  F'  falls  beyond  the 
line  CF,  there  are  three  cases. 

a.  The  middle  track  reversed  beyond  F. 

We  find  the  distance  F''Fhy  subtracting  IF\  eq.  (272)  fron? 
IF,  eq.  (265);  after  which  the  solution  is  identical  with  that 
|iyen§  185,0.,  Fig.  67. 
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b.  The  middle  track  compounded  at  F. 

Let  Q  be  the  ceutre  of  the  curve  beyond  F,  and  also  let  Q  = 

the  angle  F'QF";  and  let  U=  the  angle  CF'Q. 

Then  by  a  course  of  reasoning  analogous  to  that  of  case  a, 

we  derive 

U=  F"  "  F-\-  F"QF  (375) 

cot  iC  =  ;^!!^  +  y,^  tan  i(t7+  F')         (376) 

Now  since  the  radius  F'Q  is  given,  and  the  angle  FQF'  = 
Q  —  FQF",  we  readily  determine  the  distance  HF',  and  so 
locate  the  frog  F'. 

In  the  triangle  F''QF\  the  half  sum  of  QF'F'  and  QF'F' 
is  90°  -  ^§,  while  the  half  difference  \^^U+F')\  hence  by 
subtraction  we  have  the  less,  or 

F'F"q  =  90"  -  V.U+  F'  +  Q) 
Hence  FW  =  FQ  _^^)5^|__  (g^ 

Join  C'Q,  and  the  quadrilateral  C'QF'F'  gives 

ir'  +  Q=  U+F"C'F' 

hence  jF^'C/'i^'  =  JP"  -  i7+  Q;  and  denoting  the  radius  CT 
by  ^'  +  ^>  we  have 

Cor.  Since  the  centi'e  Q  is  assumed  at  pleasure,  it  may  be 
made  to  coincide  with  the  centre  C,  and  then  the  compound 
curve  becomes  a  simple  curve.  Then  also,  the  above  formuliB 
will  apply  when  F  is  such  that  the  frog  will  come  on  the  arc 
IK  But  as  FQF'  will  be  greater  than  Q,  the  difference 
FQF'  will  be  negative,  indicating  that  the  distance  HF'  is  to 
be  laid  off  backwards  from  H. 

c.  The  middle  track  straight  beyond  F,  and  tan- 

gent  to  the  curve  at  F.    Fig.  74. 

Let  F'  be  the  required  position  of  the  frog  F',  A  tangent 
to  the  curve  at  F'  makes  an  angle  (F'  -^F)  with  the  main 
track,  and  a  tangent  at  P'  makes  an  angle  of  F'  wiUi  thfl 
same ;   hence   the   angle    they   make  with   each  other  It 
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(^+y—  FO,  wd  tlUs  Is  tha  curroture  of  the  arc  VF', 
and  equals  the  angle  F'O'F'. 

Produce  the  Blraight  line  f  .ffbackwarda  to  G,  and  draw 
F'Q  peipendlcular  to  it.    Then  F'Q  =  FM—F'F.  sin  F,  or 


F'G=g~F'F.6\3i.F 


(379) 


la  the  rig^t-angled  triangle  F'OF',  the  angle  F'F'G  = 
F'-^F'+F-F')  =  HF--{-F'-Fi. 

ffii^  =  F'F' .  cos  K^'  +  F'  —  F)  (381) 


and 

Obserre  that  GF'  cannot 


IS  than  OiTs  F'F.  coa  K 


193.  (?WCT ,-  a  turnout  with  a  frog  angle  F,  and  iKe  perpen. 
Heutar  Pittance  p  bet-men  tht  centre  line*  of  the  main  and  tide 


tanb,'  to  find  the  radiut  r  of  the  curve  connecting  the 
tamoat  with  the  side  track.    Fig.  T& 
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Let  the  reversing  point  be  taken  at  F^  and  let  Q  on  CF  pro- 
duced be  the  centre  of  the  required  curve,  and  draw  QM  per- 
pendicular to  the  main  track.  Then  QM=  QF=  r  —  i^;  the 
point  M  is  the  point  of  tangent,  and  the  angle  FQM  =  F, 

Now -^  being  the  intersection  of  the  rail  jBi^^with  the  radius 
QM,  we  have  JfJV=  §2?' vers    F,  but  MN=p  —  g;  hence 

r-ig  =  ^^  (282) 

^      versjr  ^     ^ 

.  The  distance  i^^is  evidently  ^ 

FJ!^=  {vig)  sin  F  (283) 

and  the  chord  to  the  centre  line  is 

fm  =  2r  sin  iF  (284) 

Should  tTie  distance  FN  consume  too  much  of  the  track,  it  may 
be  lessened  by  introducing  a  short  tangent  at  Fy  denoted  by  k\ 
then  by  eq.  (48)  the  radius  will  be  shortened  by  an  amount 
equal  io  k,  cot  \F,  and  the  distance  -FiV  will  be  shortened  by  k. 

Since  the  tangent  k  reduces  the  length  of  the  tangent  offset 
of  the  entire  curve  hy  k  ,  sin  F,  we  have  for  the  new  radius  r' 

^  vers  F  ^     ' 

When  r'  is  fixed  by  a  limit,  we  obtain  k  by  resolving  eq.  (285) 

sm  i^  ^     ' 

In  case  the  main  track  is  but  slightly  curved,  we  may  at  first 
'  assume  It  to  be  straight,  and  find  r  as  above,  eq.  (282),  and 
the  degree  of  curve  corresponding  to  r;  but  this  degree  of 
curve  must  then  be  increased  or  diminished  by  the  degree  of 
curve  of  the  main  track,  according  as  the  track  is  concaw  or 
convex  toward  Q. 

194.  CKven :  the  perpendicular  distance  p  betu>een  the  eerUre 
lines  of  a  curved  main  track  and  a  parallel  side  track,  and  th§ 
frog  angle  Fofa  turnout;  to  find  the  radium  v  of  the  eonneeUng 
curve,  and  the  length  FN,  or  £kn,  of  the  cwrve.    Fig.  76. 
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Let  FIf  be  the  rail  of  the  main  track,  and  OM  the  rail  of 
the  siding,  adjacent  to  each  other;  let  0  be  the  centre  of  the 
main  track,  and  Q  the  centre  of  the  connecting  curve.  Then 
the  connecting  curve  will  terminate  at  m,  on  the  line  OQ  pro- 
duced. 

In  the  diagram  draw  MFy  and  produce  it  to  intersect  the 
rail  MG  at  G,  and  join  GO,  FO,  and  FQ. 

Let  B  =  radius  of  centre  line  of  the  main  track;  r  =  radius 
of  centre  line  of  the  connecting  curve;  and  0  =  the  angle 
FOM. 

Case  a. — The  siding  outside  the  main  track.    Fig.  76. 


Fio.  76. 

By  similarity  of  the  triangles  GOM  and  FQM,  GO  is  paral- 
lel to  FQ,  and  the  angle  GOF  =  F\  and  by  a  process  similar 
to  that  of  §  186,  we  have 

tan  iS  =  ^^  cot  \F  (287) 

^-^  =  (ij+^)_._?in^^  (288) 

FN=%(R-\-\g)sm\B  (289) 

fm  =  2r.  sin  i(F+  B)  (290) 

Case  b. — The  siding  inside  the  main  track.    Fig.  77. 
By  a  process  entirely  similar  to  §  187,  we  have 

tan  i0  =  i^J^  ^0*  *^  (2^1) 
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F2r=:  2{fl  -  is)  sin  ifl  C^ 

fm  =  2rBiai{F-e)  (^^ 

When  9  =  Fin  the  last  equations,  ain  (P  -  6)  =  0,  and  r  ~ 
iff  is  infinite,  and  the  curve  FM  becomes  a,  straight  Una. 


When  e  >  i^.  sin  l,F-  9)  is  negative,  and  the  centre  Q  falli 
on  the  same  side  of  the  track  as  0,  and  we  have 


^  =  3r .  Bin  i{S  -  P) 


<8«f) 
(SM) 


Equations  (3B1)  and  (383)  n 


uchaoged. 


195.  To  locate  a  crossiusr  belicieen,  paraSii  tradeL 
Fig.  78. 

When  a  turnout  from  one  track  enters  a  parallel  track  I^ 
means  of  anotlter  frog  and  switch,  the  whole  ia  called  a  croas- 
ing.  The  frogs  are  alike,  and  the  calculation  for  one  end  of 
the  crossing  answers  for  the  other.  §§180,  381.  We  have 
only  to  find  the  length  of  track  between  the  two  frogs. 

In  the  diagram  let  AF  be  one  turnout,  and  A'F  the  Otber, 
connected  by  the  straight  track  F'O.  It  Is  required  to  deta^ 
mme  the  length  F'Q,  or  the  distance  FIf  measured  on  the 
mam  track  from  F  to  a  perpeodicular  through  F'.  Produc- 
ing the  line  F'6  to  intersect  the  nul  J^Ji^at  H,  we  have  two 
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Tight-angled  triangles  QFH  and  F'NH,  having  the  common 
angle  at  IT  =  ^.  Let  p  =  the  perpendicular  distance  between 
centre  lines  of  main  tracks,  and  g  =  gauge.  Then  QF  =  g, 
aiidF'J!^=(p-g.) 

F'N 


F'Q^F'H-  QH=: 


sinF 


GF  cot  F 


or 


So 


F'G:^k^^r-4''Sf^otF 
sm  F      ^ 


9 


(397) 


FN=^NH--FH={p^g)coiF---^^    (298) 


When  the  main  tracks  are  curved  the  distance  F'G  may  be 
calculated  by  the  same  formula  (297)  which  gives  a  value  only 
a  fraction  too  small,  but  in  laying  the  track  the  rail  F'G  must 
be  curved  to  a  radius  which  is  to  i?  of  the  main  track  as 
F'G :  NF, 


190.  When  p  is  large,  or  the  tracks  a/re  very  ioideapa/rt,  it 
will  effect  some  saving  of  room  to  lay  the  crossing  in  the  form 
of  a  reversed  curve;  and  the  frogs  being  alike,  the  two 
arcs  will  be  equal,  and  the  point  of  reversed  curve  P  will  be 
midway  between  i«^and  F\    Fig.  79. 


Fio.  79. 

In  the  diagram  we  have  aPa'  the  centre  line  of  the  cross- 
ing, andPZ  the  centre  line  between  tracks;  aX  =  ^,  and 
aC  ■=^a'C'  =  r.  The  radius  r  having  been  found  by  §  180  or 
§  181,  we  have 


and 


versa(7P  = 


PL=r  sin  aCP 


(299) 
(300) 
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The  distance  between  frogs,  F^,  measured  on  the  main  track 
ia  evidently 

FS=%PL-BF)  (BOl) 

In  which  BF\a  determined  by  eqs.  (209),  (318),  or  bj  Tab.  XL 


197.  To  lay  a  crossing  in  (fte  fomt  of  a  revened 
curve,  ifhen  th4  parallel  tracks  are  on  a  curve.    Fig.  80, 


Let  0  be  tlic  centre  of  the  main  curve,  C  and  O'  the  ceatrea 
of  the  reversed  curve. 

Then  in  tlie  triangle  COC  we  know  all  three  sides;  for  CO 
=  B  +  r;  0(7=  r  +  r.  andOO  =  B  +  p-r';  and  the  half 
■urn  of  tlie  tliree  sides  is»  =  B  +  r  +  ip. 

Denoting  tlie  angle  COC  by  <p,  we  have  (Trig.  Tab.  IL  81) 


-{B+r){B+p-r') 


(808) 


The  angle  9>  determines  the  length  of  the  arc  SJf  described 
with  the  radius  {B  +  ig)  and  so  fixes  the  position  of  the  point 
A'  from  A. 
By  a  formula  dmllar  to  the  above, 


vers  ceo 


p{B~r  +  ip) 

-(B  +  r)  (r  +  f) 


(808) 
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The  angle  O'GO  determines  the  length  of  the  arc  aP 
described  with  the  radius  r;  the  angle  {<p+  C'CO)=  CCA 
determines  the  length  of  the  arc  Pa\  and  P  is  the  point  of 
reversed  curve. 

In  this  problem  R  is  known,  r  is  found  by  §  187,  and  r'  is 
found  by  §  186,  only  observing  that  in  this  case  the  value  of 
B  must  be  increased  by  p.  The  frog  angles  i^and  F'  may  be 
equal  or  otherwise,  only  taking  care  that  the  point  P  shall  be 
included  between  the  radii  C'F'  and  CF, 

The  angle  FOG  =  0  is  given  by  eq.  (257),  and  the  angle 
F'OC  =  0'  is  given  by  eq.  (252)  (in  which  the  value  of  M  is 
to  be  increased  by  ^);  hence  the  angle  FOF'  =  <p  —  (0  +  6'), 
which  determines  the  distance  between  the  frogs,  measured  on 
the  main  track. 

198.  To  find  the  middle  ordinate  m,  for  1  sta- 
tioiiy  or  100  feet,  on  any  curve,  in  terms  of  the  degree  of 
curve  D, 

Referring  to  Fig.  4  we  have  in  the  right  triangle  AOH 

GH-  GA.  tan  GAH 

But  GA  =  \AB  =  i(7,  and  (Tab.  I.  18)  GAR  =  i^05  =  i  A ; 
hence 

if=iC.taniA  (304) 

a  general  expression  for  the  middle  ordinate  of  any  chord. 

If  in  this  equation  we  make  G  =  100,  A  becomes  D;  and 
denoting  the  corresponding  value  of  M  by  m,  we  have 

m  =  ilOO  tan  JD  (305) 

whence  the  rule^  Multiply  the  nat.  tangent  of  ^  the  degree  of 
curve  by  100  and  dvcide  by  2.  Thus  the  values  of  m  m  the  5th 
colunm  of  Tab.  IV.  have  been  calculated 

199.  To  find  the  middle  ordinate  for  any  chord  in 
terms  of  the  chord  and  radius 

Referring  to  Fig.  4  we  have 

GH=OE-  OG  =  OH-  VAO'-  GA^ 


or 


M=B-^j^^^iy  -  (806) 
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When  C  =  100  we  have  for  the  middle  ordinate  of  one 
station 


m  =  R-  VB^  -  2500  (807) 

For  any  subchord  c,  less  than  100,  we  have  for  the  middle 
ordinate. 


«t.  =  5  -  i/ij.  _(£.)' 
or  ^^' J-         (808) 

By  adding  -^^^  to  the  quantity  under  the  radical  in  eq.  (308) 
it  becomes  a  perfect  square,  giving 

Wi  =  g^  nearly,  (300) 


which  is  a  very  useful  formula,  although  approximate.  The 
error  in  mi  does  not  exceed  .002  for  any  subchord  c  when  the 
radius  is  greater  than  800.  On  a  20°  curve  the  error  will  be 
.002  for  a  chord  of  50  feet;  and  on  a  40°  curve  the  error  in  vh 
will  be  only  .003  for  a  chord  of  33  feet.  Equation  (800)  is 
therefore  practically  correct  in  all  cases  for  finding  ths  middle 
ordlnates  of  rails.     Table  XII.  is  calculated  by  eq.  (308). 

200.  Curving  Bails.  Before  any  rail  is  spiked  to  iU 
place  in  a  curve,  it  must  be  evenly  bent  from  end  to  end,  so 
that  it  will  assume  the  proper  curvature  when  lying  free. 
The  bending  may  be  done  by  using  sledges,  but  is  best  aooom- 
plished,  especially  for  turnouts  and  other  sharp  curves,  by 
using  a  bending  machine  made  especially  for  this  purpose. 

The  proper  curvature  of  a  rail  is  tested  by  measuring  its 
middle  ordinate  from  a  small  cord  stretched  from  end  to 
end  and  touching  the  side  of  the  rail-head.  The  cord  should 
also  be  stretched  from  the  middle  point  of  the  rail  to  either 
end,  and  the  middle  ordinate  of  each  half  length  measured, 
to  test  the  uniformity  of  curvature. 

From  the  last  equation  It  appears  that,  with  a  given  radiui^ 
the  middle  ordinate  varies  nearly  as  the  square  of  the  chord. 
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We  maj  therefore  find  the  middle  ordinate  of  a  rail  whose 
tength  iaehyttiid  proportion 

(100)«  :  c«  ;:  m  :  mi 
or,  Wi  =  3QQQQ  nearly,  (310) 

in  which  m  is  obtained  from  Tab.  IV.,  col.  5,  for  the  given 
radius  or  degree  of  curve. 

Example, — Wliat  is  the  middle  ordinate  of  a  80  ft.  rail 
when  curved  for  a  20°  curve? 

•n    /O.AX                      ^00  X  4.374        ^^.       ..  . 
Eq.  (310)  Wi  = jg^ =  .394  =  4|  m. 

When  a  long  rail  is  bent  for  a  sharp  curve,  observe  that  c  is 
the  length  of  the  chord  of  the  rail — not  of  the  rail  itself. 

For  the  chord  of  half  a  rail  the  middle  ordinate  is  one-fourth 
the  middle  ordinate  of  the  whole  rail.  Thus,  in  the  above  ex- 
ample it  would  be  .099  or  ly^  inches. 

Instead  of  using  the  chord  of  the  whole  rail,  it  may  be  more 
convenient  to  assume  a  chord  shorter  than  the  rail,  especially 
when  the  chord  is  not  an  exact  number  of  feet,  knotting  the 
string  to  the  length  assumed,  and  applying  it  to  different  por- 
tions of  the  rail  successively.  ^ 

201.  Mevation  of  the  outer  rail  on  curves. 

When  a  car  passes  around  a  curve,  a  centrifugal  force  is 
developed  which  presses  the  flanges  of  the  wheels  against  the 
outer  rail.  This  force  acts  horizontally,  and  varies  as  the 
square  of  the  velocity,  and  inversely  as  the  radius  of  the 
curve.    Denoting  the  centrifugal  force  by/,  we  have  from  the 

theory  of  mechanics  /=  -ooTfi6~R  *  ^^  which  to  =  weight  of 

loaded  car  in  pounds,  v  =  velocity  in  feet  per  second,  and 
j8  =  radius  of  curve  in  feet. 

In  Fig.  81,  let  ab  represent  a  level  line  at  right  angles  to  the 
track,  let  a  and  e  be  the  tops  of  rails  on  a  curve,  let  be=:  e  = 
elevation  of  outer  rail  c,  and  let  the  point  d  be  the  centre  of 
gravity  of  the  car.  The  force  /  acts  in  the  direction  ab,  and 
if/'  sz  the  component  of /in  the  direction  ac,  then 

/'  tf  ::  ab  :  ac. 
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The  weight  w,  resting  on  the  inclined  plane  <«?,  developes  a 
component  in  the  direction  ca,  and  denoting  this  by  w',  we 
have  by  similar  triangles, 

to'  :  w  ::  be  :  ac. 


Since  equilibrium  requires  that  w'  shall  equal/',  we  have  after 


t0  .  e 


f       be 
dividing  one  proportion  by  the  other  -^  =  — =-.  or  /=     . 

•^  w        ab*      '^        ab 

Equating  this  value  of/  with  that  given  above  we  find, 

ab  .v"^ 


e  = 


32.166  i? 


But  o^  =  Vac^^e^,  and  ac  =  distance  between  rail  centres  = 

5280 
gauge  +  one  rail  head  =g4-  0*188.    Also  v  =  ^..-^  F,  if  Fde- 

odUU 

note  the  velocity  in  miles  per  hour.    Making  these  substitu- 
tions and  reducmg,  we  have 

F« 
.    .06688^ 

«  =  (^  +  .188) ,  (811) 

F*\* 


.06688-^] 


By  this  formula  Table  XIII.  is  calculated  for  the  standard 
gauge  flr  =  4' 8i",  =  4.708. 

An  approximate  formula  may  be  obtained  by  assuming  that 
ab  =  g  for  practicable  values  of  e.    Substituting  this  in  the 

first  value  of  e  given  above,  and  replacing  v  by  -^st^  F*  we 

have 

(approx.)  e  =  .06688^  (812) 

which  is  the  formula  generally  employed. 
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In  laying  a  new  track,  the  transverse  inclination  is  first 
given  to  the  ballast  by  grade  pegs  driven  either  side  of  the 

centre  line  at  a  distance  of  (^  4~  *^^)  ^^^^^  ^^^^  ^^  ^^^  centre; 
the  outside  peg  being  set  higher,  and  the  inside  peg  lower 
than  the  grade  of  ballast  on  the  centre  line,  by  the  proper 
elevation  selected  from  Table  XIII.  But  in  resurfacing  an 
old  track,  the  inner  rail  is  taken  as  grade  and  the  outer  rail  is 
raised  the  necessary  amount. 

202.  The  proper  elevation  may  be  found  mechan- 
ically by  the  following  method : 

To  find,  an  a  curved  track,  the  length  of  a  chord  wJiose  middle 
ordinate  ihaU  equal  the  proper  elevation  of  the  outer  rail  for  any 
vdoeOy  Yin  miles  per  hour. 

By  the  conditions  of  the  problem,  we  have  wii  in  eq.  (309) 
equal  to  0  in  eq.  (812),  or 

^  _  ^F«  .06688 

e  =  .73144:  r  V^  (313) 

When  flr=:  4.708, 

c  =  1.587  V  (314) 

Lay  off  the  chord,  c,  upon  the  rail  of  the  track,  stretch  a 
piece  of  twine  between  the  pojnts  so  found,  and  measure  the 
middle  ordinate;  it  will  equal  the  proper  elevation. 

203.  The  velocity  assumed  in  the  preceding  formulsB 
should  be  that  of  the  fastest  regular  trains  which  will  pass 
over  the  curve  in  question,  since  the  flanges  would  be  forced 
against  the  outer  rail  were  there  no  centrifugal  force  devel- 
oped, by  reason  of  the  wheels  being  rigidly  attached  to  the 
axles,  and  the  axles  being  parallel. 

The  rails  on  tangents  should  be  level  transversely,  except 
near  curves,  where  for  50  or  100  feet  from  the  curve  one  rail 
is  gradually  raised,  so  that  at  the  RC.  or  RT.  it  may  have 
the  full  elevation  due  to  the  curve.  At  a  P.  C.  G.  the  elevation 
should  be  an  average  of  the  elevations  due  to  the  two  arcs. 
Owing  to  the  difficulty  of  properly  adjusting  the  elevation  of 
rail,  it  is  objectionable  to  have  arcs  of  very  dissimilar  radii 
join  each  other;  and  the  objection  is  much  greater  in  the  case 
of  reversed  curves  unless  separated  by  a  short  tangent.    See 

§8a 
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On  the  other  hand,  a  short  tangent  between  arcs  which 
curve  in  the  same  direction  should  be  avoided,  since  it  makes 
a  '*flat  place"  both  in  line  and  levels,  at  once  unsightly  and 
injurious  to  the  rolling  stock. 

In  the  case  of  turnouts,  however,  no  elevation  of  rail  is  pos- 
sible (except  when  both  tracks  curve  in  the  same  direction); 
hence  reversed  curves  are  allowable,  the  speed  of  trains  being 
usually  quite  low  also. 

204,  The  couing  of  the  wheels,  by  which  the 

wheel  on  the  outer  rail  gains  a  diameter  enough  larger  than 
the  other  to  compensate  for  the  superior  length  of  the  outer 
rail,  although  a  theoretically  perfect  device,  is  gradually  going 
into  disuse.  To  be  effective  for  the  sharpest  curves,  the  coning 
must  be  so  great  as  to  produce  an  unsteady  motion  on  tan- 
gents, very  objectionable  at  high  speeds.  Moreover,  it  is  un- 
desirable to  seek  for  an  equilibrium  of  lateral  forces  in  a  car 
on  a  curve,  since  the  flanges  are  then  sure  to  strike  the  inner 
and  outer  rails  alternately  with  damaging  force,  as  that  equi- 
librium is  momentarily  disturbed.  It  is  far  better  that  the 
flange  should  press  steadily  against  the  outer  rail,  while  that 
pressure  is  modified  and  reduced  somewhat  by  the  elevation 
of  the  rail.  For  these  and  other  reasons,  car-wheels  are  now 
made  nearly  cylindrical. 
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CHAPTER  VIIL 
Levellino. 

205.  The  field  operations  with  the  Engineer's  LeTel  are  of 
a  more  simple  character  than  those  performed  with  the  transit, 
yet  require  equal  skill  and  nicety  of  manipulation  in  order  to 
produce  trustworthy  results.  The  transit  is  used  to  ascertain 
the  relative  horizontal  position  of  points,  the  level  to  obtain 
their  relative  vertical  position. 

206.  In  order  to  express  the  elevation  of  points,  they  must 
be  referred  to  some  level  m,rfaoe  of  known  (or  assumed)  eleva* 
tion;  and  in  order  that  the  elevations  may  all  be  positive  up- 
ward, this  surface  of  reference  should  be  selected  below  all  the 
iwints  to  be  considered.  The  level  surface  of  reference  is  called 
the  datum. 

Ths  ei&patian  ofths  datum  is  always  eero.  The  elevation  of  any 
paint  is  its  ifertieal  height  above  the  datum. 

Near  the  coast  the  sea  level  is  usually  adopted  as  the  datum; 
inland,  the  low  water  mark  of  a  river  or  lake,  etc. ;  but  it  is  not 
necessary  that  the  datum  should  coincide  with  a  water  surface. 
If  any  points  whose  elevations  are  to  be  ascertained  are  below 
the  water  sui*face,  the  latter  may  be  assumed  to  have  an  eleva- 
tion of  100  or  1000  feet  instead  of  zero;  that  is,  we  remove  the 
datum,  in  imagination,  to  100  or  1000  feet  below  the  level  of 
the  water  surface. 

207.  In  case  of  a  survey  commencing  at  a  point  quite  re- 
mote from  any  important  water  surface,  any  permanent  point 
may  be  selected  as  the  original  point  of  reference,  and  its  ele- 
vation maybe  assumed  at  100  or  any  other  number  of  feet; 
that  is,  we  fix  the  datum  at  the  same  number  of  feet  below  that 
point.  The  point  of  reference  is  called  a  bench,  or  bench- 
mark,  and  is  designated  by  the  initials  B.M.  Other  benches 
are  established  at  intervals  during  a  survey,  and  their  eleva- 
tion determined  instrumentally.    They  are  then  convenient 
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points  of  known  elevation  for  future  reference.  We  cannot 
assume  the  elevation  of  more  than  one  bench  on  the  same  sur- 
vey, else  we  should  have  more  than  one  datum,  and  all  the 
results  would  be  thrown  into  confusion. 

208.  Having  established  the  first  bench  and  recorded  its 
elevation,  the  next  step  is  to  set  up  the  instrument  firmly  at  a 
moderate  distance  from  the  bench,  so  that  the  telescope  shall 
be  somewhat  higher  than  the  bench,  and  in  full  view  of  a  rod 
held  vertically  upon  it.  The  instrument  having  been  tested  for 
its  several  adjustments,  and  found  to  be  correct,  the  line  of  sight 
through  the  intersection  of  the  cross-hairis  is  known  to  be  hori- 
zontal when  the  bubble  stands  at  the  middle  of  its  tube.  Turn- 
ing the  line  of  sight  upon  the  rod,  the  point  of  the  rod  covered 
by  the  horizontal  cross-hair  is  known  to  be  on  a  level  with  the 
cross-hair;  and  the  latter  is  therefore  higli^r  than  the  bench  by 
the  distance  intercepted  on  the  rod  from  its  lower  end.  Add- 
ing this  distance  to  the  elevation  of  the  bench,  we  obtain  the 
elevation  of  the  cross-hair,  known  technically  as  the  **  Heigrbt 
of  lustruiiieut/'  and  designated  by  the  initials  JZ/. 

209.  The  distance  intercepted  on  a  rod  from  its  lower  end 
by  the  line  of  sight,  when  the  rod  is  held  vertically  on  any 
given  point,  is  called  the  reading:  of  the  rod  at  that  point. 

210.  Having  obtained  the  height  of  instrument,  the  eleva- 
tion of  any  point  somewhat  lower  than  the  cross-hair  is  easily 
ascertained  by  taking  a  reading  of  the  rod  upon  it.  The  read- 
ing subtracted  from  the  height  of  instrument  gives  the  eleva- 
tion of  the  point  above  the  datum.  The  elevation  of  any  num- 
ber of  other  points  may  be  similarly  obtained.  But  the  eleva- 
tion of  points  on  the  ground  higher  than  the  cross-hair,  or 
farther  below  it  than  the  length  of  the  rod,  cannot  be  deter- 
mined, because  in  either  case  the  line  of  sight  will  not  cut  the 
rod,  and  hence  there  can  be  no  reading.  In  order  to  obeerve 
such  points,  the  instrument  must  be  removed  to  a  new  xxMi- 
tion,  higher  or  lower  than  before,  as  the  case  may  require. 

211.  Before  the  instrument  is  removed  to  a  new  posltioiiy 
a  temporary  bench,  called  a  Turning^  Point  (and  designated 
by  T.P,  or  '*Peg'')  must  be  established,  audits  elevation  aaoer- 
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tained  as'  for  any  other  point,  but  with  more  care.  A  turning 
point  must  be  a  firm  and  definite  point  whose  position  cannot 
readily  be  altered  in  the  least,  nor  lost  sight  of.  A  small  stake 
firmly  driven,  or  a  point  of  rock  projecting  upward,  is  fre- 
quently used.  The  reading  having  been  taken  on  the  t\u>ning 
point,  the  instrument  is  carried  forward  to  a  new  position, 
levelled  up  properly,  and  the  new  Height  of  Instrument  ob- 
tained by  a  new  reading  on  the  same  turning  point.  Since  the 
crofis-hair  is  higher  than  the  point  (otherwise  there  could  be  no 
reading)  the  reading,  added  to  the  elevation  of  the  point,  gives 
the  Height  of  Instrument. 

212.  In  general,  the  intersection  of  the  cross-hairs  being 
higher  than  any  point  on  which  a  reading  is  taken : 

Tofirid  the  Height  of  Instrument,  add  the  redding  on  a  point 
to  the  elevatian  of  the  point;  and 

To  find  the  Elevation  of  a  point,  subtract  tJie  reading  on  it 
from  the  Height  of  Instrument. 

A  reading  taken  for  the  purpose  of  finding  the  Height  of 
Instrument  is  called  a  Backsigfht  {B.S),  A  reading  taken 
for  the  purpose  of  finding  the  elevation  of  a  turning-point  (or 
of  a  bench  used  as  such)  is  called  a  Foresiglit  {F.S).  Hence 
Backsights  are  always  plus^  and  Foresights  always  minus. 

213.  The  fonn  of  field-book  used  for  the  survey  of 
a  railroad,  or  other  continuous  line,  is  shown  below.  The  first 
column  contains  the  numbers  of  the  stations  on  the  line  and 
of  plus  distances  to  other  points  on  the  line  where  readings  are 
taken — also  the  initials  of  benches  and  turning  points,  in 
order,  as  they  occur.  The  second  column  contains  the  back- 
sights, taken  on  points  of  known  elevation  only.  The  third 
column  contains  the  height  of  instrument,  recorded  on  the 
same  line  as  the  elevation  of  the  lurning  point  (or  bench)  from 
which  it  is  calculated.  The  foitrth  column  contains  the  fore- 
sights, taken  on  new  turning  points,  and  benches  used  as  such, 
only.  The  fifth  column  contains  the  readings  taken  on  all 
other  points  noted  in  the  first  column.  The  sixth  column  con- 
tains the  elevations  of  all  points  observed.  The  right-hand 
page  is  reserved  for  remarks,  descriptive  of  the  benches  and 
their  location— of  objects  crossed  by  the  line,  as  roads,  streams, 
swamps,  ditches,  etc. ;  the  depths  of  streams,  etc. 
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LEVEL  BOOK. 


B.M. 
0 
1 

-f  50 
Feg 

2 
-f  25 
+  50 

8 
Peg 
Peg 
-f-90 

4 
B.M. 

5 

6 
Peg 


H.L 


4.683 


1.791 


204.688 


197.260 


11.750  i    208.574 
11.933      219.528 


9.005  ,   227.801 


39.162 


F.S. 

Rod. 

Elev. 

Remarks. 

200.000 

White  oak,  115  R. 

2.1 

202.6 

3.4 

201.3 

5.2 

199.5 

9.214 

195.469 

3.7 

193.6 

7.0 

190.3 

Brook  5  wide ;  1  deep 

3.1 

194.2 

0.5 

196.8 

0.436 

196.824 

0.979 

207.595 

3.5 

216.0 

2.6 

216.9 

2.075 

217.458 

Maple,  78  L. 

1.7 

217.8 

0.9 

218.6 

0.732 

218.796 

6.2 

221.6 

11.361 

When  a  bench  is  not  used  as  a  turning  point,  the  reading  on 
it  is  recorded  in  the  fifth  column. 

The  numbers  in  the  second,  fourth,  and  fifth  columns  come 
directly  from  the  rod,  those  in  the  third  are  obtained  by 
addition,  those  in  the  sixth  by  subtraction,  according  to  tlie 
rule  given  above.  The  additions  and  subtractions  made  on 
each  page  should  be  proved  before  proceeding  to  the  calcula- 
tions of  the  next.  "When  correct,  the  difference  of  the  sums 
of  the  backsights  and  foresights  on  the  page  equals  the  difEer- 
ence  of  the  first  and  last  elevations  on  the  page.  Thus,  in  the 
form  given 

(39.162  -  11.361)  =  (227.801  -  200.000)  =  27.801 

In  this  proof  we  ignore  all  elevations  except  those  of  turn- 
ing points,  and  benches  used  as  such,  and  the  height  of  instru- 
ment. 

At  tlie  end  of  the  survey,  as  well  as  at  the  end  of  each  day's 
work,  a  bench  is  established  from  which  the  survey  may  be 
resumed  at  any  future  time      See  |§  28,  29,  and  80. 


214.  The  object  of  making  such  a  survey  with  level  and 
rod  is  to  furnish  a  profile  or  vertical  section  of  the  entira 
line,  showing  in  detail  the  rise  and  fall  of  the  surface  OTer 
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which  it  passes.  The  profile  is  plotted  on  profile-paper  pub^ 
lished  for  the  purpose,  the  horizontal  scale  being  usually  400 
feet  to  an  inch,  and  the  vertical  scale  30  feet  to  an  inch.  This 
distortion  of  scale  magnifies  the  vertical  measures  so  that 
slight  changes  in  the  elevation  of  the  surface  may  be  seen 
distinctly. 

215.  When  only  the  difference  of  level  of  two  extreme 
points  is  required,  the  survey  is  more  simple.  No  readings 
are  taken  except  on  turning-points,  the  backsights  and  fore- 
sights being  recorded  in  separate  columns.  No  calculation  is 
required  imtil  the  survey  is  finished,  when— the  first  reading 
having  been  taken  on  one  of  the  given  points,  and  the  last  on 
the  other — the  difference  of  the  sums  of  the  backsights  and 
foresights  is  the  difference  in  elevation  of  the  two  points,  ac 
cording  to  the  method  of  proof  mentioned  in  §  213.  Thus  the 
difference  in  level  of  any  two  benches  established  on  a  previ- 
ous survey  may  be  tested,  and,  if  found  correct,  all  the  inter- 
mediate elevations  on  the  hue  may  be  assumed  to  be  correct 
also.  The  discrepancy  should  not  exceed  one  tenth  of  a  foot 
in  any  case,  and  is  usually  much  less. 

216.  Any  lack  of  adjustment  in  the  instrument  gives 
the  line  of  sight  a  slight  angle  of  elevation  or  -  depression, 
causing  a  slight  error  in  every  reading,  proportional  to  the 
distance  of  the  rod  from  the  instrument.  But  the  errors  being 
equal  for  equal  distances,  and  the  backsights  and  foresights 
haying  opposite  signs  in  our  calculations,  the  errors  cancel 
when  the  distances  are  equal.  Hence,  to  avoid  errors  in  ele- 
▼ation,  each  new  turning-point  should  be  as  nearly  as  possible 
at  the  same  distance  from  the  instrument  as  the  point  on  which 
the  last  backsight  was  taken.  For  precise  reading,  the  rod 
should  not  be  more  than  400  feet  from  the  instrument. 

217*  Another  cause  of  error  in  readings  is  want  of  verti- 
cality  in  the  rod.  This  may  be  avoided  by  the  use  of  a  disk- 
level,  or  in  the  absence  of  wind,  by  balancing  the  rod.  The 
rod  may  be  plumbed  one  way  by  the  vertical  cross-hair  of  the 
level,  and  to  ensure  a  vertical  reading  in  the  plane  of  the  line  of 
sight,  the  rod  may  be  gently  waved  each  side  of  the  vertical 
toward  and  from  the  instrument,  the  shortest  reading  being 
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the  correct  one;  or  in  case  of  a  target  rod,  the  target  should 
rise  to,  but  not  above  the  horizontal  cross-hair,  as  the  rod  is 
waved. 

218.  When  very  long  sights  are,  required  to  be  taken  with 
the  level,  another  source  of  error  must  be  considered,  namely, 
the  curvature  of  the  earth. 

A  level  line  is  parallel  to  a  great  circle  of  the  earth,  and  is 
therefore  an  arc  of  a  circle,  or  may  be  so  considered. 

A  horizontal  line  is  a  straight  line  parallel  to  the  plane  of  the 
horizon.  Therefore  the  line  of  sight,  being  a  horizontal  line, 
is  tangent  to  the  circle  of  a  level  line  passing  through  the  in* 
strument. 

To  find  the  correction  in  elevation  due  to  curvature  of  tlie 
earth  for  any  distant  station.    Fig.  83. 


Fio.  82. 

Let  A  be  the  station  of  the  instrument  /,  and  B  the  distant 
station  observed. 

Let  jBo  =  GI=  the  radius  of  curvature  of  the  earth,  or  of  the 
parallel  arc  ID.  Let  L^  —  ID  =  the  level  distance  between 
A  and  B,  Then  IE,  perpendicular  to  CI,  is  the  line  of  sight, 
BE  is  the  reading  of  the  rod,  and  DE  =  E^  =  the  correction 
due  to  curvature. 

By  Tab.  I.,  24,  IE*  =  DE  (DE+2E,);  but  since  DB  is 
very  small  compared  with  2i2„,  it  may  be  omitted  from  the 
parenthesis,  and  since  IE  =  ID  =  L^  very  nearly,  because 
the  angle  AGB  is  very  small,  we  have  X^'  =  2R^E^. 


K  = 


2B, 


(815) 


2^9  is  to  be  adddd  to  the  apparent  ^l^Yfttiou  ot  8t»tiou  ^ 
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219.  Ref^ra<^tioil.  In  observing  distant  stations  the 
line  of  sight  passing  through  the  atmosphere  is  refracted  from 
the  straight  line  IE,  Fig.  82,  and  takes  the  form  of  a  curve, 
which,  for  practical  purposes,  may  be  considered  as  the  arc  of 
a  circle,  concave  downwards.  Its  radius,  depending  on  the 
conditions  of  the  atmosphere,  varies  from  5i  to  7^  times  the 
radius  of  curvature  of  the  earth.  IR^  is  considered  a  good 
average  value. 

Refraction  causes  the  observed  object  to  appear  too  high, 
while  the  curvature  of  the  earth  causes  it  to  appear  too  low ; — 
the  effects  being  contrary,  the  correction  for  curvature  is  re- 
duced by  the  correction  for  refraction.  If  we  let  H^  =  the 
total  correction  for  both  curvature  and  refraction,  to  be  added 
to  the  apparent  elevation  of  the  observed  object,  then 

H,=\e^=Y^~  (816) 

Table  XVII.  is  calculated  by  this  formula,  assuming  a  mean 
value  of  i?„  =  20,913,650  feet. 

1220.  The  form  of  the  earth  is  approximately  an  el- 
lipsoid of  revolution.  Its  meridian  section  at  the  mean  level 
of  the  sea  is  an  ellipse,  the  semi-axes  of  which  are,  according 
to  Clarke, 

at  the  equator  A  =  6378206  metres  [6.8046985] 
at  the  poles       -5=6356584      *'      [6.8032238] 

According  to  the  same  authority 

1  metre  =  3.280869  feet  [0. 5159889] 

Therefore  the  semi-axes  expressed  in  feet  are 

^  =  20  926  058  feet  [7 .3206874] 

J5  =  20  855  119    "  [7.8192127] 

Then  the  radius  of  curvature  of  the  meridian 

at  the  equator,  ~-  =  R^  =  20  784  422  ft.  [7.3177379] 

at  the  poles,     -^  -B,  =  20  997  240  *'  [7.3221622] 
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In  latitude  40''  the  radius  of  curvature  of  the  xneridiaii  is 
20  871  900,  and  of  a  section  at  right  angles  to  the  meridian, 
20  955  400;  the  mean  value,  or  B^  =  20  918  650  [7.820430],  be- 
ing adopted  for  general  use.  The  error  in  the  correction  M^ 
eq.  (316)  due  to  this  assumption  will  usually  be  much  less  than 
that  due  to  the  assumed  value  of  the  radius  of  refraction. 


221.  Le veiling:  by  Transit  or  Theodolite.  When 

a  transit  has  a  level-tube  attached  to  the  telescope,  It  may 
be  used  as  a  Theodolite  for  levelling,  and  for  taking  vertical 
angles.  If  the  instrument  be  in  perfect  adjustment,  the  line 
of  sight  will  be  horizontal  when  the  bubble  stands  at  the 
middle  point  of  the  tube,  and  the  reading  of  the  vertical  circle 
will  be  zero.  Should  there  be  a  small  reading  when  the  line  of 
sight  is  horizontal  it  is  called  the  index  error.  When  the  line 
of  sight  is  not  horizontal,  the  angle  which  it  makes  with  the 
plane  of  the  horizon  is  called  an  angle  of  elevation,  or  of  de- 
pression, according  as  the  object  upon  which  the  line  of  sight 
is  directed  is  above  or  below  the  telescope.  This  angle  is 
measured  on  the  vertical  circle,  being  the  difference  of  the 
reading  and  the  index  error,  when  both  are  on  the  same  side 
of  the  zero  mark,  and  their  sum,  when  they  are  on  opposite 
sides.  When  the  distance  to  an  observed  object  is  knowh, 
and  its  angle  of  elevation  or  depression  is  measured,  we  may 
calculate  its  vertical  height  above  or  below  the  telescope. 


Let  ±  a  =  angle  of 


\  elevation 


(( 


tt 


f  depression 
L  =  the  horizontal  distance 


it 


L'  —  the  distance  parallel  to 
line  of  sight 

li  =  difference  in  elevation  of 
object  and  instrument 

Then  for  short  distances, 
h  =  Ltan  a  =  L'  sin  a      (317) 


TiQ.  83w  For  long  distances  the  curvature  of 

the  earth  and  refraction  must  be  considered.     Fig.  88. 

liCt  /  be  the  place  of  the  instrument,  and  F  the  object 
observed. 
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Let  X^  =  the  distance,  measured  on  the  chord  of  the  level 
arc  ID,  passing  through  the  instrument;  and  let  ^  =  the 
number  of  seconds  in  the  arc/D;  hence,  since  for  ordinary 
distances  the  chord  and  arc  are  sensibly  equal, 

^  =  A  206264^.8  [5.814425] 

or  giving  to  R^  its  mean  value,  §  220, 

^  =  X,  X  .0098627  [7.993995] 

or  a  fraction  less  than  1"  per  100  feet. 

Let  ZFbe  the  arc  of  the  refracted  ray,  and  assuming  that  its 
radius  is  IR^,  the  arc  will  contain  jth  the  number  of  seconds 
of  the  arc /jP 

IF\  tangent  to  IF,  is  the  direction  of  the  telescope;  IF  is 
the  chord  of  the  arc  IF,  and  IE  is  the  horizontal. 

Let  a  =  jEZF'  =  observed  angle  of  elevation.  Then  EIF=: 
true  angle  of  elevation  =  EIF'  ^  F'lF  =  a  —  ^  .  ^ip  =  a  — 
.071^. 

The  angle  EID  =  i^  .-.  BIF  =  |^  +  «:  -  .071^;  and 
IDF=  90°  +  i^ .  .-.  IFD  =  90°  -  (^  +  o:  -  .071^). 

We  now  solve  the  triangle  IFD  for  the  side  DF  =  A,  and 
find 

°  cos  (^  +  ^  —  -071^)  ^      ' 

For  an  observed  angle  of  depression  make  a  negative  in  the 
formula. 

The  coefficient  .071  is  called  the  coefficient  of  refraction,  this 
being  a  fair  average  value,  while  its  extreme  range  is  from  .067 
to  .100  under  varying  conditions  of  the  atmosphere,  and  valute 
of  the  angle  a. 

When  the  difference  in  elevation  of  two  or  more  distant 
objects  is  required,  we  obtain  the  elevation  of  each  separately, 
and  subtract  one  elevation  from  another.  The  elevation  of  tl;e 
observed  object  is  given  by  {H.  I.)  ±  h. 

222.  To  find  the  Height  of  Instrument  of  a  transit  or 
theodolite  by  an  observation  of  tlie  horizon.    Fig.  84. 
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Let  I  be  the  place  of  the  instrument,  and  let  a  =  6b0erVed 
angle  of  depression  of  the  horizon. 

Let  JPbe  the  point  where  the  refracted  ray  meets  the  lerel 
surface,  and  draw  the  chords  JJ^and  AF, 

Let  ij}  =  the  angle  ACF,  let  h  =  AI,  and  let  A;  =  the  coefll' 
cient  of  refraction. 

In  the  triangle  lAF, 

IAF=  90°  +  i^,  AFI=  it  -  kTp,  AIF=  90**  -  (^  -  kil>) 
Hence  FIE  =  ip  -  kip.    But  FIF  =  a  +  kt/f 


i^r^ 


a 


(819) 


1-3A; 
Let  F'  be  the  tangent  point  of  a  right  line  drawn  through  /; 


Fio.  84 


then  AI  =  CF'  exsec  ACF%  but  CF'  =  B^,  and,  since  ^  is 

1  ^  h 

always  very  small,  AGF'  =  i(^  +  a)  very  nearly  =  tztjuq  ^ 


h  z=  R^  exsec  ^  ^q.  a 


(«W) 


Giving  to  B^  its  mean  value,  §  220,  and  assuming  k=z  ^ 


log  h  =  7.820430  +  log  exsec  1.0601  a 


(381) 


J 

J 
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Otherwise^  we  may  solve  the  triangle  ATi^  since 
AF^  2i?„  sini^  =  3i2,  sin         " 


and  h  =  AF 


3(1  -  %k) 

sin  (^^  --  ktli) 
cos  {ij}  —  kilj) 


I       o »     •         ^  sin  ia  .-rt^. 


When  A;  =  ^ 


A  =  21?,  sin  ^a  .  -^^^i^  (323) 

°       ^*      cosUa 


iS^mp2&. — The  observed  dip  of  the  sea  horizon  is  24'  =  a- 
What  is  the  height  of  the  instrument  above  the  sea? 

By  eq.  (321)  1.0801  X  ex  X  60  =  1555\34  3.191826 

2 


6.383650 

Table  XXVI.     (q-20        9.070130 
B^  7.320430 


A  =594.58  2.774210 

Methods  of  determining  heights  by  distant  observations  can- 
not be  relied  on  for  more  than  approximate  results,  since  they 
necessarily  involve  the  uncertain  element  of  refraction,  and 
usually  a  lack  of  precision  in  the  vertical  angle,  the  arc  reading 
only  to  minutes  in  ordinary  instruments.  These  methods,  how- 
ever, are  useful  where  no  great  accuracy  is  required,  as  for  a 
.temporary  purpose  until  levels  can  be  taken  in  the  regular  way, 
or  for  interpolating  between  points  of  established  elevation. 

223.  Stadia  Measurements. 

It  is  sometimes  convenient  to  determine  distances  by  instru^ 
mental  observation  For  this  purpose  two  additional  cross* 
ludis  may  bQ  placed  in  the  telescope  parallel  to  each  other  and 
equidistant  from  the  central  cross-hair.  These  are  called  stadia 
liaira^  and  distances  determined  by  them  are  called  stadia 
iMasarements.  The  stadia  hairs  are  adjusted  so  as  to  inter- 
0^  a  certain  space  on  a  rod  held  at  a  certain  distance  from 
%tm  tostmilient  and  perpendicular  to  the  line  of  sight.   For  any 


i^ 
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Other  place  of  the  rod,  the  distances  and  intercepted  spaces 
are  nearly  proportional.  The  exact  relation  is  given  below. 
Fig.  85. 

Let  I  =  AB,  the  distance  of  the  rod  from  the  vertical  axis 
of  the  instrument ;  c  =  the  distance  from  the  axis  to  the  ob* 
ject  glass  of  the  telescope;  a  =  the  distance  from  the  objec^ 
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glass  to  the  rod;  i  =  the  space  between  the  stadia  hairs;  •  3 
CD  the  space  intercepted  by  them  on  the  rod;  and/=  the 
focal  distance  of  the  object-glass.    We  then  have  by  optics, 

-  =  — 3-^,  whence  d  —  f=z-.8;  and  since  a  =  f  —  c  .•.  J  — 

/ 
(/-{-(?)  =  -«.    Now  in  any  given  instrument  the  focal  distance 

/,  and  the  space  between  the  stadia  hairs  t  are  constant,  wMle 
s  and  c  vary  with  L    For  any  other  distance  I',  we  then  have 

f 
r  —  (/+  c')  =  -s',  and  combining  the  two  equations 


i-(/-H!)  =  l[J' -(/+«•)] 


(884) 


8 '  is  usually  assumed  at  1  foot  and  T  —  (/-{-  e*)  at  100  feet. 
and  the  stadia  hairs  are  then  adjusted  accordingly.  The  focal 
distance /may  be  foimd  by  removing  the  object  glass  and  ex- 
posing it  to  the  rays  of  the  sun  and  noting  at  what  distance 
from  the  surface  of  the  lens  the  rays  form  a  perfect  and  min- 
ute image  of  the  sun  on  a  smooth  surface;  the  distance  &  Is 
measured  on  the  telescope  when  the  rod  is  clearly  in  focos, 
at  the  assumed  distance. 

To  measure  any  other  distance,  the  rod  is  again  obserred 
at  the  desired  point,  and  the  space  8  noted,  which,  placed  in 
eq.  (824),  gives  I  —  (/-|-  e)  at  once.  We  then  measore  6  on 
the  telescope,  and  adding  (/-f  e\  obtain  I,  the  distance  t^ 
quired. 
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But  inasmuch  as  c  has  but  a  small  range  of  values,  it  will 
usually  be  sufficient  to  assume  for  it  a  mean  value,  as  a  con> 
stant.  In  this  case  we  may  find  the  value  of  (/  +  c)  =  IF 
for  the  instmment  used.  Making  c'  =  c  in  eq.  (824),  and  solv- 
ing for  (/+  c),  we  have 

f+'>  =  T^  (835)    , 

and  by  laying  off  on  level  ground  any  two  distances  from  the 

instrument  for  I'  and  I,  as  100  and  500,  and  observing  the 

corresponding  spaces  8'  and  s  intercepted  on  a  rod,  we  insert 

them  in  eq.  (325)  and  find  (/+  c). 

Having  found  (/+  c),  lay  off  (100  +/+  c)  from  the  instru- 

ment  and  adjust  the  stadia  hairs  to  inclose  just  one  foot  on 

the  rod  at  that  distance.    Any  other  distance  is  then  found  by 

the  formula, 

Z  =  100  «  +  (/+(;)  (326) 

MeampU.—A.t  I'  =  100  we  find«'  =  1.00,  and  at  i  =  500  we 
find  8  =  6.061. 

Hence,  eq.  (825)      /+  c  =  ^Jq^"  =  1502 

and  eq.  (826)  I  =  100  «  -|~  1.5;  provided  the  stadia  hairs  be  ad- 
justed 80  as  to  intercept  1  foot  at  101.5  feet  distance  from  the 
centre  of  the  instrument. 

224.  The  foregoing  formulae  are  all  that  are  necessary  for 
horizontal  sights,  but  since  the  line  of  collimation  is  generally 
inclined  more  or  less  to  the  horizon,  it  follows  that  the  stadia 
hairs  will  intercept  a  larger  space  on  the  vertical  rod  than 
that  due  to  the  true  horizontal  distance.  We  therefore  require 
a  formula  for  reducing  iuclined  lueasureiuents 
to  tlie  horizontal.    Fig.  86. 

Let  a  =  BFG  =  the  angle  of  Inclination  of  the  line  of  colli- 
mation/G^; 
«•    6  =  CFD  =  the  visual  angle  defined  by  the  stadia  hairs; 
«•    t  =  CD  =  space  Intercepted  on  a  vertical  rod.- 

Then  (Fig.  85), 
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In  Fig.  86 

s  =  CE  -  BE  =  JSF  [t&n  (a  +  iS)  -  tan  (a  -  i6)] 

while  the  true  value  (for  the  same  distance)  would  he 

C'D'  =  2EFi&iiiO 

Dividing  one  hy  the  other  we  derive 

CD' 2  tan  jQ 

8      ~  tan  (a  +  iG)  —  tan  {a  —  ^O) 

By  giving  to  «'  and  ^'  —  (/+  <•)  in  eq.  (327)  their  customary 


Fig.  86. 

values,  viz,,  1  and  100,  w^e  have  tan  iO  =  .005    .*.  0  =  84'  22'.e8 
and  by  Trig.  Table  II.  70, 

tan  (a +i0)  -  tan  (a  -  -JO)  = — ,   f),       , — 

^     ^  ^  ^  ^         ^  ^      cos  (a  +  iG)  cos  (a— 16) 

Since  0  is  small,  we  have  sensibly 

sin  0  =  2  tan  i0,  and  cos  (a  +  ^G)  cos  (a  —  ^)  =  cos*  a 
and  the  last  equation  reduces  sensibly  to 

CD 


8 


=  cos*  a  (828) 


which  is  the  coefficient  of  reduction  required  by  which 
to  multiply  the  observed  space  8  in  case  of  inclined  sights. 

Hence  the  formula  for  distance  (eq.  826)  becomes  in  this  case 
without  sensible  error 

l=1008co8*a  +  (f+e)  (829) 

Tables  XVIII.  and  XIX.  have  been  calculated  by  the  exact 
formula  for  the  coefficient 


i 

i 


liEYELLlKG. 


195 


-Ewwiipto.— Given  :   a  =  8"  20'  and  «  =  9.221;  what  is  the 
horizontal  distance  to  the  rod? 


£q.  (329)         100 

8  9.221 

a 


f+^ 


902.7 
1.5 


8**  20'  Tab.  XIX. 


.-.  Afis,  904.2  ft. 


log.  2. 
••    0.964778 
"    9.990780 


2.955558 


The  rodman  should  have  a  disk  level  to  insure  keeping  the 
rod  vertical. 

225.  Another  method  of  procedure  is  that  in  which 
the  rod  is  always  held  perpendicular  to  the  line  of  coUimation, 
however  much  inclined  the  latter  may  be.  To  secure  this  posi- 
tion of  the  rod,  a  small  brass  bar  is  attached,  having  sights 
upon  it  through  which  the  rodman  watches  the  instrument 
during  an  observation,  the  line  of  sight  being  at  right  angles  to 
the  rod.  The  distance  thus  obtained  is  of  course  parallel  to 
the  line  of  collimation,  and  requires  to  be  reduced  to  the  hori- 
zontaL 

For  this  purpose,  we  have  (Fig.  87). 


Fig,  87. 
m  =  la  cos  a  +  Ba  sin  a 
or  IE=  (100  « + /+  c)  cos  a  +  r  sin  a  (830) 

in  which  r  is  the  reading  of  the  rod  by  the  line  of  collimation. 
For  the  elevation  of  the  point  B  above  7, 

EB^KG-  GBco^a 

or  MB==  (100  8  +/+  c)  sin  a  -  r  cos  a  (831) 
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When  the  distances  are  sufficiently  great,  correction  must  be 
made  for  curvature  of  the  earth  and  refraction,  as  already  ex- 
plained. 

This  method  is  employed  by  the  topographical  parties  of  the 
U.  8.  Coast  Survey  in  connection  with  the  plane  table.  Their 
instruments,  however,  are  so  constructed  as  to  give  distances 
in  metres,  and  heights  in  feet,  requiring  a  modification  of  the 
above  formulae. 


CHAPTER    IX. 

CONBTRUCTIOK. 

226.  The  engineer  department  of  a  railway  com- 
pany is  usually  reorganized  for  the  construction  of  the  road, 
as  follows  :  Chief  engineer.  Division  engineers,  Resident 
engineers,  Assistant  engineers.  On  some  roads  the  division 
engineers  are  styled  *' Principal  Assistants;"  the  resident 
engineers,  "Assistants;"  and  the  assistant  engineers  are  de- 
signated according  to  their  duties,  as  ** leveller,"  "  rodman," 
etc. 

A  resident  engineer  has  charge  of  a  few  miles  of  line, 
limited  to  so  much  as  he  can  personally  superintend  and 
direct.  He  has  one  or  more  assistants  and  an  axman  in  his 
party.  All  instrumental  work  is  done  and  all  measurements 
taken  by  the  resident  engineer  and  his  assistants. 

A  division  engineer  has  charge  of  several  residencies, 
and  inspects  the  progress  of  the  work  on  his  division  once 
or  twice  a  week.  In  his  office,  which  should  be  centrally 
located,  all  maps,  profiles,  plans,  and  most  of  the  working 
drawings  required  on  his  division  are  prepared.  To  him  the 
resident  engineers  make  detailed  reports  once  a  month,  or 
oftener  if  necessary,  which  he  passes  upon  as  to  their  cor- 
rectness, and  from  wliich  he  makes  up  a  monthly  report,  or 
estimate,  of  the  amount  tind  value  of  the  work  done  and  uu^ 
terials  provided  by  each  contractor  on  his  division.  The  esti- 
mates are  forwarded  about  the  first  of  each  month  to  the 
chief  engineer,  who  examines  and  approves  them,  rotuming 
for  modification  any  that  seem  to  require  it. 
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Tbe  chief  onsriAC^i^  ^^  charge  of  the  entire  work, 
and  directs  the  general  business  of  the  engineer  department. 
He  occasionally  inspects  the  work  along  the  line. 

227.  Clearing  and  Grubbing.  The  first  step  in 
the  work  of  construction  is  to  clear  off  all  growth  of  timber 
within  the  limits  of  the  right  of  way.  The  resident  engineer 
with  his  party  passes  over  the  line,  making  offsets  to  the  right 
and  left,  and  blazing  the  trees  which  stand  on,  or  just  within, 
the  limits  of  the  company's  property.  The  blazed  spot  is 
marked  with  a  letter  C,  as  a  guide  to  the  contractor.  After 
felling,  the  valuable  timber  should  be  piled  near  the  boun- 
dary lines,  to  be  saved  as  the  property  of  the  company.  The 
brushwood  is  burned. 

Where  a  deep  cut  is  to  be  made,  the  stumps  are  left  to  be 
removed  as  the  earth  is  excavated.  In  very  shallow  cuts  and 
fills  the  contractor  will  generally  prefer  to  tear  up  the  trees 
by  their  roots  at  once,  rather  than  to  grub  out  the  stumps 
after  clearing.  Where  the  embankments  will  be  over  three 
feet  high,  grubbing  is  not  necessary;  but  the  trees  require  to 
be  law-choppedy  leaving  no  -stump  above  the  roots.  The  engi- 
neer should  indicate  to  the  contractor  the  localities  where  each 
process  is  suitable. 

228*  While  the  clearing  is  in  progress,  the  engineer  should 
run  a  line  of  test  levels  touching  on  all  the  benches  to  verify 
their  elevations  ;  he  may  also  rerun  the  centre  line,  replacing 
any  stakes  that  may  have  disappeared,  and  setting  guard  plugs 
to  any  Important  transit  points  which  may  not  have  been 
previously  guarded.  If  any  changes  in  the  alignment  have 
been  ordered,  these  may  be  made  at  the  same  time. 

229.  Cross  Sections.  The  resident  engineer  is  fur- 
nished with  a  profile  of  the  portion  of  the  line  in  his  charge, 
upon  which  is  plainly  indicated  by  line  and  figures  the  estab- 
lished grade.  From  this  he  calculates  the  elevation  of  grade 
at  each  station,  and  by  subtracting  this  from  the  elevation  of 
the  surface,  he  derives  the  depth  of  cut  or  fill  (+  or  — )  to  be 
made  at  each  point.  The  grade  given  on  the  profile  is  that 
which  is  subsequently  called  the  subgrade,  being  the  surface 
of  the  road-bed.  The  final  or  true  giade  is  the  upper  surface 
of  the  ties  after  the  track  is  laid. 
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The  base  of  a  cross  section  is  identical  with  the  width  of  the 
road  bed.  It  is  made  wider  in  cuts  than  in  fills  to  allow  foi 
the  side  ditches.  Six  feet  should  be  allowed  in  earth,  and 
four  feet  in  rock  cuts.  The  ratio  of  the  side  slopes 
depends  upon  the  material.  The  usual  slope  ratio  for  earth  Ifi 
1^  horizontal  to  1  vertical  for  both  excavation  and  embank- 
ment. Damp  clay  and  solid  gravel  beds  will  stand  for  a  time 
in  cuts  at  1  to  1,  or  an  angle  of  45°,  but  this  cannot  be  perma- 
nently depended  on.  On  the  other  hand,  fine  sand  and  verjf 
wet  clay  may  require  slopes  of  If  to  1  or  3  to  1.  Exceptiona] 
cases  require  slopes  of  3  or  4  to  1.  In  rock  work  the  slopes  are 
usually  made  at  ^  to  1  for  solid,  i  to  1  for  loose,  and  1  to  1  f oi 
very  loose  rock,  liable  to  disintegrate.  Kock  embankmente 
stand  at  1  to  1. 

230.  All  cross  sections  are  taken  in  vertical  planes  at 
right  angles  to  the  direction  of  the  centre  line.  Figs.  88,  80. 
Formulae. 

Let  h.  =  AB,  the  base  of  section,  or  road-bed. 

'*   «  =  -j=.jj  =  the  slope  ratio 

**  d  =  CG  =  the  cut  (or  fill)  at  the  centre  stake. 

"  A  =  BII  or  EN  =  the  cut  (or  fill)  at  the  side  stake. 

**  a;  =  CD  =  the  "distance  out"  from  centre  to  side  stake. 

•*  y=ih'-d  =  KD, 

We  have  at  once  from  the  figures  the  general  formula 

x=^b-[-8h  (882) 

When  tJie  ground  is  level  transversely; 

h=:d,  and  x  =  ^b-{-  sd. 

For  embankment  use  the  same  formula,  considering  (f  or  A  as 
positive  in  this  case  also,  the  figure  being  simply  inverted. 

ir/i^/i  the  ground  is  inclined  transversely; 

h=zCG-\-  DK  =zd-^y    on  the  vpper  side  in  euti; 

x  =  ^b'\-sd  +  sy  (888) 

and  h  =  EN^d  —  y    on  the  loiter  side  in  etUi 

aj  =  iJ  +  «d-«y  (884) 
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For  embankments  use  the  same  formulae,  but  apply  eq.  (338)  to 
tbe  lower  side  and  eq.  (334)  to  the  upper  side,  the  figure  being 
inverted.  The  points  D  and  E  on  the  ground  are  usually  found 
by  trial,  such  that  the  corresponding  values  of  x  and  y  will 
yerify  the  formulsB. 

WTten  the  natural  dope  FD  or  LE  is  uniform  its  ratio  s'  may 
be  found  by  measuring  along  the  section  the  horizontal  dis- 
tance necessary  to  change  the  reading  of  the  rod  1  foot  (or  half 
the  distance  necessary  to  change  it  2  feet,  etc.).  Then,  having 
found  the  depths  of  cut  (or  fill)  at  i'^'and  X,  distant  ^  from  the 
centre  C,  we  have 

BE  =  sh  =  s\h  -  BF) 

and  AN  =  sh  =  s\AL  -  h) 

From  these  we  have,  for  the  upper  side  in  cuts,  and  lower  side 
infills. 

A  =  .^BF  .:x  =  ib  +  -^BF         (385) 
also,  for  the  lower  side  in  cuts,  and  upper  side  in  fills, 

h  =  j^AL  .■.z  =  ib  +  ^^AL         (336) 


We  also  have 


and 


h-BF=-r^—BF 

8    --  8 


AL'-h  =  — *—  AL 


8'  +S 


(337) 


whence  the  points  D  and  E  may  be  found  by  the  level. 

But  points  2>  and  E  thus  calculated  should  have  their  posi- 
tions verified  by  the  general  formula,  eq.  (332),  lest  the  slope 
s'  may  not  have  been  perfectly  uniform. 

When  the  natural  surface  intersects  the  base,  between  the 
points  A  and  B,  the  section  is  said  to  be  in  side  hill  work, 
Fig.  90.  Both  portions  of  the  section  are  then  determined  by 
eq.  (333),  or  where  the  slope  s'  is  regular,  by  eq.  (335)  measuring 
in  every  case  from  the  centre  stake  G\  but  observing  that 
when  the  centre  is  in  cut  and  one  side  in  fill,  or  vice  versa,  that 
d  must  be  considered  negative  for  that  side,  whence  eq.  (333) 
becomes  for  this  case 

xz=:\h^sd^»y  (883)' 
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231.  Staking  out  Earthwork.  Beginning  at  a 
point  on  the  centre  line  where  the  grade  cuts  the  natural  sur- 
face, the  engineer  drives  a  grade  stake  (marked  0.0)  and  notes 
the  point  in  the  cross-section  book.  If  the  line  of  intersection 
of  the  road-bed  and  surface  would  make  an  acute  angle  with 
the  centre  line,  he  also  finds  the  points  where  the  edges  of  the 
proposed  road-bed  will  intersect  the  surface,  drives  grade 
stakes,  and  also  stakes  out  a  cross  section  through  each  of 
those  points,  if  necessary. 

Then  advancing  to  the  next  point  on  the  centre  line  where 
a  section  is  required,  he  finds  its  elevation  with  the  level  (veri- 
fying or  correcting  the  elevation  taken  on  the  location),  calcu- 
lates the  depth  of  cut  or  fill  CGy  which  is  then  marked  upon 
the  back  of  a  stake  there  driven;  a  cut  being  designated  by  G 
and  a  fill  by  F. 

If  the  ground  is  level  transverseli/  (Fig.  88),  he  calculates  x  by 


Fm.  88. 

eq.  (332)  and  lays  off  this  distance  at  right  angles  to  the  centre 
line,  driving  slope  stakes  at  the  points  D  and  E,  marked  with 
the  depth  of  cut  or  fill.    The  marked  side  of  slope  stakes  should 
face  the  centre  line. 
Jftfie  ground  w  inclined  transversely  (Fig.  89),  he  first  measures 


Fia.  89. 


the  distance,  ^,  to  F,  and  finds  the  depth  BF  for  record.  He 
then  proceeds  to  find  the  point  D.  If  the  natural  slope  be  uni- 
form, D  may  l)e  found  by  eq.  (335)  or  (387),  verifying  the  resalt 
by  eq.  (332).  The  point  E  of  the  other  slope  may  be  found 
similarly,  using  eq.  (336)  or  eq.  (387);  verifying  by  eq.  (888). 
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232.  ]f  the  ground  be  irregular,  the  depth  of  cut  or  fill  is 
found  uot  only  at  the  centre  and  edges  of  the  road-bed,  but 
also  at  every  other  paint  along  the  cross  section  wTiere  tits  sur- 
face siape  changes,  all  of  which  depths  are  recorded,  together 
with  their  respective  distances  from  the  centre.  To  find  tlie 
point  D :  assume  a  point  supposed  to  be  near  2>,  and  there 
take  a  reading  of  the  rod.  The  difference  of  the  readings  at 
that  point  and  at  C  equals  y'  for  that  point,  which  inserted  in 
eq.  (833)  gives  a  value  x'.  If  x'  agrees  with  the  horizontal  dis- 
tance of  the  assumed  point  from  6',  the  true  position  of  D  has 
been  found.  If  x'  be  greater  than  this,  by  subtracting  the  eq. 
a;'  =  ^  +  «i  +  «y'  from  eq.  (833)  we  derive 

x  =  x'  +  s(y-  y)  (338) 

the  last  term  of  which  shows  the  correction  to  be  added  to  x'. 
Now  in  advancing  from  the  assumed  point  to  the  extremity  of 
z\  the  rise  of  the  surface  is  approximately  (y  —  y),  and  if,  in 
going  the  additional  distance,  «(y  —  y'),  a  further  rise  is  en- 
countered, this  last,  multiplied  by  8,  must  also  be  added  to  x\ 
and  so  on  until  the  additional  advance  makes  no  change  in  the 
value  of  y.  The  point  thus  found,  verified  by  eq.  (332),  is  the 
point  D  required. 

But  if  x'  be  less  than  the  distance  of  the  assumed  point  from 
C,  we  have 

x  =  x-s{y'  -  y)  (338)' 

the  corrections  being  subtractive. 

The  point  E  on  the  other  slope  is  found  in  a  similar  manner, 
using  eq.  (334)  for  the  value  of  x  ;  if  x'  be  greater  than  the  as- 
sumed distance,  we  have 

,x  =  x'^8(y-  y')  (339) 

the  corrections  being  subtractive  ;  but  if  aj'  be  less  than  the  as. 

sumed  distance, 

x  =x'  +  s{y'  -  y)  (339)' 

the  corrections  being  additive. 

233.  In  side-hill  work  (Fig.  90)  proceed  in  the  same 
manner,  using  eqs.  (333)  or  (333)'  and  (338)  in  all  cases  of  un- 
even ground.  When  the  surface  slope  s'  is  uniform,  eq.  (335) 
may  be  used,  if  preferred,  on  either  side.    In  addition  to  the 
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centre  and  side  stakes,  a  grade  stake  is  driven  at  the  point  0, 
-where  the  surface  intersects  the  grade,  the  stake  facing  down 
hill. 

To  find  a  grade  point,  set  the  target  to  a  reading  equal  to  the 
height  of  instrument  less  the  elevation  of  grade,  and  stand  the 
rod  at  various  points  along  the  given  line  until  the  target  coin- 
cides with  the  line  of  colli mation. 


Fig.  90. 

234.  When  two  materials  are  found  in  the  same  section, 
as  rock  overlaid  with  earth,  each  material  requires  its  own 
slope,  and  a  compound  section  is  the  result  To  Oake 
out  work  of  this  descnption,  the  depth  of  earth  to  the  rock  must 
be  known,  and  may  be  nearly  ascertained  by  reference  to  an 
adjacent  section  already  excavated.    Fig.  91. 


Fig.  91. 


Let  fli  be  the  depth  of  earth  at  C 
"   fla      "  '*  "       PotQ 

"    Sihe  the  ratio  of  rock  slope 


it 


tt 


Then 


«a      "  "       earth  slope 

«  =  i*  +  «i{d  —  ft  I  ±  y\)  +  <«(fl9  ±  y«) 


(840) 


in  which  yx  =  difference  of  rod  readings  on  the  roek  al  C^  and 
Di,  or  C^  and  Ei ;  and  y^  =  difference  of  rod  readings  on  tlie 
9urface  at  P  and  Dt,  or  at  Q  and  E^.  The  upper  sign  applies 
to  the  upper  side,  the  lever  sign  to  the  lower. 
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It  is  better,  however,  to  make  an  indefinite  cross  profile  at 
first,  driying  two  reference  stakes  quite  beyond  the  section 
limits;  and  when  the  contractor  has  removed  the  earth  from 
between  Di  and  Ei,  indicate  to  him  those  exact  ])oints  by 
marks  on  the  rock,  and  also  set  the  slope  stakes  at  Ih  and  E^. 

23£(.  The  frequency  with  which  cross  sections  should 
be  taken  depends  entirely  upon  the  form  of  the  surface;  where 
this  is  regular,  a  section  at  each  station  is  sufficient.  A  cross 
section  should  be  taken,  not  only  at  every  point  on  the  centre 
hne  where  there  is  an  angle  in  the  profile,  but  also  wherever 
an  angle  would  be  found  in  the  profile  of  a  line  joining  a  series 
of  slope  stakes  on  either  side,  even  though  the  profile  of  the 
centre  line  may  be  quite  regular  at  the  corresponding  point: — 
the  object  beings  not  only  to  indicate  the  proper  outlines  of 
the  earthwork,  but  to  furnish  the  data  necessafy  to  calculate 
correctly  the  quantities  of  material  removed.  Rockwork  will 
generally  require  more  frequent  sections  than  earthwork. 

236.  Vertical  Curves.— The  grades  as  given  on  the 
profile  are  right  lines,  which  intersect  each  other  with  angles 
more  or  less  abrupt.  These  angles  require  to  be  replaced  by 
vertical  curves,  slightly  changing  the  grade  at  and  near  the 
point  of  intersection.  A  vertical  curve  rarely  need  extend 
more  than  200  feet  each  way  from  that  point.    Fig.  92. 
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Fig.  92. 

Let  AB,  BC,  be  two  grades  in  profile,  intersecting  at  station 
B,  and  let  A  and  C  be  the  adjacent  stations.  It  is  required  to 
join  the  grades  by  a  vertical  curve  extending  from  A  to  (7. 
Suppose  a  chord  drawn  from  A  to  C; — the  elevation  of  the 
middle  point  of  the  chord  will  be  a  mean  of  the  elevations  of 
grade  at  A  and  (7;  and  one  half  of  the  difference  between  this 
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and  the  elevation  of  grade  at  B  will'f>e  the  middle  ordinate  of 
the  cunre.     Hence  we  have 

in  which  M  =  the  correction  in  grade  for  the  point  B,  The 
correction  for  any  other  point  is  proportional  to  the  square  of 
its  distance  from  A  or  6*.  Thus  the  correction  at  A -{-f^  is 
^M;  at  A +  60  it  is  ^M;  at  J.  +  75  it  is  ^M;  and  the  same 
for  corresponding  points  on  the  other  side  of  B.  The  correc- 
tions in  the  case  shown  are  mbtro/ctwe,  since  M  is  negative. 
They  are  additive  when  M  is  positive,  and  the  curve  concave 
upward. 

These  corrections  are  made  at  the  time  the  cross  sections 
are  taken,  and  the  corrected  grades  are  cntejed  in  the  field- 
book  opposite  the  numbers  of  the  respective  stations. 

237.  Form  of  Field-book.— A  complete  record  of 
all  cross-section  work  is  kept  in  tlie  cross-section  book. 
On  the  left-hand  page  is  recorded,  in  the  first  column,  the 
numbers  of  the  stations  and  other  points  where  sections 
are  taken;  in  the  second,  the  elevations  of  those  points,  copied 
in  part  from  the  location  level-book,  but  verified  or  corrected 
at  the  time  the  section  is  taken ;  in  tJie  thirds  the  elevation  of 
the  grade  for  the  same  points;  in  tJie  fourth,  the  width  of 
base  6;  in  the  fifth,  the  slope  ratios,  «;  and  in  the  sixth,  the 
surface  ratio  s  when  uniform.  The  right-hand  page  has  a 
central  column,  in  which,  and  opposite  the  number  of  the 
station,  is  recorded  the  centre  depth  of  the  section,  marked 
+  or  —  ,  to  indicate  cut  or  fill,  as  the  case  may  require. 
To  the  right  of  tliis  are  recorded  tlie  notes  of  that  portion  of 
the  section  wliich  lies  on  the  right  of  the  centre  line,  as  the 
line  was  run,  and  to  the  left,  the  notes  of  the  left  side.  The 
distance  from  the  centre  to  each  point  noted  is  recorded  as 
the  numerator  of  a  fraction,  and  the  cut  or  fill  at  the  point 
as  the  denominator,  prefixed  by  a  -f-  or  —  as  the  case  may 
require.  The  denominator  for  a  grade  point  is  zero.  The 
numbers  of  the  stations  should  increase  up  the  page,  as  in  a 
transit  book,  so  that  there  may  be  no  confusion  as  to  the  right 
and  left  side  of  the  line.  The  several  points  being  noted  in 
order  as  tliey  occur  from  the  centre  out;vards,  the  notes  faiv 
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thest  from  the  centre  of  the  page  usually  appertain  to  the 
slope  stakes;  but  in  case  the  cross  profile  is  extended  beyond 
the  slope  stake,  the  note  of  the  latter  should  be  surrounded  by 
a  circle  to  distinguish  it.  The  following  form  is  a  specimen 
of  a  right-hand  page,  with  the  first  column  only  of  the  left- 
hand  page: 


Sta. 

Cross 

0 

Sections. 

AO 

22.9      16.6       10         5 

10        20         82 

55.6 

83 

+  8.6  +14  +17.7  +21 

+  21.5 

+20.8  +25.6  +28.8 

+80.4 

17.5       10         4 

0 

10         24       42.6 

+  60 

+  5.0  + 10  +13.2 

+ 14 

+14.7+20.1  +21.7 

«i 

14.2       10 

0 

6          10       31,6 

+  2.8  +  5.4 

+  9.4 

+  8.5  +11.6  +14.4 

+  88 

10 
0 

0 

+  2.8 

10       19.3 

+  3.8  +  6.2 

+  27 

0 

+  19 

21.7       7 
-  9.8-  5.6 

0 
-  4.'7 

10 
0 

A4 

25.9       7 

0 

7          15 

81 

-12.6-11.2 

-12 

-10.6  -  5.8 

A/\ 

88.4       7 

0 

7          18       25.6 

80 

-17.6-16.4 

-17.6 

_19:(5  -19.1  -12.4 

238*  In  case  there  is  a  liability  to  land-slips,  the  profiles 
of  cross  sections  should  be  carried  beyond  the  slope  stakes, 
on  the  upper  side  of  the  cut,  to  any  distance  thought  neces- 
sary to  reach  firm  ground,  and  stakes  driven  for  future  refer- 
ence. When  a  number  of  consecutive  cross  profiles  are  to  be 
considerably  extended,  it  is  well  to  first  run,  instrumentally, 
a  line  parallel  to  the  centre  line,  and  set  stakes  opposite  the 
stations,  taking  their  elevations.  The  intermediate  surface  of 
the  sections  may  then  be  taken  with  cross-section  rods  if  more 
coavenient.     See  §87. 


239*  In  case  of  inaccessible  ground,  preventing  a 
regular  staking  out,  an  indefinite  profile  of  the  section  may 
generally  be  obtained,  referred  to  the  datum  for  elevation  and 
to  the  centre  line  for  position,  which  being  plotted  on  cross- 
section  paper,  and  the  grade  line  and  side  slopes  added,  shows 
to  scale  where  the  slope  stakes  should  be. 
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240.  Any  isolated  mass  of  rock  or  earth  which  oc- 
curs within  thelimits  of  the  slope  stakes,  but  not  included  in 
the  regular  notes,  is  separately  measured  and  noted,  so  that 
its  contents  may  be  computed  and  added  to  the  sum  of  *  the 
same  material  found  in  the  cross  sections. 

241.  Borrow-pits. — When  the  excavations  will  not 
suffice  to  complete  the  embankments,  material  may  be  taken 
from  other  localities,  termed  borraw-pits.  These  should  be 
staked  out  by  the  engineer  and  their  contents  calculated, 
unless  the  contractor  is  to  be  paid  for  work  by  embankment 
measurements.  A  number  of  cross  profiles  are  taken  of  the 
original  surface,  and  (on  the  same  lines)  of  the  bottom  of  the 
pit  after  it  is  excavated,  which  furnish  the  depth  of  cutting 
at  each  required  point.  Borrow-pits  should  be  regularly  ex- 
cavated, so  that  they  may  not  present  an  unsightly  appear- 
ance when  abandoned.  Borrow-pits  may  be  avoided  by 
widening  the  cut  uniformly  at  the  time  it  is  staked  out,  so 
that  it  may  furnish  sufficient  material;  provided  the  material 
is  suitable,  the  embankment  accessible,  and  the  distance  not 
too  great.  When  the  excavation  is  in  excess,  the  surplus  ma- 
terial should  be  uniformly  distributed  by  widening  the  adja- 
cent embankments,  if  possible;  otherwise  it  is  deposited  at 
convenient  places  indicated  by  the  engineer  and  is  said  to  be 
-misted. 

242.  Shrinkag^e. — In  estimating  the  relative  amounts  of 
excavation  and  embankment  required,  allowance  must  be  made 
for  difference  in  the  spaces  occupied  by  the  material  before  ex- 
cavation and  after  it  is  settled  in  embankment.  The  varioua 
earths  will  be  more  compact  in  embankment,  rock  less  so.  The 
difference  in  volume  is  called  shrinkage  in  the  one  case,  and 
tncre-ase  in  the  other. 

Shrinkctge  in  1000  cu.  yds. 
^  Material.  Of  excavation.    Of  settled  embkt 

Sand  andgravel SOC.Yds.  STC.Yds. 

Clay 100    *•  111     •• 

Loam 120    "  186    " 

Wet  soil 150    *•  200    " 

Increase  in  1000  cu.  yds. 

Rock,  large  fragments 600  C.  Yds.        875  C.  Ydt, 

••     medium  iragments 700    *'  418    ** 

'*     small  •       800    "  4i4    " 
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Thus,  an  excavation  of  sand  and  gravel  measuring  1000  cubic 
yards  will  form  only  about  920  cubic  yards  of  embankment;  or 
an  embankment  of  1000  cubic  yards  will  require  1087  cubic 
yards  of  sand  or  gravel  measured  in  excavation  to  fill  it ;  but  will 
require  only  587  cubic  yards  of  rock  excavation,  the  rock  being 
broken  into  mediiun-sized  fragments;  while  1000  cubic  yards 
of  the  latter,  measured  in  excavation,  will  form  1700  cubic 
yards  of  embankment. 

The  lineal  settlement  of  an  earth  embankment  will  be 
about  in  the  ratio  given  above,  therefore  the  contractor  should 
be  instructed  in  setting  his  poles  to  guide  him  as  to  the  height 
of  grade  on  an  earth  embankment,  to  add  10  per  cent  (average) 
to  the  fill  marked  on  the  stakes.  In  rock  embankments  this 
is  not  necessary.  The  engineer  should  see  that  all  embank- 
ments are  made  full  width  at  first,  out  to  the  slope  stakes,  and 
by  measure  at  or  above  grade,  so  that  the  whole  may  settle  in 
a  compact  mass.  Additions  to  the  width  made  subsequently 
are  likely  to  slide  off. 

243*  The  cross-section  notes  should  be  traced  in  ink  at  the 
first  opportunity  to  secure  their  permanence.  An  office  copy 
Ahould  also  be  made  to  serve  in  case  of  loss  or  damage  to  the 
original. 

'244.  Alteration  of  Line. — Inasmuch  as  the  centre  line 
at  grade  is  the  base  of  reference  for  all  measurements  and  cal- 
culations in  earthwork,  any  change  made  in  it  after  the  work 
of  grading  has  begun  should  be  most  carefully  recorded  and 
explained.  The  centre  stakes  of  the  old  line  should  be  left 
standing  until  after  the  new  line  is  established,  so  that  the  per- 
pendicular offset  from  the  old  line  to  the  new,  at  each  station, 
may  be  measured,  as  also  the  distance  that  the  new  station  may 
be  in  advance  of,  or  behind  the  old  one.  The  date  of  the  change 
should  be  recorded.  The  original  cross  sections  are  extended 
any  amount  requisite,  the  distance  out  being  still  reckoned  from 
the  old  centre,  while  a  marginal  note  states  the  amount  by  which 
the  centre  has  been  shifted. 

The  difference  in  length  of  the  lines  will  make  a  long  or  short 
station  at  the  point  of  closing.  The  exact  length  of  such  a 
station  should  be  recorded,  so  that  it  may  be  observed  in  re- 
tracing the  line  at  any  time,  and  in  calculating  the  quantity  of 
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earthwork.  The  original  transit  notes  of  the  altered  line  should 
be  preseryed,  but  marked  as  ''abandoned,"  with  a  reference  to 
the  notes  of  the  new  line  on  another  page. 

245.  Drains  and  Culverts.— -The  engineer  should  ex 
amine  the  nature  and  extent  of  each  depression  in  the  profile 
with  reference  to  the  kind  of  opening  required  for  the  passage 
of  water.  For  small  springs,  and  for  a  limited  surface  of  rain- 
fall, cement  pipes,  in  sizes  varying  from  12  to  24  inches  diame- 
ter, serve  an  excellent  purpose  as  drains.  These  are  easily  laid 
down,  and  if  properly  bedded,  with  the  earth  tamped  about 
them,  are  very  permanent;  but  their  upper  surface  should  be 
at  least  2i  feet  below  grade.  The  embankment  is  protected  at 
the  upper  end  of  the  drain  by  a  bit  of  vertical  wall,  enclosing 
the  end  of  the  pipe.  If  necessary,  a  paved  gutter  may  lead  to 
it. 

"Where  stone  abounds,  the  bed  of  a  dry  ravine  may  be  partly 
filled  with  loose  stone,  extending  beyond  the  slopes  a  few  feet> 
which  will  prevent  the  accumulation  of  water. 

When  the  flow  of  water  is  estimated  to  be  too  great  for  two 
lines  of  the  largest  cement  pipe,  or  when  the  embankment  is 
too  shallow  to  admit  them  safely,  a  culvert  is  required.  A 
pavement  is  laid  one  foot  thick,  protected  by  a  curb  of  stone 
or  wood  3  feet  deep  at  each  end,  and  wide  enough  to  allow  the 
walls  to  be  built  upon  it.  It  should  have  a  uniform  slope,  usu- 
ally between  the  limits  of  60  to  1  and  100  to  1  to  ensure  the 
ready  flow  of  water.  In  firm  soils  the  foundation  pit  is  exca* 
vated  one  foot  below  the  bed  of  the  stream,  but  if  mud  is  found 
this  must  be  removed  and  the  space  filled  with  riprap,  the  up* 
per  course  of  which  is  arranged  to  form  the  pavement  at  the 
proper  level.  In  a  V-shaped  ravine,  requiring  too  much  ex- 
cavation at  the  sides,  and  where  the  fall  is  considerable,  riprap 
may  be  used  to  advantage,  the  bed  of  the  stream  above  the 
culvert  being  graded  up  by  the  same  material  to  meet  the  pave* 
ment.  In  some  cases  a  curtam,  or  cross  wall,  is  necessaiy  on 
the  lower  end  to  retain  the  riprap. 

Culverts  should  be  laid  out  at  right  angles  to  the  centre  line 
whenever  practicable,  the  bed  of  the  stream  being  altered  if 
necessary.  The  length  of  an  open  culvert  is  the  entire  distance 
between  slope  stakes,  the  walls  being  parallel  throughout,  or 
the  length  may  be  taken  somewhat  less  than  this,  and  the  wsUe 
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i  at  right  angles  on  the  upper  end,  f ormmg  a  facing  to 
x>t  of  the  slope.  The  walls  are  carried  up  to  grade  for 
tdth  of  the  road-bed,  and  are  stepped  down  to  suit  the 
».  A  course  is  afterwards  added  to  retain  the  ballast. 
ix>z  culverts  the  span  varies  from  2  to  5  feet,  the  height 
I  clear  from  2  to  6  feet;  the  thickness  of  walls  from  8  to 
;  the  thickness  of  cover  from  12  to  18  mches,  and  its 
1  at  least  2  feet  greater  than  the  span.  The  walls  terminate 
ort  head-walls  built  parallel  to  the  centre  line,  the  top 
e  being  a  contmuation  of  the  cover.  The  length  of  a 
wall,  measured  on  the  outer  face,  is  equal  to  the  height  of 
ulvert  in  the  clear  multiplied  by  the  slope  ratio  of  the 
nkment.  The  perpendicular  distance  from  the  centre 
[)  the  face  of  a  head- wall  is  equal  to  one  half  the  road-bed, 
;he  depth  of  the  top  of  the  wall  below  grade  multiplied  by 
ope  ratio,  or  ^b  +  sk.    A  coping  is  sometimes  added. 

:0.  Arch  culverts  are  used  when  the  span  required  is 
than  5  feet,  and  the  embankment  too  high  to  warrant 
ing  the  walls  up  to  grade  as  an  open  culvert.  The  span 
J  from  6  to  20  feet;  the  arch  is  a  semicircle,  the  thickness 
ng  from  10  or  12  inches  to  18  or  20  inches.  The  height 
jtments  to  the  springing  line  varies  from  2  to  10  feet,  the 
aess  at  the  springing  line  from  3  to  5  feet,  and  at  the  base 
3  to  6  feet,  the  back  of  the  abutment  receiving  the  batter, 
oundations  are  laid  broader  and  deeper  than  in  box  cul- 
each  abutment  having  its  own  pit,  carried  to  any  depth 
I  necessary.  The  half  length  of  the  culvert  is  ^b  -f-  sk,  in 
I  k\s  the  depth  of  the  crown  of  the  arch  below  grade, 
abutments  are  carried  up  half  way  from  the  spring  to  the 
of  the  crown  of  the  arch,  and  thence  sloped  off  toward 
•own.  The  face  walls  are  carried  up  to  the  crown,  and 
[.  The  wing  walls  stand  at  an  angle  of  30°  with  the 
►f  the  culvert;  they  receive  a  batter  on  the  face,  and  are 
sd  (or  sloped)  down  to  suit  the  embankment.  Their 
aess,  at  the  base,  is  the  same  as  that  of  the  abutment;  at 
iter  end  3  feet.  They  stop  about  3  feet  short  of  the  foot 
}  slope.  They  need  not  be  curved  in  plan. 
y  stone  structure  of  dimensions  greater  than  those  given 
5,  scarcely  comes  under  the  head  of  culverts,  and  should 
ide  the  subject  of  a  special  design  by  the  engineer. 
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247.  staking  out  Foundation  Pits.— For  box 
culverts. — The  engineer  having  decided  upon  the  size  of  cul- 
yert  required,  makes  a  diagram  of  it  in  plan,  oa  a  page  of  his 
masonry  book,  recording  all  the  dimensions,  stating  the  sta- 
tion and  plus  at  which  its  centre  is  taken,  the  span  and  hei^t 
of  the  opening,  etc.  He  then  sets  the  transit  at  the  centre  A, 
Fig.  93,  measures  the  angle  between  the  centre  line  and  axis^ 


Fig.  93. 


(making  it  90**  if  practicable) ;  on  the  axis  he  lays  off  the  dis* 
tances  to  the  ends  of  the  culvert  and  drives  stakes  at  B  and  (7. 
Perpendicular  to  BG  he  lays  off  the  half  widths  of  the  pit,  set- 
ting stakes  at  D  and  E,  and  laying  off  Di^and  EH  =  AB;  and 
DO  and  EI  =^  AG.  On  10  produced  he  lays  off  GJ  =  CK,  and 
perpendicular  to  this  JM  and  EL,  and  finds  the  Intersectiona 
0  and  N,  A  stake  is  driven  at  each  angle,  and  upon  it  is 
marked  the  cut  required  to  reach  the  assumed  level  for  the 
foundation.  These  cuts  are  recorded  on  the  corresponding 
angles  of  the  diagram.  The  pit  is  thus  no  larger  than  the 
plan  of  the  proposed  masonry,  and  the  sides  are  vertical,  which 
answers  the  purpose  for  shallow  pits. 

For  arch  culverts.— The  pit  for  each  abutment  when 
shallow  may  be  of  the  same  dimensions  as  the  lower  founda- 
tion course ;  if  more  than  five  feet  deep,  it  should  be  enlarged 
by  an  extra  space  of  one  foot  all  around.    In  Fig.  94  the  inridt 
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lines  show  the  plan  of  the  abutments  at  the  neat-lines ;  the 
outside  lines  represent  the  pits.  Having  prepared  a  plan  of 
the  structure  suited  to  the  locality,  and  made  a  diagram  of 
the  same  in  the  masonry  book,  set  the  transit  at  At  and  drive 
stakes  at  D,  E^  N  and  0  on  the  centre  line.  Then  turning  to 
the  axis  BC^  lay  off  AG,  and  set  stakes  at  O  and  /.  With  G 
as  a  centre,  and  a  radius  equal  to  ^DE,  describe  on  the  ground 
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an  arc  cutting  EI  in  X  or  (/X=  DE ,  cot  80°)  may  be  calcu- 
lated; and  on  XO  produced  lay  off  OK^  and  perpendicular  to 
this,  EIL.  From  N  lay  off  NPy  parallel  to  AG^  and  measure 
PL  as  a  check.  Drive  a  stake  at  each  angle,  marked  with  the 
pr^;)er  cutting,  and  record  the  same  on  the  diagram.  The 
locality  may  require  the  wings  to  be  of  different  lengths  and 
angles,  of  which  the  engineer  will  judge.  Guard-plugs  should 
be  driven  m  line  with  the  intended  face  of  one  or  both  abut- 
ments, so  that  the  neat-lines  can  be  readily  given  when  re- 
quired. In  case  the  material  is  not  likely  to  stand  vertically, 
the  pit  must  be  staked  out  with  sloping  sides,  as  described 
below. 

For  bridge  abutments.— A  design  for  every  impor- 
tant structure  Is  usually  prepared  in  the  office  after  a  survey 
of  the  site.  The  foundation  pit  is  then  laid  out  from  dimen- 
sions furnished  on  a  tracing,  but  a  diagram  of  the  pit  should  be 
made  in  the  masonry  book  as  usual.  When  the  biidge  is  on  a  tan^ 
gent^  Fig.  95,  set  the  transit  at  A  on  the  centre  line  at  Its  inter- 
section with  the  axis  BG  of  the  abutment  ti^  the  level  of  the  seat. 
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Deflect  from  the  tangent  the  angle  giving  the  direction  of  BO, 
and  lay  off  AG,  AB,  setting  plugs  at  B  and  (7,  and  reference 
plugs  (two  on  each  side)  on  BC  produced.  After  staking  out 
the  sides  of  the  pit  parallel  to  BC,  set  the  transit  at  C,  and 
deflect  the  angle  for  the  wing,  laying  off  CD,  and  driying 
stakes  at  the  corners  E  and  F.  Two  reference  points  are 
then  set  on  the  line  CD  produced.    The  other  wing  being 
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staked  out  in  the  same  manner,  the  cut  is  found  at  each  stake 
and  marked  and  recorded.  Cross  sections  are  then  taken  near 
each  corner,  perpendicular  to  each  side,  and  slope  stakes 
(marked  '*  slope")  are  driven  where  the  slope  runs  out  Inter- 
mediate sections  are  taken  when  the  unevenness  of  the  ground 
makes  it  necessary,  and  the  lines  joining  the  slope  stakes  are 
produced  to  intersect,  and  other  stakes  are  driven  at  the  inter- 
sections. The  position  of  each  stake  is  shown  on  the  diagram, 
and  the  cut  recorded. 

A  slope  of  1  to  1  is  usually  suflicient  for  pits.  If  the  material 
will  not  stand  at  1^  to  1,  or  if  space  cannot  be  spared  for  the 
slope,  the  sides  may  be  carried  down  vertically,  supported  by 
sheet  piling  braced  from  within. 

The  reference  points  should  be  so  chosen  that  the  points  A, 
B  and  C  may  be  found  by  intersection,  on  any  course  of  the 
masonry,  during  the  progress  of  construction. 

When  the  bridge  is  on  a  ciirvey  the  bridge-chord 
should  be  found  and  the  abutments  laid  out  from  this.  Fig.  M. 
The  bridge-chord  is  a  line  AB,  midway  between  the  chord  of 
the  curve  CD,  joining  the  centres  of  the  abutments,  and  a  tan- 
gent to  the  curve  at  the  middle  point  of  the  span.    Henoo 
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0A=s1)Bt^  ^MN,  which  may  be  laid  off,  and  A  and  B  are 
the  true  centres  of  the  abutments,  from  which  the  foundations 
are  staked  out  as  before. 

The  distance  CE  =  DF  to  the  points  where  the  bridge-chord 
cuts  the  curve  is  0. 147C!Z>. 

Should  an  abutment  site  on  a  curve  be  inaccessible,  as  when 
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under  water,  from  any  transit  point  Pon  the  curve  lay  off.  PX 
perpendicular  to  the  tangent  at  Jf,  observing  that 

Pr=  MQ  -  AC=  M (vers PM -  ^ vera  CM) 
Mid        AX-Pq-  ^AB  =  R{dn  PM-^  ^GD) 

The  point  A  may  then  be  found  by  intersection,  or  by  direct 
measurement  with  a  steel  tape  or  wire,  driving  a  long  stout 
stake  to  show  the  point  above  the  water.  Other  points  may 
then  be  approximately  found,  sufficient  to  begin  operations. 

In  case  of  a  bridge  of  several  spans,  the  piers  are  laid  out  in 
the  same  manner,  from  a  centre  point  and  axis.  If  on  a  curve, 
each  span  has  its  own  bridge-chord,  but  for  convenience,  the 
centre  of  a  pier  may  be  taken  on  the  centre  line  during  its  con- 
struction, and  the  bridge-chord  only  found  for  the  purpose  of 
placing  the  bridge;  the  piers  being  long  enough  to  allow  of  the 
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To  locate  the  centres  of  piers,  a  base  line  is  re- 
quired on  one  or  both  shores,  and  two  transits  are  used  to  give 
the  intersections  by  calculated  angles.  When  practicable  the 
spans  should  also  be  measured  with  a  steel  tape  or  wire. 

The  bed  of  a  pit  for  any  sort  of  structure  should 
receive  the  closest  scrutiny  of  the  engineer,  it  being  his  duty 
to  judge  whether  the  material  will  resist  the  load  to  bo  im- 
posed upon  it.  A  pit  may  require  to  be  excavated  to  a  greater 
depth  than  first  ordered,  while  sometimes  a  less  depth  will 
answer,  as  when  solid  rock  is  found.  When  a  good  material 
is  reached,  if  any  doubt  exist  as  to  its  thickness,  or  as  to  the 
character  of  the  underlying  stratum,  borings  should  be  made 
or  sounding  rods  driven  down.  Piles  may  be  driven  to  gain 
the  requisite  firmness,  and  a  layer  of  riprap,  of  belon,  or  of 
timber  may  be  used  to  afford  a  uniform  bearing.  When  satis- 
fied of  the  stability  of  the  bed,  the  engineer  finds  the  original 
centres,  and  gives  points  for  the  courses  of  masonry.  A  com- 
plete record  is  kept  of  the  amount  and  kind  of  excavation,  the 
materials  used  in  foundation  under  the  masonry,  and  of  the 
size  and  thickness  of  each  foundation  course  of  masonry;  the 
notes  should  be  taken  at  the  time  the  work  is  done,  it  being 
generally  impossible  to  take  measurements  thereafter. 

248.  Cattle-g^uards  are  shallow  pits  placed  at  right 
angles  across  the  road  at  the  fence  lines  to  prevent  the  passage 
of  cattle.  They  are  either  entirely  open,  in  which  case  they 
should  be  at  least  4  feet  deep,  or  they  are  covered  in  part  with 
wooden  rails  laid  a  few  inches  apart.  The  open  guard  is 
preferred.  It  is  built  like  an  open  culvert  except  that  no 
pavement  is  required.  The  stringers  carrying  the  rails  over 
any  opening  should  be  no  longer  than  the  span  pliis  the  thick- 
ness of  the  walls. 

249.  Trestle  Work. — No  wooden  culverts  should  ever 
be  used.  If  stone  cannot  be  had  at  first,  two  trestle  bents  may 
be  erected,  leaving  between  them  a  space  sufficient  to  contidn 
the  stone  structure  to  be  built  when  the  material  for  it  can  be 
brought  by  rail.  The  bents  may  be  backed  by  plank  to  retain 
the  embankment,  and  the  stringers  are  then  notched  down  an 
inch  on  the  caps  to  receive  the  pressure  of  the  earth,  and 
render  the  bents  mutually  sustaining.  The  sills  are  prevented 
from  yielding  to  the  pressure  of  the  earth  by  being  sunk  in 
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a  trench,  or  by  sheet  piling.  Should  the  span  be  too  long,  a 
central  bent  may  be  used,  so  as  not  to  interfere  with  building 
the  wall.  Sometimes  pile-bents  may  be  used  with  greater  ad- 
vantage, the  piles  being  driven  in  rows  of  four  each,  and  cap- 
ped to  receive  the  stringers.  In  districts  where  suitable  stone 
is  entirely  wanting,  pile  or  trestle  abutments  and  piers  are 
used  for  the  support  of  bridges,  the  piles  or  posts  being 
arranged  in  groups  and  capped  to  receive  the  direct  weight  of 
the  trusses.  They  should  not  sustain  the  embankment,  but 
should  be  connected  with  it  by  a  short  trestle  work. 

Trestle  work  is  frequently  used  as  a  substitute  for  embank- 
ment, either  to  lessen  the  first  cost,  or  to  hasten  the  completion 
of  the  line,  or  for  lack  of  suitable  material  with  which  to  form 
an  embankment.  The  cost  of  trestle  work,  however,  is  not 
less  than  that  of  an  earth  embankment  formed  from  borrow 
pits,  unless  its  height  exceeds  about  15  feet,  depending  on  the 
relative  prices  of  materials  and  labor.  "When  not  exceeding  30 
feet  in  height,  the  bents,  for  single  track,  are  usually  composed 
of  two  posts,  a  cap  and  sill,  each  12  X  12,  and  two  batter  posts, 
10  X  13,  inclined  at  ith  to  1,  all  framed  together.  Two  lengtlis 
of  3-inch  plank  are  spiked  on  diagonally  on  opposite  sides  of 
the  bent  as  braces.  The  length  of  the  caps  should  equal  the 
width  of  the  embankment;  the  posts  should  be  5  feet  from 
centre  to  centre,  and  the  batter  posts  2  feet  from  the  posts  at 
the  cap.  The  sill  should  extend  about  two  feet  beyond  the 
foot  of  the  batter  post.  A  masonry  foundation  for  the  bent  is 
preferable,  though  pile  foundations  are  not  uncommon,  and 
some  temporary  structures  are  placed  directly  on  a  firm  soil, 
supported  only  by  mudsills  laid  crosswise  under  the  sill.  The 
spans,  or  distance  between  bents,  may  vary  from  12  to  16  feet. 
The  stringers  should  consist  of  4  pieces,  2  under  each  rail, 
bolted  together,  with  packing  blocks  to  separate  them  2  or  3 
inches.  Over  each  bent  and  at  the  centre  of  each  span  a  piece 
of  thick  plank  about  4  feet  long  should  be  placed  on  edge 
between  the  two  pair  of  beams  to  preserve  the  proper  distance 
between  them,  while  rods  pass  through  the  beams  and  strain 
them  up  to  the  ends  of  the  plank,  to  increase  the  stability  of  the 
beams  and  prevent  their  buckling  under  a  load.  The  string- 
ers should  be  able  to  carry  safely  the  heaviest  load  without 
bracing  against  the  posts.  The  bents,  however,  if  high,  must 
be  braced  against  each  other.    The  stringers  should  be  con- 
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tinuous,  tne  two  pieces  breaking  joints  with  each  other  at  the 
bents,  to  which  they  are  firmly  bolted.  They  may  rest  directly 
on  the  caps,  or  corbels  may  intervene.  The  spans  on  a  curve 
should  be  shorter  than  on  a  tangent.  The  ties  should  be 
notched  down  to  fit  the  stringers  closely,  and  guard  rails,  cither 
wood  or  iron,  secured  to  them  firmly.  Unless  the  spans  are 
very  short,  horizontal  bracing  should  be  employed  consisting 
of  8-iuch  plank,  extending  from  the  centre  of  each  spaa  to  the 
ends  of  the  caps,  which  are  notched  down  to  receive  the  plank. 
Tor  trestles  much  higher  than  30  feet  the  cluster  bent  is 
"cf  (irable,  so  termed  because  each  vertical  post  is  cc)mi)08iKi  of 
cluster  of  four  pieces,  8x8,  standing  a  little  apart  to  allow 
..ic  horizontal  members  to  pass  between  them.  The  verticals 
a.o  continuous,  breaking  joints,  two  and  two,  while  the  hori- 
zontals pass  the  posts  and  are  bolted  to  them  at  the  joints;  the 
framing  is  accomplished  entirely  by  packing  blocks  and  bolts. 
The  batter  posts  consist  each  of  two  pieces  8x8;  the  horizon- 
tals may  be  4  X  10,  and  extend  not  only  across  the  bent,  but 
from  one  bent  to  another.  Proper  bracing  is  also  used  ia  every 
direction.  When  very  high,  a  secondary  pair  of  batter  poets 
may  be  introduced  in  the  lower  part  of  the  structure.  The 
batter  need  not  exceed  |th  to  1.  In  some  instances  two  adjoin- 
ing bents  are  strongly  braced  together,  forming  a  tower  or  pier, 
and  the  piers  placed  from  50  to  100  feet  apart,  the  roadway 
being  carried  on  trussed  bridges.  The  cluster  bent  admits  of 
any  piece  being  removed  and  a  new  one  inserted  when  neces- 
sary. 

Iron  trestles  are  now  adopted  where  a  permanent  struo 
ture  is  desired.  Owing  to  the  expansion  of  the  metal  by  heat, 
the  bents  cannot  be  continuously  connected  with  each  other  as 
in  a  wooden  trestle;  hence  the  pier  form  is  resorted  to,  having 
spans  varying  from  30  to  150  feet,  covered  by  trussed  bridges* 
and  the  whole  structure  is  more  properly  styled  a  viaduct. 

250.  Tunnels.  Tunnels  are  adopted  in  certain  cases  to 
avoid  excessive  excavations,  steep  grades,  high  summits,  and 
circuitous  routes.  Their  disadvantages  are  the  increased  time 
and  cost  of  their  construction  compared  with  an  open  line,  and 
their  lack  of  light  and  fresh  air  when  in  use.  It  is  desirable 
that  they  should  be  on  a  tangent  throughout,  both  for  the  ad- 
mission of  light  and  for  convenience  of  alignment     Many 
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tunnelB,  however,  have  been  built  with  a  curve  at  one  or  both 
ends.* 

The  location  of  a  tunnel,  other  things  being  equal,  should 
be  such  as  to  make  not  only  the  tunnel  proper,  but  also  its  im- 
mediate approaches  by  open  cut  as  short  as  possible;  and  the 
^tter  should  be  selected  so  as  not  to  be  subject  to  overflow, 
nor  liable  to  land  slides.  The  material  to  be  encountered  may 
frequently  be  determined  with  tolerable  accuracy  by  a  study 
of  the  geological  formation  in  the  vicinity,  or  by  actual  borings. 
The  most  favorable  material  for  tunnelling  is  a  homogeneous 
self-supporting  rock,  devoid  of  springs,  which  does  not  disin- 
tegrate on  exposure  to  the  atmosphere.  The  worst  materials 
are  saturated  earth  and  quicksands.  The  presence  of  water  in 
any  material  increases  the  cost  considerably. 

The  align  men  t  of  a  tunnel  is  made  the  subject  of  special 
survey,  after  the  general  location  is  decided,  and  this  is  more 
or  less  elaborate  according  to  the  length  of  tunnel  A  perma- 
nent station  is  established  at  the  highest  point  crossed  by  the 
tunnel  tangent,  from  which,  if  possible,  monuments  are  set  in 
each  direction  at  points  beyond  the  ends  of  the  tunnel.  If 
tiiere  are  two  principal  summits,  stations  on  these  will  define 
the  tangent,  which  may  then  be  produced.  The  monuments 
established  beyond  the  timnel  should  be  sufficiently  distant  to 
afford  a  perfect  backsight  from  the  ends  of  the  tunnel,  where 
other  monuments  are  also  established.  The  first  quality  of  in- 
struments only  should  be  used,  and  these  perfectly  adjusted, 
and  the  observations  should  be  repeated  many  times  until  it  is- 
oertain  that  all  perceptible  errors  are  eliminated.  Since  the 
line  of  collimation  will  be  frequently  inclined  to  the  horizon 
at  a  considerable  angle,  it  is  important  that  it  should  revolve 
in  a  vertical  plane;  and  to  secure  this,  a  sensitive  bubble  tube 
should  bo  attached  to  the  horizontal  axis,  at  right  angles  to  the 
telescope  of  the  transit.  The  distance  may  be  obtained  by  tri- 
angulation,  though  direct  measurement  is  to  be  preferred.  A 
steel  tape  is  convenient  and  accurate,  providing  that  allowance 
be  made  for  variations  due  to  temperature,  from  an  assumed 
standard.    The  rods  described  in  §  43  may  be  used  instead  of 


*The  Mont  Cenis  tunnel,  requiring  a  curve  at  each  end,  was  first 
opened  on  the  tangent  produced,  giving  a  straight  line  through,  and  the 
carrei  were  excavated  subsequently. 
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plumb  lines,  the  tape  being  held  at  right  angles  to  them,  and 
therefore  horizontal.  A  plug  should  be  driven  for  each  rod  to 
stand  on,  and  a  centre  set  to  indicate  the  Une  and  measure- 
ment. 

As  the  excayation  of  the  tunnel  proceeds,  the  centre  line  is 
given  at  short  intervals  by  points  either  on  the  floor  or  roof. 
Overhead  points  are  generally  preferred,  from  which  short 
plumb  lines  may  be  hung,  constantly  indicating  the  line,  with 
little  danger  of  being  disturbed.  When  a  new  transit  point  is 
required  in  the  tunnel,  it  should  be  established  directly  mider 
an  overhead  point,  which  serves  as  a  check  upon  its  i>erma< 
nence,  and  as  a  backsight  when  needed. 

Shafts  are  sometimes  opened  to  give  access  to  several  points 
of  the  tunnel  at  the  same  time,  thus  facilitating  the  work,  though 
at  an  increased  cost.  They  also  serve  for  ventilation  during  the 
progress  of  the  work,  though  they  are  worse  than  useless  for 
this  purpose  afterward,  except  possibly  in  the  case  of  a  single 
shaft  near  the  centre  of  the  tunnel.  Some  of  the  longest  tun* 
nels  have  been  formed  without  shafts,  while  many  shorter  ones 
have  had  several,  which  have  generally  been  closed  after  the 
tunnel  was  completed.  Shafts  are  either  vertical,  inclined,  or 
nearly  horizontal ;  in  the  latter  case  they  are  called  adits.  In* 
clined  shafts  should  make  an  angle  of  at  least  60*  with  the  ver- 
tical. Vertical  shafts  may  be  either  rectangular,  round,  or 
oval.  Their  dimensions  vary,  depending  on  their  depth  and 
the  material  encountered,  between  8  and  25  feet.  They  are 
usually  sunk  on  the  centre  line  of  the  tunnel,  though  some- 
times at  one  side.  When  over  the  tunnel  the  alignment  below 
is  obtained  directly  from  two  plumb  lines  of  fine  wire  suspend*^ 
on  opposite  sides  of  the  shaft  from  points  very  carefully  deter- 
mined at  the  surface.  The  plummets  are  suspended  in  water 
to  lessen  their  vibrations,  and  as  soon  as  the  transit  can  be  set 
up  at  a  sufficient  distance  to  bring  the  lines  into  focus.  It  is 
shifted  by  trial  into  exact  line  with  the  mean  of  their  oscilla- 
tions, the  latter  being  very  limited.  Permanent  points  may 
then  be  set,  but  should  be  repeatedly  verified.  As  soon  as  the 
workings  from  a  shaft  communicate  with  those  from  either 
end,  or  from  another  shaft,  the  alignment  thus  found  is 
tested,  and  revised  if  necessary.  These  operations  require  the 
greatest  nicety  of  observation  and  deUcacy  of  manipulatioii  lo 
obtain  satisfactory  results. 
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From  plumb  lines  in  the  central  shaft  of  the  Hoosac  tunnel, 
the  line  was  produced  three  tenths  of  a  mile,  and  met  the  line 
produced  2.1  miles  from  the  west  end  with  an  error  in  offset 
of  five  sixteenths  of  an  inch.  In  the  Mont  Cenis  tunnel  the 
lines  met  from  opposite  ends  with  "  no  appreciable"  c^rror  in 
alignment,  while  the  error  in  measurement  was  about  45  feet 
in  a  total  length  of  7.6  miles. 

When  a  curve  occurs  in  a  tunnel  it  is  usually  near  one 
end.  The  tunnel  tangent  is  produced  and  established  as 
before  described,  and  a  second  tangent  from  some  point  on  the 
curve  outside  the  tunnel  is  produced  to  intersect  it,  the  inter- 
section being  precisely  determined  and  the  angle  measured 
with  many  repetitions.  The  tangent  distances  arc  then  calcu 
lated,  and  the  position  of  the  tangent  points  corrected  by 
precise  measurements,  and  permanent  monuments  are  estab- 
lished. As  the  tunnel  advances,  points  may  be  set  at  short 
intervals  on  the  curve  in  the  usual  manner;  but  at  intervals 
of  100  feet  the  regular  stations  should  be  defined  with  finely 
centred  monuments,  using  a  100-foot  steel  tape  carefully  sup- 
ported in  a  horizontal  position.  When  it  is  necessary  to  use  a 
subchord,  its  exact  length  should  be  calculated  as  shown  in 
§  107.  When  the  curve  has  advanced  so  far  as  to  render  a  new 
transit  point  necessary,  this  should  be  established  at  a  full 
station.  The  subtangents  from  the  two  transit  points  should 
then  be  produced  to  intersect,  and  measured  for  equality  with 
each  other  and  with  their  calculated  length.  The  distance 
from  their  intersection  to  the  middle  of  the  long  chord  should 
also  be  measured  as  a  check  on  the  deflections.  When  no 
perceptible  errors  remain,  the  curve  may  be  produced  as 
before  until  the  P.  T.  is  reached.  It  is  evident  that  correct 
measure  is  indispensable  to  correct  alignment  on  curves. 
Should  obstacles  on  the  surface  necessitate  triangulation,  more 
than  ordinary  care  must  be  exercised,  and  as  many  checks 
introduced  as  possible.  The  triangles  should  be  so  arranged 
that  all  of  the  angles  and  most  of  the  sides  may  be  measured. 

Test  levels  are  carried  over  the  surface  with  great  care, 
each  turning  point  being  made  a  permanent  bench,  and  its 
elevation  determined  with  a  probable  error  not  exceeding 
0.005  foot.  Levels  may  be  carried  down  a  shaft  on  a  series  of 
bolts  or  spikes  about  12  feet  apart  in  the  same  vertical  line, 
the  distances  being  measured  by  the  same  level-rod  as  that 
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with  which  the  benches  are  determined.  The  measures  should 
be  taken  between  two  graduations  of  the  rod,  not  using  the 
end  of  the  rod,  which  may  be  slightly  worn.  Fine  horizontal 
lines  on  the  heads  of  the  bolts  may  be  used  to  mark  the  exact 
distances.  After  the  shaft  reaches  the  level  of  the  tunnel,  the 
depth  may  be  measured  more  directly  with  a  steel  tape,  the 
entire  length  of  which  has  been  corrected  at  the  given  tem- 
perature, by  comparison  with  the  same  rod. 

If  the  grade  of  a  tunnel  is  to  be  continuous,  it  should 
be  assumed  at  something  less  than  the  maximum  of  the  road, 
but  not  less  than  0.10  per  station,  which  is  required  for 
drainage.  If  a  summit  is  to  be  made  in  the  tunnel,  the  grade 
from  the  upper  end  should  not  exceed  0.10  per  station. 
Grades  are  given  in  the  tunnel  from  day  to  day,  or  as  often  as 
required  by  the  progress  of  the  work,  the  marks  being  made 
on  the  sides  at  some  arbitrary  distance  above  grade.  Turning 
points  should  be  taken  on  permanent  benches. 

The  least  width  of  a  tunnel  in  the  clear  should  be,  for 
single  track  about  15  feet,  and  for  double  track  26  feet.  The 
least  height  in  the  clear  above  the  tie  should  be  18.5  feet 
for  single  track,  and  16.5  feet  at  the  outside  rails  for  double 
tmck,  allowing  for  tie  and  ballast;  the  roof  at  the  centre  of  the 
section  should  be  at  least  20  feet  above  subgrade,  and  with  a 
full  centred  arch  22  or  28  feet  for  double  track.  The  form 
of  section  depends  somewhat  on  the  material  traversed,  hi 
perfectly  solid  rock  a  nearly  rectangular  section  may  be  used, 
the  roof  being  slightly  rounded.  In  dry  clay,  and  stratified 
rock,  a  flat  arch  may  be  used,  and  in  other  cases  a  full-centred 
arch.  The  latter  form  is  rather  to  l)e  preferred  on  account  of 
the  better  ventilation  afforded.  The  sides  are  made  verticil], 
battered  or  curved,  as  necessity  or  taste  may  dictate.  In  wet 
and  infirm  soil  an  invert  floor  may  be  required,  otherwise  it 
is  made  level  transversely.  When  a  lining  is  required  tlie 
original  section  must  of  course  be  made  large  enough  to 
allow  for  the  masonry,  and  the  temporary  timber  supports 
behind  it.  Hard  burned  brick  is  usually  adopted  for  arching, 
being  durable  and  easily  handled.  In  loose  rock  the  arching 
may  bo  from  18  to  26  incites  thick,  in  wet  and  yielding  soil  a 
thickness  of  from  20  to  39  inches  may  be  necessary.  The 
walls  may  be  from  2|  to  6  feet  thick. 

In  forming  a  tunnel,  a  heading  or  gallery  of  smaller 
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cross  section  is  first  driven  and  afterwards  enlarged  to  tbo 
full  size  required.  In  firm  clay  or  loose  rock  which  will  tem- 
porarily support  itself  until  the  masonry  can  be  put  in,  it  is 
better  to  drive  the  heading  along  the  floor  (at  subgrade)  of  the 
tunnel,  the  remaining  material  being  then  easily  thrown  down 
tn  sections  as  the  arching  is  advanced.  In  solid  rock,  or  wet 
earth,  a  top-heading  (along  the  roof)  is  generally  preferred. 
The  dimensions  of  a  heading  driven  by  hand  arc  usually  8  feet 
high  by  8  or  10  feet  wide,  but  in  solid  rock  where  drilling 
machinery  is  introduced,  it  is  advantageous  to  make  the  head- 
ing as  wide  as  the  tunnel  at  once.  By  drilling  holes  into  the 
face  at  points  about  five  feet  each  side  of  the  centre,  and  con- 
verging on  the  centre  line  at  a  depth  of  about  ten  feet,  a  tri- 
angular mass  of  rock  may  be  blown  out,  and  the  space  thus 
gained  facilitates  the  blasting  of  the  adjacent  rock  on  cither 
side.  An  advance  of  about  10  feet  in  each  day  of  24  working 
hours  may  thus  be  made,  using  nitroglycerine  in  some  form 
as  the  explosive  agent.  Owing,  however,  to  unavoidable 
delays  from  various  causes,  this  rate  of  progress  cannot 
always  be  maintained.  At  the  Hoosac  tunnel  the  greatest 
advance  in  one  week  was  50  feet ;  in  one  month  184  feet  at 
one  heading.  At  the  Musconetcong  tunnel  a  heading  8  X  22 
feet  in  syenitic  gneiss  was  advanced  at  the  average  rate  of 
187  feet  per  month  for  6  months,  the  maximum  being  144  feet 
— ^the  enlargement  of  the  tunnel  to  full  size  going  on  at  the 
same  time,  a  few  hundred  feet  behind.  At  the  St.  Gothard 
tunnel  the  north  heading  2.5  X  3  metres  was  advanced  in 
mica  gneiss,  during  the  year  1875  at  the  average  daily  rate  of 
8.71  metres,  with  a  maximum  of  about  4  metres,  but  the  en- 
largement was  not  made.  The  south  heading  advanced  at 
the  rate  of  3  metres  a  day,  timbering  being  at  times  necessary. 

In  ordinary  clay  a  heading  may  be  driven  at  from  75  to  180 
ft  i)er  month,  according  to  circumstances,  where  timbering  is 
pat  in.  The  enlargement,  including  timbering  and  masonry, 
may  be  advanced  at  from  20  to  60  ft.  per  month.  Small  tun- 
nels for  water  conduits  are  driven  through  dry  clay  at  the  rate 
of  10  ft.  per  day,  the  masonry  following  at  once  without  tim- 
bering. 

The  compressed  air  used  to  drive  tlic  drilling  machinery 
serves  to  supply  ventilation  also.  When  this  is  wanting  or 
proves  insufficient,  exhaust  fans  are  used.     At  Mont  Cenis  a 
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horizontal  brattice  or  partition  was  built  in  the  tunnel,  dividing 
it  so  as  to  secure  a  circulation  of  air.  When  foul  gases  are  en- 
countered,  ventilation  becomes  a  serious  question,  and  in  one 
instance  an  important  work  was  abandoned  for  this  cause. 

Cross  sections  of  the  heading,  and  also  of  the  tunnel  en 
largement,  should  be  measured  at  intervals  of  about  20  feet,  as 
soon  as  opened,  to  see  that  the  sides,  roof,  and  floor  are  taken 
out  to  the  prescribed  lines,  at  the  same  time  that  the  latter  are 
exceeded  as  little  as  possible.  In  solid  rock,  since  some  ma- 
terial outside  of  the  true  section  will  necessarily  be  thrown 
down,  leaving  an  irregular  outline,  it  is  well  to  take  two  cross 
f  sections  at  the  same  point,  one  following  the  projections  a&d 
the  other  the  recesses  of  the  rock,  from  which  an  average  sec- 
tion may  be  estimated.  A  daily,  or  at  least  a  weekly,  record 
of  operations  should  be  kept  in  tabular  form,  and  the  progress 
indicated  by  a  profile  and  cross  sections  drawn  on  a  sufficiently 
large  scale  to  show  details. 

The  drain ngfe  of  a  tunnel  is  best  secured  by  a  line  of 
stoneware  or  cement  pipe  laid  in  a  trench  along  each  side,  and 
covered  with  ballast  or  other  loose  material.  The  entire  floor 
is  thus  made  available  for  the  use  of  the  trackmen.  When  an 
invert  is  used,  the  drain  is  placed  In  the  centre  between  trades. 
If  the  amount  of  water  is  large,  drain  pipe  may  be  laid  behind 
the  walls,  and  the  back  of  the  arch  may  be  covered  with  as- 
phaltum,  or  coal  tar,  to  prevent  a  constant  dripping  on  the 
track. 

251.  Retracing  the  Line. — As  the  grading  pro* 
gresses,  in  cither  excavation  or  embankment,  the  principal 
transit  points  are  established  on  the  road-bed  from  the  points 
of  reference,  and  the  centre  line  is  retraced,  setting  stakes  at 
every  50  feet.  Transit  points  on  grade  should  be  flzed  upon 
stout,  durable  posts  firmly  set  in  the  ground,  and  standmg 
high  enough  to  be  easily  reached  after  the  ballast  is  laid. 
To  recover  the  old  line,  any  discrepancies  in  measurement 
must  be  left  between  the  transit  points  where  they  occur, 
and  not  carried  forward.  In  retracing  a  curve,  if  the  transit 
is  placed  at  the  forward  point,  allowing  the  chain  to  ad- 
vance toward  it,  slight  differences  in  measurement  will  not 
affect  the  position  of  the  curve.    If  any  short  or  long  •tft' 
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ttona  have  been  introduced  on  the  location,  their  position  on 
the  line  must  not  be  changed  in  retracing.  The  chain  mayr 
be  adjusted  so  that  its  measures  will  agree  with  the  recorded 
distances  between  transit  points.  Offsets  are  made  right  and 
left  from  the  new  stakes  to  see  that  the  road-bed  is  of  the  full 
width  at  all  points.  The  levels  are  also  carried  over  the 
grade,  and  any  remaining  cut  or  fill  found  necessary  is  marked 
on  the  back  of  the  stakes,  due  allowance  being  made  for  the 
probable  settlement, of  embankments. 

252*  As  the  work  approaches  completion  the  contractor 
goes  over  the  line  dressing  it  to  grade  and  opening  the  side 
ditches  if  this  has  not  been  previously  done. 

Drain-tile  should  be  laid  at  the  bottom  of  these  ditches  and 
lightly  covered  with  earth,  particularly  if  the  cut  be  wet. 
These  not  only  prevent  the  water  from  reaching  the  ballast, 
but  by  keeping  the  foot  of  the  slope  comparatively  dry  pre- 
vent the  earth  from  sliding  down  and  filling  up  the  cut. 
There  is  also  a  marked  economy  in  their  use,  as  the  cost  is 
trifling,  and  all  further  excavation  of  mud  and  water  from 
the  cut  is  generally  obviated.  Should  any  springs  appear  in 
the  slope  a  branch  line  of  smaller  tile  may  be  laid  to  meet  it. 
If  the  slope  is  liable  to  be  overflowed  from  the  surface  above, 
an  open  ditch  should  be  dug  a  few  feet  beyond  the  slope 
stakes,  leading  the  surface  water  to  discharge  elsewhere. 

2!53«  The  road-bed  being  prepared,  ballast  stakes  are 
driven  at  eveiy  half  station,  giving  the  width  of  the  ballast  at 
its  base,  while  the  tops  of  the  stakes  indicate  the  proper  level 
of  its  upper  surface,  which  is  the  under  side  of  the  tie.  These 
stakes  should  be  set  so  as  to  give  the  proper  elevation  to  the 
oater  rails  on  curves  when  the  ballast  is  graded  to  them.  The 
ballast  should  be  about  one  foot  deep  before  the  ties  are  laid. 
Broken  stone  or  a  mixture  of  coarse  and  fine  gravel  is  the 
best  material,  affording  elasticity  and  good  drainage.  The 
side  slopes  of  the  ballast  are  made  1  to  1 ;  its  width  at  the 
under  side  of  the  tie  should  be  one  foot  greater  than  the 
length  of  the  tie. 

2IS4*  Track-laying. — After  the  ballast  has  been  laid 
•ndgnuled,  the  centre  line  is  retraced  upon  it;  short  stakes 
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are  used,  each  of  which  is  centred.  On  long  tangentH,  one 
stake  in  every  200  feet  is  sufficient,  on  ordinary  curves  one  in 
every  50  feet,  and  on  very  sharp  curves  one  In  every  25  feet. 
The  ties  are  then  spaced  evenly  according  to  the  number 
prescribed  per  mile,  or  per  rail  length ;  but  a  tie  should  not  be 
allowed  to  cover  a  transit  point.  Ties  for  the  standard  gauge 
are  8  or  9 feet  long;  they  should  be  sawed  off  square  at  the  ends 
and  in  uniform  lengths  for  appearance  sake  when  laid. 
Specifications  usually  call  for  ties  having  a  thickness  of  6 
inches  and  a  width  of  from  7  to  10  inches.  The  ends  of  the 
ties  are  aligned  on  one  side  of  the  road,  though  if  cut  into 
uniform  lengths  both  ends  will  be  equally  well  aligned.  The 
rails  are  then  laid  on,  and  spiked  to  gauge.  The  first  spikes 
are  driven  in  the  ties  near  a  centre  stake,  the  centre  mark  of 
the  gauge  bar  being  kept  over  the  centre  on  the  stake.  Upon 
curves  the  rails  must  be  sprung  to  the  proper  arc  before  they 
are  laid  (§  199).  All  the  ties  required  in  a  given  distance  i 
should  be  laid  before  the  rails  are  brought  upon  them.  The 
practice  of  laying  only  joint  and  middle  ties  at  first  subjects 
the  rails  to  the  danger  of  bending  from  passing  loads. 

Owing  to  the  expansion  of  the  rails  by  heat,  a  space 
must  be  left  at  the  rail-joints.  The  highest  temperature  of  a 
rail  in  the  summer  sun  is  about  130°  Fah.  The  expansion  of 
iron  or  steel  per  100°  is  .0007  per  foot;  or  for  a  80-foot  rail 
.021  foot  or  .252  inch.  Therefore  when  30-foot  rails  are  laid 
at  a  temperature  near  the  freezing  point,  or  100°  below  the 
maximum,  the  space  allowed  must  be  at  least  a  quarter  of  an 
inch.  At  80"  Fah.  or  50"*  below  the  maximum,  it  need  be  only 
half  as  much.  The  space  recpiired  is  also  proportional  to  the 
length  of  rail  used.  The  exact  space  should  be  given,  as  less 
would  result  in  the  rails  being  forced  up  by  expansion,  while 
more  than  necessary  space  gives  a  rough  road,  and  hastens 
the  destruction  of  the  rail. 

Wherever  siding^s  are  reciuired,  the  necessary  frogs  and 
long  switch- ties  should  be  provided  in  advance,  so  that  they 
may  be  put  in  place  at  the  time  of  laying  the  main  track.  For 
every  road  crossing  at  grade,  heavy  oak  plank  should  be  pro- 
vided, and  laid  upon  the  ties  as  soon  as  the  rails  are  spiked, 
so  that  the  highway  travel  may  not  be  impeded. 
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CHAPTER  X. 
Calculation  of  Earthwork. 

254.  The  first  step  toward  finding  the  cubical  content  of 
an  excayation  is  to  divide  it  into  a  number  of  prismoids  by 
several  cross  sections. 

A  prismoid  is  a  solid  having  plane  parallel  bases  or  ends, 
and  bounded  on  the  sides  either  by  planes,  or  by  such  surfaces 
as  may  be  generated  by  a  right  line  moving  continuously  along 
the  edges  of  the  bases  as  directrices. 

The  positions  of  the  cross  sections  must  be  so  selected 
that  the  solid  included  between  any  two  consecutive  sections 
may  be  a  prismoid  as  nearly  as  possible.  Upon  a  tangent  the 
road-bed  and  side- slopes  are  planes,  so  that  the  prismoidal 
character  of  a  given  solid  depends  upon  the  shape  of  the  natu- 
ral 8tu*face.  When  the  natural  surface  is  a  plane,  the  sections 
are  taken  only  at  the  regular  stations,  100  feet  apart;  when  it 
is  curved,  warped,  irregular,  or  broken,  the  sections  must  be 
more  numerous,  so  that  the  surface  limited  by  any  two  shall 
be  composed  substantially  of  right-lined  elements  extending 
from  one  section  to  the  other. 

If  two  end  sections  of  a  prismoid  are  somewhat  similar,  we 
infer  that  the  corresponding  points  are  connected  by  right- 
lined  elements,  forming  in  each  case  the  axis  of  a  ridge  or  of  a 
hollow.  If  one  section  has  less  breaks  than  the  next,  some  of 
these  ridges  or  hollows  must  vanish;  and  in  order  that  the 
solid  may  be  a  prismoid,  they  must  vanish  in  the  section  of 
least  breaks;  therefore  a  cross  section  must  be  taken  on  the 
ground  through  the  point  where  each  ridge  or  hollow  vanishes, 
and  the  distance  of  that  point  from  the  centre  line  noted,  so 
that  it  may  be  coupled  with  the  proper  point  in  the  next  section 
for  exact  calculation  of  content. 

When  ridges  or  hollows  run  diagonally  across  the  line  of 
road,  cross  sections  must  be  taken  where  they  are  intersected 
not  only  by  the  centre  line  but-also  by  the  side  slopes;  that  is, 
aectioos  must  be  taken  so  that  a  side  stake  may  stand  on  top  of 
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each  ridge  and  at  bottom  of  each  boUow.  In  case  the  centre 
line  intersects  at  rislit  angles  a  retaining  wall  or  other  vertical 
surface,  two  craea  sections  are  required  at  the  same  point,  one 
at  top  and  Ibe  other  at  tiase  of  wall,  in  order  to  furnish  tlie 
data  necessary  to  calculate  the  content  each  way  from  the  Yet- 
tical  surface.    (See  Art.  335.) 

Every  thorough  cut  terminates  in  either  side-hill  cuttiDg,  & 
pyramid,  or  a  wedge;  the  latter  happens  only  when  the  con- 
tour of  the  natural  surface  is  at  right  angles  to  the  line  of  road. 
Sections  should  alwa}rs  be  taken  through  the  points  whera  the 
edges  of  the  rood  bed  meet  the  surface,  as  these  are  the  pointa 
of  separation  between  thorough  and  ude  hill-work.  Siudi  sec- 
tions also  serve  to  defloo  terminal  pyramids  when  they  occur 
as  is  illustrated  by  Fig.  97.    la  side-hill  work  the  foregoing 


rules  apply  as  well,  but  secUona  will  generally  be  more  numer- 
ous than  in  thorough  cuts.  The  same  nile-s  apply  also  to  em- 
bankment, hut  as  grading  is  preferably  paid  for  in  ezcaTntton, 
the  same  preduon  in  determining  the  quantiUes  tn  «  ~ 
meQt  is  not  wuall^  necewiuT- 
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255.  Formulse  for  Sectional  Areas. 

Iiet  b  =  base  of  section  or  width  of  road-bed, 

,  ,.        horizontal 

"  <  =  slope  ratio  = -; — r— 

vertical 

"  d  =  depth  at  centre  stake. 

"  h,  k:=  depths  at  side  stakes. 

'*  m,  n  =  horizontal  distances  from  centre  to  side  stakes. 

For  ground  level  transversely,  the  section  is  a  paraUelogram, 
and  the  area  is  evidently 

A^zhd-^-sd*  (343) 

or  directly  from  the  field  notes, 

^  =  i(5  +  m  +  7i)<f  (343) 

For  ground  of  uniform  transverse  slope  between  slope  stakes. 


Fio.  98. 


Fig.  98,  the  section  consists  of  the  parallelogram  ABOE  and 
the  triangle  EOD.    Hence 

A  =  i(AB+  EO)EN+  {ECKBH-EN) 

A  =  ^AB,  EN+  EO .  BE) 


or 


A=\[bh-\-kip  +  28?i)] 
also  )-  (344) 


1 


A  =  \[bk-\-b{b  +  %sk) 

From  which  also 

A  =  \bh  +  "fnk 
and  ^  (345) 

A  =  ibk  +  nh 

These  formulse  are  independent  of  the  centre  depth.    Thej 
convenient  for  calculating  the  area  of  a  plotted  section 


i 


a^as 
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having  an  irregular  surface  after  the  surface  line  ham  been 
averaged  by  stretching  a  silk  thread  over  it  The  points 
where  the  thread  intersects  the  slope  lines  determine  the 
values  of  h,  k,  m,  and  n  respectively. 

When  the  ground  has  uniform  slopes  trannermUff  from  thA 
centre  to  the  side  stakes:  Fig,  99:  If  in  the  diagram  we  draw 

0 


Fig.  09. 


EG  and  DG,  the  section  will  be  divided  into  four  triangles, 
two  having  the  common  base  CG  =  d  and  respective  heights 
GN=z  m  and  GII=  n,  and  two  having  the  equal  bases  AG  = 
GB  =  ^  and  the  respective  heights  EN  =  h  and  DH  =  k. 
Hence  we  have  for  the  area  of  section 


A  =  ^{m  +  70  +  \Kh+  k) 


(34fi) 


OtJiericiae.,  if  the  slope  lines  are  produced  to  meet  below 
grade  at  P,  then   GP=  - — =  ^-.    The  area  of  CEPB  is 


y^j 


\GF  X  iV7/=  \U  +  \\  {m  +  n).    The  area  of  ^J?Pis  AQ  X 


GP  =  7-    Hence  we  have  for  the  area  of  the  section 

is 


A  =  i(d  +  l)on  +  n)^-l 


(847) 


Both  these  formula  are  convenient,  and  as  the  values  of  the 
several  letters  can  be  substituted  directly  from  the  field  notol^ 
it  is  unnecessary  to  plot  such  sections. 

When  the  surface  of  the  ground  is  irregular,  verticals  are  con* 
ceived  to  be  drawn  to  the  grade  line  through  the  slope  stakei^ 
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and  fhrough  each  break  in  the  surface  line,  giving  a  number  of 
trapesoidfl,  the  areas  of  which  are  severally  calculated,  aud 
from  their  sum  is  subtracted  the  area  of  the  two  triangles  EN  A 
v^dDMB,  The  remainder  is  the  area  of  section  required. 
ThiB  calculation  may  be  made  directly  from  the  data  furnished 
by  the  field  notes  without  plotting;  but  if  the  ground  has  a 
number  of  small  breaks,  it  is  generally  better  to  plot  the  seC' 
tions  and  stretch  an  averaging  line  over  them,  finding  the  areas 
by  eq.  (345).  Or  two  averaging  lines  may  be  employed  extend- 
ing from  the  centre  stake,  each  way,  when  the  area  may  be  cal- 
culated by  eq.  (846)  or  (847). 

256.  Prismoidal  Foriuulse  for  Solid  Couteuts* 

— The  content  of  a  prismoid  may  be  exactly  calculated  by 
means  of  the  Prismoidal  Formula,  which  is 

8=:  cubic  yards,  7  =  length  in  feet,  A,  A'  =  the  areas  at  the 
two  parallel  ends,  and  Jf  =  the  area  of  a  section  midway  be- 
tweoia  the  ends.  This  area  is  not  a  mean  of  the  other  two,  but 
the  linear  dimensious  of  the  mid-section  are  means  of  the  cor- 
responding dimensions  severally  of  the  end  sections;  from 
which  therefore  the  area  of  the  mid  section  may  be  computed. 
The  labor  of  calculating  the  middle  area  may  be  avoided  in 
many  instances  by  substituting  in  the  prismoidal  formula,  eq. 
(348),  for  -4,  A\  and  if,  their  values  as  given  in  eq.  (343)  for 
ground  level  transversely : 

<o  4 

.  •.       S=  iri~oiy  [^^ '  +  (8^  +  2«(Z  ')d  +  (db  +  2sd  ')d ']     (349) 
0  X  -^^    ■ 

in  which  8  is  expressed  in  terms  of  the  end  dimensions. 

ld5T«  Tables  of  cubic  yards  may  be  constructed  upon  this 
formula  which  are  very  convenient  in  practice.  The  constant 
values  In  any  one  table  are  I  which  is  taken  at  100,  and  b  and  8 
which  are  given  values  corresponding  to  the  road  bed  and  slope 
r%tio.    The  variables  are  d  and  d'.    The  columns  in  the  table 
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will  be  headed  by  the  successiye  values  of  (f ,  while  each  hori- 
zontal line  will  be  headed  by  a  value  of  d.  For  any  one 
column  therefore  d'  is  constant,  and  the  only  variable  is  d, 
Assundng  any  value  for  d',  the  values  of  ^  in  that  column  may 
be  computed,  letting  d  take  a  series  of  values  differing  by  imity 
from  zero  upwards,  and  the  corresponding  values  of  3  will  be 
placed  in  the  column  d'  opposite  the  several  values  of  d. 

But  instead  of  solving  the  eq.  (349) -for  each  value  of  8  le* 
quired»  the  process  of  filling  the  table  may  be  much  abbre« 
viated  by  observing  that  since  the  equation  is  of  the  second 
degree  with  respect  to  the  variable  d^  the  second  difference  of 
the  values  of  8  will  be  a  constant  and  equal  to  tioice  the  co- 

efficient  of  ^,  or  8"  :=  - — —    Also  the  first  term  in  the  series 

of  first  differences  of  8  in  the  column  (2'  {i.e.  between  d=zO 
and  (2  =  1)  is  expressed  by  the  sum  of  the  coefficients  of  <l* 
and  d;  or 

The  first  value  of  8  in  any  column  d '  is  found  by  solying 
eq.  (849)  after  making  (2  =  0;  or, 

Starting  with  these  values  we  may  fill  any  column  d '  simply 
by  successive  additions.  The  values  of  d'  for  the  sevend 
columns  should  also  differ  by  unity.  The  final  value  of  8  in 
each  column  should  be  calculated  by  formula  as  a  check;  or 
since  all  the  final  quantities  in  the  same  line  d  of  the  table 
form  a  scries  of  which  the  second  difference  is  d',  if  on  taking 
their  differences  this  result  is  obtained,  the  quantities  are 
proved  to  be  correct. 

Example. — Given  a  base  of  18  feet  and  slopes  1^  to  1,  to  fill 
the  column  of  rf  '=  6  in  a  table  of  cubic  yards  for  level  jctoss 
sections.  Here  ^  =  100,  6  =  18,  «  =  |,  d'  =  6.  Hence  d'=: 
8.7087+,  8o'  =  46.2962+,  and  8o  =  266.6666+.  It  ii  not 
necessary  to  go  beyond  the  fourth  decimal  place,  dnce  that 
figure  will  always  be  the  same  as  the  first  decimal  (a  rewilt 
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due  to  dividing  by  ^,  and  may  be  corrected  by  it  after  every, 
addition.    The  process  is  as  follows: 

da  8'  8' 

0  806.6666  ja  ooaq 

1  812.9629  ^ftAnA  8-7087 

2  862.9629  2XX^  8.7037 
8    416.6666  rja^a  87037 

4  4740740  .    m'T^u  3.7037 

5  685.1861  Sftiift  8.7037 

6  600.0000  AQKiftK  8.7037 

7  668.6185  ^S-SiSX  3.7037 

8  740.7407  ^I'Jggg  3.7037 

etc.  etc.  etc. 

In  copying  into  the  table,  the  quantities  are  taken  to  the 
nearest  unit  only,  and  the  decimals  are  otherwise  neglected. 

The  completed  table  furnishes  values  of  S  corresponding  to 
any  values  of  d  and  d'  in  even  feet.  The  correction  for  the 
decimal  parts  of  the  depths,  when  there  are  such,  is  made  by 
adding  to  8  (found  opposite  the  even  feet)  the  product  of  the 
half  sum  of  the  decimals  by  the  difference  between  S  as 
found  and  the  next  value  of  8  diagonally  below  to  the  right. 
These  differences  may  for  convenience  be  inserted  originally 
in  the  table  under  each  quantity  in  small  figures. 

If  the  length  of  the  solid  differs  from  100  feet,  multiply  the 
corrected  quantity  by  the  length  and  divide  by  100,  since  8 
varies  directly  as  I.  Such  tables  are  published  in  separate 
sheets  for  a  variety  of  bases  and  slopes,  so  that  usually  one 
may  be  purchased  to  suit  the  case  in  hand. 

2K8*  These  tables  may  be  used  to  find  quantities  when 
the  groimd  is  not  level  transversely,  by  finding,  first,  the  area 
of  the  actual  sections,  and  second,  the  depths  of  level  sec- 
tions having  equal  areas,  and  then  using  the  depths  so  found 
•8  the  values  of  d  and  d'  in  the  table  of  quantities.  The 
depths  of  equivalent  level  sections  are  called  equiva- 
lent depths.    They  may  be  calculated  by  the  formula 


'^-i+Vi+'i  (««» 


which  is  derived  directly  from  eq.  (342).  The  more  convenient 
iietbod,  however,  is  to  construct  a  table  on  eq.  (342),  giving  to 
tf  a  series  of  values  varying  by  one  tenth  of  a  foot  from  zero 
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upward.    The  values  of  b  and  s  in  this  table  must  agree  with 
those  of  the  road  and  of  the  table  of  cubic  yards. 

259.  When  the  transverse  slope  is  uniform  between  slope 
stakes  the  equivalent  depth  may  be  expressed  in 
terms  of  the  centre  depth  and  slope  of  sur&ce 

without  reference  to  the  area.    Fig.  100. 


Fio.  100. 


Let  EABB  be  the  given  section. 

**  RABT  be  the  equivalent  level  section. 
Produce  the  side  slopes  to  meet  at  P,  and  let  c  =  CP  and 

Cx  =  CiP. 

Through  G  draw  the  horizontal  line  QL,  and  at  L  erect  the 
perpendicular  LM  =  2,  and  draw  X^  parallel  to  PE. 

The  area  RPT  =  area  EPD;  and  QEC  =  LNC\  hence  area 
EPLN=  qPL  =  EPD  -  NLD, 

Since  2f^LD  is  similar  to  EPD,  we  have 

EPD  :  NLD  ::  c* :  »* 
or  EPD  -  iVZi)  :  EPD  ::  c«  -  g«  :  c« 

Since  QPL  and  BPTare  similar, 

QPL  :  BPT  ::  c«  :  Cx« 


c'  —  2* :  c*  ::  c' :  Ci*  or  Ci'  = 

CL 


c«  -z* 


Let «'  =  slope  ratio  of  surface  =  -rrr 
Vhich  substituted  gives 


^.  Then^  =  ^ 


CB61) 
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If  <fs  =  the  equivalent  depth  dG,  then 

(fi  =  (?  4"  (Ci  —  (5) 

A  table  may  be  prepared  giving  (ci  —  c)  for  various  inclina- 
tions of  surface  with  given  base  and  side  slopes.  It  is  then 
only  necessary  to  add  this  correction  to  the  centre  depth  to 
obtain  the  equivalent  depth.  Such  tables  of  correction  usually 
accompany  the  published  tables  of  cubic  yards.  This  method 
of  obtaining  quantities  is  particularly  applicable  to  preliminary 
estimates,  where  the  ground  has  not  been  cross-sectioned,  and 
only  the  centre  depth  and  transverse  inclination  is  known. 

260*  The  use  of  the  earthwork  tables  described  gives 
correct  results  ;— 

1st.  When  the  surface  of  the  prismoid  is  a  plane,  however 
much  inclined;  provided  it  does  not  intersect  the  road-bed 
within  the  limits  of  the  prismoid. 

2d.  When  with  regular,  or  three-level  end  sections,  generally 
similar  to  each  other,  the  surface  is  regularly  warped  from  one 
end  to  the  other;  provided  that  the  side  lines  and  centre  line 
of  the  surface  are  straight,  and  that  no  two  of  them  are  in- 
clined to  grade  in  opposite  directions. 

3d.  When  the  ridges  or  hollows  of  an  undulating  surface 
are  parallel  to  the  line  of  the  road. 

4th.  When  a  surface  of  numerous  irregularities  may  be 
averaged  by  planes  or  warped  surfaces  so  as  to  comply  with 
one  of  the  preceding  conditions. 

But  the  method  fails  on  undulating  ground  when  the 
ridges  or  hollows  run  obliquely  to  the  line  of  road,  even 
though  the  sections  may  appear  quite  regular. 

In  general,  the  method  of  equivalent  depths  holds  good 
when  the  mid-section  of  the  equivalent  level  end  sections 
equals  in  area  the  actual  mid-section  or  the  prismoid;  other- 
wise it  fails. 

261*  The  content  of  a  prismoid  may  be  approximately  ob- 
tained by  the  method  of  mean  areas,  the  formula  for 
which  is 

Although  approximate,  this  method  is  much  employed  on 
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account  of  its  convenience.    It  is  approved  by  statute  to  be    ] 
used  upon  the  public  works  of  the  State  of  New  York.  ' 

If  the  values  of  A  and  Al  derived  from  eq.  (842)  be  substi- 
tuted in  eq.  (852),  and  then  eq.  (849)  be  subtracted  from  it  there 
remains 

wliich  is  the  correction  by  which  8  obtained  by  eq.  (352)  must 
be  diminished  to  make  it  equal  to  S  obtained  by  eq.  (849)    . 
when  the  ground  is  level  transversely. 

Again,  for  three-level  sections,  if  the  values  of  -4,  A,  and  M. 
derived  from  eq.  (347)  be  substituted  in  both  eq.  (848)  and 
(352),  and  one  subtracted  from  the  other,  there  remains 

j^- [(d- d)  (m-f-7i-(m'  +  7i'))] 

which  is  the  correction  by  which  /9  obtained  by  eq.  (852)  must 
be  diminished  to  make  it  equal  to  8  obtained  by  eq.  (849). 
Hence  we  may  write  at  once,  for  three  level-sections,  the  cor- 
rect formula: 


^=  2l[27[^+^'~  ^—^  f'''+  ^  -  (^'+'*')l] 


(858) 


This  formula  gives  results  identical  with  eq.  (349),  is  applica- 
ble to  the  same  cases,  and  gives  correct  results  or  fails  to  do 
so  according  to  the  conditions  stated  in  the  previous  sectioiL 

262.  When  the  conditions  of  the  surface  are  such  that  eq. 
(349)  or  eq.  (353)  will  not  give  correct  results,  the  area  of 
the  mid-section  may  be  derived  from  its  calculated  linear 
dimensions  as  stated  in  g  256.    The  contents  of  the  prismoid 
are  then  given  by  eq.  (348). 

Example  1.  (Fig.  101.)— Base  20.    Slopes  li  :  1. 
^'.+^  +  4-  +-^  .•.^'=4488q.ft 


34 
^  +  "Ig"  +  "T  +'T  .•.4=200  sq.ft. 

u-  I     28     ,     11     ,      0      ,      8      ,     81.75     .    w-    ojj  inr       .. 

■^+l8+-T  +  "r  +  "6-  +  -145-  •'*^=^'"«1-'' 
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If  J  =  100,  eq.  (848) 

100 
^  =  g.i^(448^967  +  200)  =  1001  c.  yds. 

Had  this  been  calculated  by  eq.  (349)  or  eq.  (353)  or  by  the 
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tables,  the  result  would  be  1167  c.  yds.,  showing  an  error  of 
166  cubic  yards  in  excess. 


Example  2.  (Fig.  102.)— Base  20.    Slopes  li  :  1. 

19 


^■+f +-J 


+ 


.••-«^+^  +  ^  +  -^  +  -^  + 


11^ 
6 


6 


6 


17.5 


234  sq.  ft. 


88  sq.  ft. 


164.5  sq.  ft. 


If  ^  =  100,  eq.  (348) 

100 


8  = 


6X27 


[88  +  658  +  234]  =  605  c.  yds. 


Had  this  been  calculated  by  eq.  (349)  or  eq.  (853)  or  by  the 
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tables,  the  result  would  be  584  c.  yds.,  showing  aa  error  of 

21  cubic  yards  in  deficit. 

« 

263.  At  the  termination  of  a  cut  or  fill  we  have  usually 
either  a  wedge  or  a  pyramid.  To  a  wedge  the  pre- 
ceding formulae  and  tables  based  on  them  apply  by  making 


Fig.  102. 


one  end  depth  equal  zero.  In  the  case  of  a  pyramid,  the 
content  is  equal  to  the  area  of  the  section  forming  the  iNiae 
multiplied  by  one  third  the  length  of  the  solid,  and  divided  hiy 
27;  or 

264.  Side-hill  Work.— When  the  natural  surface  has 
a  regular  transverse  slope  and  intersects  the  road-bed,  the 
cross  section  is  reduced  to  a  triangle.  It  w  =  the  intercepted 
portion  of  the  road-bed,  and  k  =  the  side  height,  then  A  = 
^wk.  Similarly  A'  =  W^cf  and  Uf  =  i{w  +  to')  (k  +  k'), 
which  substituted  in  eq.  (348)  give 


8  = 


I 


[(2m?  +  w')k  +  (2w'  +  w)  k]        (855) 


12  X  27 

which  is  convenient  for  direct  calculation  from  the  field  notes. 
It  is  not  adapted  to  the  construction  of  tables,  since  it  oontaint 
four  independent  variables. 
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If  the  slope  of  the  natural  surface  is  given,  let  tf'  be  the  sur- 
face  slope  ratio  at  one  section,  and  s'  that  at  the  other,  and  s 
the  ratio  of  the  side  slope.  Then  w  ^  k(s'  —  »)  and  w'  = 
k\s'  —  «),  which  substituted  in  eq.  (355)  give 

If  the  surface  is  a  plane,  then  «"  =  «',  and  we  have  for  this 
case 

^  =  TW  t*'  +  ^  +  *"]  (856) 

which  is  a  formula  of  quite  limited  application ;  yet  it  is  the 
one  on  which  tables  and  diagrams  are  usually  constructed. 
Consequently  the  latter  will  not  give  correct  results,  except 
when  the  surface  is  a  plane. 


265.  When  the  natural  surface  is  broken  the 

sections  may  be  plotted,  and  the  values  of  w  and  k  taken  from 
the  points  where  an  averagiagr  line  intersects  the  grade 
and  side  slope  respectively.  Finding  values  for  w'  and  k'  in 
the  same  way,  the  content  may  then  be  obtained  by  eq.  (355) 
ad  before.  The  averaging  line  should  not  only  cut  off  the 
same  area  as  the  original  section,  but  should  also  have  in  each 
case  a  slope  agreeing  as  nearly  as  possible  with  the  general 
slope  of  the  natural  surface.  The  slope  is  determined  simply 
by  inspection  of  the  diagram,  but  the  area  may  be  had  pre- 
ciBely,  for,  taking  w  from  the  averaging  line,  and  knowing  Ay 

2A 

we  may  calculate  k  by  the  formula  k  =  — ;   or  k  may  be 

taken  from  the  plot  and  w  calculated. 

Otherwise,  the  actual  mid-section  may  be  calculated  and 
the  cubic  contents  determined  by  the  method  illustrated  in 
§962. 

266.  To  express  side-hill  areas  and  cubic  yards 
in  terms  of  the  centre  depth,  d,  and  transverse 
slope-ratio  s'.    Fig.  103. 


Yniend=:Q,A=ibk  = 


B{8'-S) 
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For  any  depth  d,  add  to  this  area 


and  there  results, 


(ib  +  8'd)^      -] 
~    2(«'  -  8) 


S  = 


'/AS 


lijb  +  8'd) 
2  X  37(«'  -8) 


(867) 


Observe  that  d  may  be  plu8  or  minus,  and  that  its  limits  are 

"^28' 

Tables  of  cubic  yards  may  be  constructed  on  this  formula, 
making  d  and  «'  the  variables,  which  would  be  extremely  con* 


Fio.  loe. 

yenient  for  making  up  estimates  upon  preliminary  lines  on 
which  the  profile  of  centre  line  and  angle  of  transverse  slope 
only  are  known.  Since  8'  is  the  cotangent  of  the  slope  angle 
the  columns  of  the  table  may  be  headed  by  the  angles  in  a 
series  of  degrees,  while  the  corresponding  values  of  t*  are 
used  in  the  formula.  The  values  of  d  should  vary  by  tenths 
of  a  foot.  The  results  obtained  by  eq.  (356)  and  eq.  (857)  will 
be  identical  for  the  same  sections. 


267*  Several  different  systems  of  diagri*ctins  have  been 
devised  and  published  for  determining  quantities  in  earthwork 
by  a  sort  of  graphical  method.  These  diagrams,  which  tie 
substitutes  for  tables  are  preferred  by  some  engineers.    Tbej 
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are  based  oa  the  same  principles,  and  are  constructed  on  modi- 
fications of  tlie  same  formulae. 


268.  Correction  of  Earthwork  for  Curvature. 

— The  preceding  calculations  are  based  on  the  assumption  that 
the  centre  line  is  straight,  with  cross  sections  at  right  angles  to 
it.  When  an  excavation  is  on  a  curve,  the  cross  sections,  be- 
ing in  radial  planes,  are  inclined  to  each  other,  so  that  the  con- 
dition of  a  prismoid  is  not  exactly  fulfilled.  But  by  the  proper- 
ty of  Guldinus,  if  any  plane  area  is  made  to  revolve  about  an 
axis  in  the  same  plane,  the  volume  of  a  solid  generated  by  the 
area  is  equal  to  that  of  a  prism  having  a  base  equal  to  the  given 
area,  and  a  height  equal  to  the  length  of  path  described  by  the 
centre  of  gravity  of  the  area.  The  path,  being  the  arc  of  a  cir- 
cle, is  proportional  to  the  radius  drawn  to  the  centre  of  gravi- 
ty. If  therefore  a  cross  section  is  symmetrical  with  respect  to 
the  centre  line,  the  path  of  the  centre  of  gravity  is  equal  to  the 
measured  length  of  the  centre  lino,  and  no  correction  for  cur- 
vature is  required. 

But  when  the  ground  is  inclined  transversc|ly,  the  centre  of 
gravity  is  one  side  of  the  centre  line,  .and  its  path,  if  we  con- 
ceive it  to  sweep  around  the  curve,  from  one  end  of  a  prismoid 
to  the  other,  is  longer  or  shorter  than  the  distance  measured  on 
the  centre  line,  according  as  the  centre  of  gravity  is  outside  or 
inside  of  the  centre  line  curve. 

Let  C  =  correction  in  cubic  yards  due  to  curvature. 
"   8  =  cubic  yards  as  obtained  by  prismoidal  formula. 
"  jB  =  radius  of  centre  line. 
"    e  =  eccentricity  of  centre  of  gravity  of  section  • 

=  horizontal  distance  from  centre  line  to  centre  of 
gravity. 

We  then  have  the  proportion, 

8±C  :  8::  B±e  I  R 

As  the  sections  of  a  solid  are  seldom  similar  and  equal,  we 
shall  usually  have  a  different  value  of  e  for  every  section,  from 
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which,  however,  a  mean  average  value  may  be  deduced,  and 
used  in  the  above  formula.  But  it  will  be  more  convenient  to 
correct  the  areas  themselves  for  eccentricity  before  finding  8, 
which  will  then  require  no  correction.    For  the  same  result 

will  ensue  whether  we  multiply  8  by  -^-,  or  multiply  one  of 

the  component  factors  of  8  by  the  same  ratio. 

If  then  c  =  correction  of  area  in  square  feet  due  to  eccentri- 
city, we  have  at  once 

Ae 


c  = 


M 


and  the  corrected  area  equals  A  ±  e  according  as  the  cut  is 
deeper  on  the  outside  or  inside  of  the  curve.  Each  area  used 
in  determining  the  solid  contents  should,  on  a  curve,  be  firsl 
corrected  in  this  manner. 

To  find  the  value  of  e  for  any  three-level  section.    Fig.  104. 


Fio.  104. 


Find  the  areas  either  side  of  the  centre  line  separately,  call- 
ing them  /Tand  K,  and  take  their  sum  and  difference.  Using 
the  same  notation  as  in  §  255,  //  =  \md  +  ^h,  K  =  fmf  + 
\hk,  and  i7  -f-  /f  =  ^. 

K  -H=id{n-m)  +  ib(k-  h) 

In  the  figure  draw  CE'  equal  to  CE,  and  the  triangle  CE'D 
will  represent  the  area  (K  —  II).  Bisect  the  side  E'D,  and 
draw  a  line  from  C  to  the  middle  point.    Then  the  centre  of 
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gravity  of  U^e  tri^gle  will  be  on  this  line  at  two  thirds  its 
length  from  C,  and  the  horizontal  distance  of  the  centre  of 
gravity  from  (7  is  f  X  Um  +  n)-=  ^(m  +  n).  The  centre  of 
gravity  of  the  remainder  of  the  section  is  on  the  centre  line 
CQ,  90  that  the  value  of  e  is  found  from  the  proportion 

e  :  ^(n  -f-m)  ::  K  —  ff:  A 
Hence        c  =  -^  =  — ^fe-  [^L  {n  — m)  +  J^  Qc^Ji)'] 


B 


%B 


(358) 


Sections  which  are  more  irregular  may  be  plotted  and 
reduced  by  averaging  lines  to  three-level  sections,  in  order  that 
the  formula  may  be  applied.  If  the  ground  is  so  irregular  as 
to  require  the  computation  of  the  middle  section,  the  correc- 
tion c  should  be  found  and  applied  to  this  area  {M)  also 
before  introducing  it  into  the  prismoidal  formula.  As  the 
correction  for  curvature  is  always  relatively  small,  it  is  usually 
ignored  in  practice  for  thorough  cuts,  except  where  deep  cut- 
tings with  steep  transverse  slope  occur  on  sharp  curves. 

The  correction  is  of  more  importance  relatively  in 
side-hill  work  as  the  centre  of  gravity  of  the  section  is 
more  remote  from  the  centre  line.  Let  the  section  be  reduced 


Pio.  105. 

to  a  triangle  by  an  averaging  line  (Fig.  105),  and  t/J  be  the  base 
of  the  triangle  formed  by  the  averaging  line.  The  centre  of 
grayity  is  at  one  third  the  horizontal  distance  from  the  middle 
point  of  w  to  the  side  stake  2>,  while  the  distance  of  this 
middle  point  from  the  centre  stake  G  is  evidently  \h  —  ^. 


242  FIELD  ENOINEEBIKG. 

Hence  «  =  i*  —  i<c  +  t[w  -  (1*  —  iuf)] 

or  e  =::  Kb -{- n  ^  to) 


=  41  =  HrJLui?  X  ^  ; 


and  '>  =  -B=         SB ^  T  ^^^ 


The  correction  c  will  be  plus  or  minus  as  before  explained. 
This  formula  applies  to  all  side-hill  triangular  sections, 
whether  there  be  cut  or  fill  at  the  centre  stake. 

Example  1. — Thorough  cut;  base  20;  slopes  li  :  1. 

Z  =  100;  8°  curve,  left;  ii  =  716.78 


2  ^    0  ^  30 
Then  ir=ix58xl2  +  iX20x82  =  608 

J9r=iX  16Xl2  +  iX20X   4  =  116. -.^sriKM 

K-H^  392 

(^  +  6)     687.4»   ^ 
jK"  =  iX40x8  +  iX20x20  =  260  ) 

J9r'  =  iXl3x8  +  iX20x    2=    62.-.^'  = 


5 
K^U=  198  > 

(^'  +  0  =  886.87   ; 

From  which  wc  obtain  5  =  1758  cub.  yds.— J.IM. 
Without  correction  we  have  1726    «*      •* 

Showing  a  difference  of  32    "      ** 

Had  the  curve  been  to  the  right  with  same  noteSi  tf  wooU 
have  been  minus^  and  8  would  =  1694. 
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EaDomple  2.— Side-hill  cut;  base  20;  slopes  li :  1 
Z  =  eO;  10'  curve,  right;  B  =  573.69 

^^^^  0  ^  2.8  ^  20 

___0_      _2_      _37 
0.8"*"0.0"*"  18 

-A  =  4  X  16  X20  =  160 

(^  -  c)  =  156.42 

^'  =  i  X  8  X  18  =  72 

20  +  87-8  ^^ 

ii  = ' 72  =  2  05 

8  X  573.69    '  ^'^^ 

U'-c)=    69.95 
Hence  iS'  =  248  cub.  yds. 

Without  correction  iS^  would  =  255    **      ** 


Difference 


<(      (( 


269.  Haul* — The  cost  of  removing  excavated  material, 
when  the  distance  does  not  exceed  a  certain  specified  limit,  is 
included  in  the  price  per  cubic  yard  of  the  material  as  meas- 
ured in  the  cutting.  But  when  the  material  must  be  carried 
beyond  this  limit,  the  extra  distance  is  paid  for  at  a  stipulated 
price  per  cubic  yard,  per  100  feet.  The  extra  distance  is  known 
by  the  name  of  haul,  and  is  to  be  computed  by  the  engineer 
with  respect  to  so  much  of  the  material  as  is  affected  by  it. 

The  contractor  is  entitled  to  the  benefit  of  all  short  hauls 
(less  than  the  specified  limit),  and  material  so  moved  should  not 
be  averaged  against  that  which  is  carried  beyond  the  limit. 
Tlierefore,  in  all  cuts,  the  material  of  which  is  all  deposited 
within  the  limiting  distance,  no  calculation  of  haul  is  to  be 
made. 

On  the  other  hand,  the  company  is  entitled,  in  cases  of  long 
haul,  to  free  transportation  for  MtMdX'porti&rh  of  the  cutting,  no 
one  yard  of  which  is  carried  beyond  the  specified  limit.  There- 
fore, this  portion  is  first  to  be  determined  in  respect  to  its  ex- 
tent; and  the  number  of  cubic  yards  contained  in  it  is  to  be  de- 
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ducted  from  the  total  content  of  the  cutting,  before  ftrtimnHng 
the  haul  upon  the  remainder.  Find  on  the  profile  of  the  line 
two  points,  one  in  excavation,  and  the  other  in  embankment^ 
such,  that  while  the  distance  between  them  equals  the  speeified 
limit,  the  included  quantities  of  excavation  and  embankment 
shall  just  balance.  These  points  are  easily  found  by  trial,  with 
the  aid  of  the  cross  sections  and  calculated  quantities,  and  be- 
come the  starting  points  from  which  the  haul  of  the  remainder 
of  the  material  is  to  be  estimated. 


rio.  106. 


Fig.  106  represents  a  cut  and  fill  in  profile.  The  distance 
AB  is  the  limit  of  free  haul.  The  materials  taken  from  AO 
just  make  the  fill  OB  and  without  charge  for  haul;  but  the  haul 
of  every  cubic  yard  taken  from  AG,  and  carried  to  the  fill  BD, 
is  subject  to  charge  for  the  distance  it  is  carried,  less  AB,  It 
would  be  impossible  to  find  the  distance  that  each  separate  yard 
is  carried,  but  we  know  from  mechanics  that  the  average  dis- 
tance for  the  entire  number  of  yards  is  the  distance  between 
the  centres  of  gravity  of  the  cut  AC,  and  of  the  fill  BD  which 
is  made  from  it.  If,  therefore,  X  and  T  represent  the  centres 
of  gravity,  the  actual  average  haul  is  the  sum  of  the  distancei 
(AX-^-BT),  and  this  (expressed  in  stations)  multiplied  by  the 
number  of  cubic  yards  in  the  cut  AC,  gives  the  product  to 
which  the  price  for  haul  applies. 

But  the  product  of  AX  by  the  number  of  cubic  yards  in  AO 
is  equal  to  the  sum  of  the  products  obtained  by  multiplying  the 
contents  of  each  prismoid  mAGhj  the  distance  of  its  own 
centre  of  gravity  from  A.  The  distance  of  the  centre  of  gmTitj 
of  a  prismoid  from  its  mid-section  is  expressed  by  the  fonnolft 

^_IHA^A') 

^  =  131^7^  <W 

If  we  replace  8  by  its  approximate  value,      2x27     '  ^'^^ 

will  produce.no  important  error  in  this  case,  we  have 


CALCULATION  OF  JBAJRTflWORK.  246 

in  Which  A  should  always  represent  the  more  remote  end  area 
from  the  starting  point  A,  fig.  106.  Hence,  x  may  be  4-  or  — , 
and  it  must  be  applied,  with  its  proper  sign,  to  the  distance  of 
the  mid-section  from  the  starting  point  A,  before  multiplying 
by  the  contents  8,    Each  partial  product  is  thus  obtained 

By  a  similar  process  with  respect  to  the  prismoids  composing 
the  mass  BD,  and  using  the  point  i?  as  the  starting  point,  we 
obtain  finally  a  sum  of  the  products  representing  this  portion 
of  the  haul. 

If  a  cut  is  divided,  and  parts  are  carried  in  opposite  direc- 
tions, the  calculation  of  each  part  terminates  at  the  dividing 
line.  If  a  portion  of  the  material  in  J.  (7  is  wasted,  it  must  be 
deducted,  and  the  haul  calculated  only  on  the  remainder. 

The  specified  limit  is  sometimes  made  as  low  as  100  feet, 
sometimes  as  high  as  1000  feet.  A  limit  of  about  800  feet,  how- 
ever is  usually  most  convenient,  as  it  includes  the  wheelbarrow 
work,  and  a  large  part  of  the  carting,  while  it  protects  the  con- 
tractor on  such  long  hauls  as  may  occur. 


270.  The  Final  Estimate  is  a  complete  statement  in 
detail,  of  the  amount  of  work  done  and  materials  provided,  in 
the  construction  of  the  road,  and  is  the  basis  of  final  settlement 
between  the  company  and  contractor.  Its  preparation  should 
be  begun  as  soon  as  possible  after  the  work  is  in  progress,  and 
should  be  continued,  as  fast  as  the  necessary  data  are  accumu- 
lated, while  the  circimiBtanccs  are  still  fresh  in  mind,  and  when 
any  omissions  in  the  field  notes  may  be  readily  supplied.  The 
content  of  each  prismoid,  the  classification  of  its  material,  and 
the  length  of  haul  to  which  it  is  subject,  should  be  matters  of 
special  record  in  a  book  provided  for  that  purpose.  These  re- 
sults having  been  carefully  computed  by  exact  methods  form 
a  standard  of  comparison  for  those  approximate  results  which 
must  be  had  from  time  to  time  during  the  progress  of  the  work, 
and  furnish  a  limit  to  the  amounts  of  the  monthly  estimates. 
The  same  remark  applies  to  all  other  items  of  labor  and  mate- 
rial. The  notes  and  record  of  the  final  estimate  should  be  par- 
ticularly full  and  exact  in  respect  to  all  such  items  as  will  be 
inaccessible  to  measurement  at  the  completion  of  the  work, 
such  as  foundation  pits,  foundation  courses  of  masonry,  cul* 
verts,  and  works  under  water. 
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27 1«  Monthly  Estimates*— On  or  before  the  last  day 
of  every  month  during  the  progress  of  construction,  measure- 
ments are  taken  to  determine  the  total  amount  of  work  done 
and  material  provided  up  to  that  date.  The  estimates  based 
on  these  measurements  are  called  Monthly  Estimates.  It  is  fre- 
quently necessary  to  take  measurements  for  both  monthly  and 
final  estimates  at  other  times  than  the  end  of  the  month,  as  in 
the  case  of  foundations  which  are  not  long  accessible.  With 
respect  to  each  piece  of  work  satisfactorily  completed,  the 
monthly  estimate  should  be  exact,  and  identical  in  amount 
with  the  final  estimate.  With  respect,  however,  to  items  of 
work  in  progress  at  the  time  of  measurement,  the  monthly 
estimate  is  only  approximate,  yet  should  be  as  precise  as  the 
nature  of  the  case  will  allow;  and  the  quantities  stated  should 
not  be  in  excess  of  fair  proportion  of  the  total  quantities  giyen 
on  the  final  estimate  for  the  same  piece  of  work. 

A  special  field  book  is  devoted  to  monthly  estimate 
notes.  Each  page  should  be  dated  with  the  day  on  which  the 
notes  upon  it  were  taken.  The  notes  consist  of  measurements 
of  all  sorts,  principally  of  cross  sections  partially  excavated. 
These  sections  should  be  at  the  same  points  on  the  line  as  the 
original  sections,  so  that  comparisons  may  be  made.  Where- 
ever  the  excavation  is  finished  to  grade,  it  is  only  necessary  to 
write  *'  completed"  opposite  such  stations,  and  the  quantities 
may  be  taken  from  the  final  estimate  or  computed  from  the 
original  notes.  It  is  frequently  necessary  to  retrace  portions 
of  the  centre  line  in  taking  estimate  notes,  so  that  all  the  field 
instruments  are  required,  but  a  party  of  three  or  four  men  is 
usually  sufficient. 

If  the  contractor  has  provided  materials,  such  as  stone,  lom- 
ber,  etc.,  which  are  not  as  yet  put  into  any  structure  when  the 
estimate  is  taken,  these  should  be  measured  and  entered  under 
the  head  of  temporary  allowance,  an  arbitrary  price  be- 
ing used  somewhat  below  the  actual  value  of  the  material  as 
delivered.  Such  allowances  should  never  be  copied  from  one 
month's  estimate  to  the  next,  but  made  anew  on  such  material 
as  may  be  found  that  seems  to  require  it.  But  all  eompleied 
items  of  contract  work,  and  of  extra  work  when  ordered  hjr 
the  engineer,  are  necessarily  copied  from  one  monthly  eiti* 
mate  to  the  next  during  the  continuance  of  the  contract 

A  blank  form  is  used  by  the  resident  engineer  in  report 
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ing  monthly  estimates,  on  which  a  column  is  provided  for  each 
class  of  material  and  work  required  by  the  contract,  while  the 
several  lines,  headed  by  the  numbers  of  the  propei  stations,  are 
devoted  to  the  different  cuttings,  structures,  etc.,  in  consecu- 
tive order  as  they  occur  on  the  line  of  road.  The  estimates  are 
made  out  and  reported  separately  for  the  several  sections  into 
which  the  line  of  road  is  divided  for  letting. 

These  reports  are  reviewed  by  the  division  engineer,  and 
the  footings  copied  upon  another  blank,  which  is  the  monthly 
estimate  proper;  the  prices  are  attached  to  the  items,  and  the 
amounts  extended  and  summed  up.  This  sum  indicates  ap- 
proximatdy  the  total  amount  earned  by  the  contractor  up  to 
date,  from  which  is  deducted  a  certain  percentage  (usually  15 
per  cent.),  which  is  retained  by  the  company  until  the  comple- 
tion of  the  contract.  From  the  remainder  is  deducted  the 
amount  of  previous  payments,  which  leaves  the  amount  due 
the  contractor  on  the  present  estimate.  A  blank  form  of  re- 
ceipt is  appended,  to  be  signed  by  the  contractor. 


CHAPTER  XI. 

Topographical  SkItching. 

272.  Topographical  sketches  taken  on  preliminary  surveys 
are  usually  of  great  value  iu  projecting  a  line  for  location; 
they  shotdd  be  made  therefore  as  accurate  and  complete  as 
possible.  In  too  many  instances  sketches  are  presented  having 
a  picturesque  appearance,  but  conveying  little  information,  if 
not  tending  to  mislead  the  map-maker.  The  aim  of  the  topog- 
rapher should  be  to  record  the  topographical  features  either 
side  of  the  line  with  as  much  precision  as  those  directly  upon 
the  line,  without  taking  actual  measurements,  except  in  rare 
instances.  The  eye  and  the  judgment  must  be  usually  depended 
on  for  distances  and  dimensions.  The  sketch  of  a  tract  ex- 
tending to  400  feet  each  side  of  the  line  ought  to  be  accurate 
enough  to  warrant  its  being  copied  literally  upon  the  map.  If 
a  much  wider  range  is  required  it  may  be  advisable  to  use  the 
plane-table;  but  an  approximation  to  plane-table  methods  may 
be  employed  in  ordinary  sketching. 
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273.  As  artificial  features  are  the  most  readily  da- 
fined  aad  located  these  should  first  receive  attenlion  ia  making 
a  sketch.  When  recorded  they  form  a  skeleton  upon  whifih 
the  natural  features  can  be  drawn  with  more  precision  thiw  if 
the  order  were  reversed.  The  point  where  each  fence  orosaea 
the  line  and  the  angle  between  the  two  may  be  sketched  exaot- 
ly.  The  distance  along  the  fence  to  any  object  may  be  eBti« 
mated,  and  checked  (in  case  of  an  oblique  angle)  by  obsenring 
where  a  line  from  the  object  perpendicular  to  tiie  centre  line 
would  intersect  the  latter.  The  book  may  be  rested  on  any 
support,  the  centre-line  of  the  page  coinciding  with  the  line  ot 
survey,  and  the  direction  of  objects  defined  by  a  small  ruler 
laid  on  the  page.  This  operation  being  repeated  from  another 
point  gives  intersections  which  locate  the  several  objecta  on 
the  sketch.  If  the  bearings  are  taken  they  may  be  plotted  on 
the  page  as  well  as  recorded,  giving  the  same  results.  The 
eye  may  be  trained  to  estimate  distances  correctly  by  observ- 
ing the  appearance  of  objects  along  the  measured  line,  the  dis- 
tances to  which  are  therefore  known. 

274.  After  the  artificial  objects  the  more  distinct  natural 
features  are  to  be  sketched,  as  streams,  shores,  margins  of 
swamps,  forests,  etc.,  ravines,  ridges,  and  bluffs,  taking  care 
that  all  these  outlines  intersect  the  features  of  the  sketch 
already  delineated  at  the  proper  points.  The  correct  repre- 
sentation of  contours  is  the  most  difilcult  part  of  sketching, 
since  these  lines  are  quite  imaginary,  yet  for  railroad  maps 
they  are  usually  as  important  as  any  others.  It  is  desirable  to 
know  not  only  the  locality  of  a  hill  or  slope,  but  also  its  shapes 
steepness,  and  height.  This  information  is  best  given  by  con- 
tour lines.  A  contour  is  the  intersection  of  the  surface  of  (he 
ground  by  an  imaginary  level  surface.  When  the  surface  is 
real,  like  that  of  a  lake,  the  intersection  is  called  a  shore.  If 
the  water  should  rise  a  certain  height  a  new  shore  would  be 
defined,  and  rising  double  that  height  still  another  shore 
would  result,  each  of  which,  on  the  subsidence  of  the  water, 
would  be  a  contour.  A  practiced  eye  is  able  to  follow  on  the 
ground  the  course  of  a  contour  with  all  its  windings;  but  m 
sketching  them  due  allowance  must  be  made  for  the  fbre- 
shortening  effect  of  distance.  All  contours  on  the  same  sketch 
should  have  the  same  vertical  interval,  so  that  by  coonting 
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fliekii  the  height  of  the  hill  tnay  be  known.  Thd  spaces  on  the 
sketch  between  contours  Varj  as  the  cotangent  of  the  slope 
angle,  so  that  the  width  of  the  spaces  indicates  the  degree  of 
steepness.  The  contours  hearest  the  topographer  should  gune^ 
rallj  b6  sketched  first,  although  if  there  be  a  shore  that  is  apt  to 
be  the  best  guide  to  the  shape  of  the  slopes.  If  the  height  of  the 
Mil  is  known  and  the  upper  contour  located,  the  other  contours 
can  b6  spaced  between  with  less  difficulty,  the  proper  numbet 
being  ascertained  by  dividing  the  height  by  the  assumed  vcrti' 
cal  interval.  A  special  line  of  levels  up  an  inclined  ravine  or 
sloping  ridge  to  fix  the  contour  points  is  often  of  the  greatest 
service  in  obtaining  correct  results.  Other  random  lines  are 
sometimes  run  to  locate  the  contours  more  definitely.  These 
should  be  made  to  cross  several  contours  rather  than  to  trace  a 
single  one.  Old  preliminary  lines  which  have  proved  useless 
in  themselves  often  f urnisli  by  their  profiles  valuable  informa- 
tion in  respect  to  contours* 

The  use  of  hatchings  should  be  avoided  in  the  sketch-book, 
except  to  represent  precipitous  bauks,  or  slight  terraces,  which 
would  not  be  sufficiently  defined  by  the  contour  system. 
Hatchings  freely  used  consume  too  much  time,  and  fail  to  give 
an  accurate  idea  of  either  slope  or  height,  while  they  Ob&cUre 
the  page  for  the  representation  of  other  objects. 

275.  The  centime  line  on  the  page  Is  stmight,  and  for 
sketching  purposes  the  surveyed  line  on  the  ground  is  assumed 
to  be  so  also.  81ight  deficctions  in  the  coursse  of  a  preliminary 
line  may  be  ignored  in  the  sketch ;  but  if  a  large  angle  Occurs 
it  is  better  to  terminate  the  sketch  with  the  course,  and  begin 
again,  leaving  a  few  blank  lines  between  the  two  sketches. 
On  a  located  line  with  curves,  the  sketch  is  continuous.  The 
curved  line  in  the  field  is  represented  by  the  straight  linfe  on 
the  page,  and  the  radial  lines  through  the  statiohs  afe  repre* 
Mnt6d  by  the  parallel  lines  ruled  across  the  page.  All  objects 
tart  sketched  at  the  proper  offset  distance  by  scale  from  the 
centre  line;  but  longitudinally  the  sketch  is  necessarily  dimib' 
ifihod  outside  of  the  curve,  and  magnified  inside  of  the  cutvci 
Consequently  topographical  lines  which  are  stz-'aight  in  fact  apt 
pear  curved  in  the  sketchy  concave  to  the  centre  line  if  inside 
the  curve,  and  convex  if  outside  of  it.  Such  features  are  cor^ 
lectly  sketched  by  means  of  offsets  estimated  Or  measured 
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from  each  station  of  the  curve  on  the  radial  lines.  This  kind 
of  distortioQ  creates  no  confusion  if  properly  done,  for  in  mak- 
ing the  map,  after  drawing  the  curve  and  the  radial  lines,  the 
§ame  offsets  will  give  the  correct  positions  of  the  objects  delin- 
eated. This  method  is  preferable  to  drawing  a  curved  line  on 
the  page  to  represent  the  centre  line,  as  it  is  difficult  to  draw 
it  correctly;  it  will  cross  the  ruled  lines  obliquely,  rendering 
them  of  no  service  for  offsets  or  scale,  and  moreover  is  likely 
to  rim  off  the  page  altogether. 


CHAPTER  XII. 

Adjustment  op  Instruments. 

Every  adjustment  consists  of  two  processes:  first  ihe  ied,  and 
second  the  correcti&n.  Inasmuch  as  the  amount  of  correction 
is  made  by  estimation,  the  test  must  always  be  repeated  until 
no  further  lack  of  adjustment  is  observable. 

276.  THE  transit. 

The  level  tubes  should  be  parallel  to  the 
vernier  plate. 

Test :  Place  the  tubes  in  position  over  the  levelling  screws, 
and  turn  the  latter  till  the  bul)bles  are  centred;  revolve  the 
plate  180°.  The  bubbles  should  remain  centred;  if  they  have 
retreated — 

Correction  :  Bring  them  half  way  back  to  the  centre-by 
turning  the  adjusting  screws  which  attach  the  tubes  to  the 
plate. 

The  line  of  eoUiination  should  be  perpendi- 
cular to  the  horizontal  axis. 

Test :  Clamp  the  limb,  and  by  the  tangent  screws  bring 
the  intersection  of  the  cross-hairs  to  cover  a  well-defined  point 
about  on  a  level  with  the  telescope;  plunge  the  telescope  to 
look  in  the  opposite  direction,  and  note  any  point  about  on  a 
level  with  the  telescope  and  about  equidistant  with  the  first 
point,  which  the  intersection  of  the  cross-hairs  now  happens  to 
cover.  Now  unclamp  the  limb  and  turn  through  180*,  and 
repeat  the  above  operation,  using  the  same  ^«<  point  as  before 
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The  -third  point  obtained  should  be  identical  with  the 
second;  if  not — 

Correction  :  Move  the  vertical  cross-hair  over  onefov/rth 
of  the  apparent  distance  from  the  third  to^the  second  point,  by 
turning  the  adjusting  screws  at  the  side  of  the  telescope. 

The  horizontal  axis  should  be  parallel  to  the 
Temier  plate. 

Test :  After  completing  the  above  adjustments  level  the 
limb,  clamp  it,  and  bring  the  ioteraection  of  the  cross-hairs  to 
cover  some  high  point  so  that  the  telescope  may  be  elevated  to 
a  large  angle ;  depress  the  telescope  and  note  some  point  on  the 
ground  now  covered  by  the  intersection  of  the  cross-hairs. 
Now  unclamp  the  limb,  turn  it  through  180°,  and  repeat  the 
above  operation,  using  the  same  high  point  as  before.  The 
third  point  found  should  be  identical  with. the  second;  if  not — 

Correction  :  Raise  the  end  of  the  axis  opposite  the  second 
point  (or  lower  the  other  end)  by  a  small  amount,  by  turning 
the  adjusting  screws  in  the  standard.  The  amount  of  motion 
required  is  only  determined  by  repeated  trials  imtil  the  test  is 
satisfied. 

The  intersection    of  the   cross-hairs   should 

appear  in  the  centre  of  the  field  of  view. 
Test :  Bring  the  cross-hairs  into  focus  and  direct  the  tele- 

8CK>pe  toward  the  sky,  or  hold  a  sheet  of  blank  paper  in  front 

of  it.    If  the  intersection  appear  eccentric- 
Correction  :  Turn  the  screws  (by  pairs)  which  support 

the  end  of  the  eyepiece  until  the  desired  result  is  obtained. 

■ 

If  there  be  a  level  on  the  telescope  it  should  be 
parallel  to  the  line  of  collimatiou. 

Drive  two  stakes  equidistant  from  the  instrument  in  exactly 
opposite  directions,  and  having  perfected  the  previous  adjust- 
ments, level  the  plate  carefully,  clamp  the  telescope  in  about 
%  horizontal  position,  and  observe  a  rod  placed  on  each  stake. 
Have  the  stakes  driven  by  trial  until  the  rod  reads  alike  on 
lioth.  The  heads  of  the  stakes  are  then  on  a  level.  Re- 
move the  instrument  beyond  one  stake,  and  set  it  up  in 
Hn^  with  the  two,  level  the  plate,  and  elevate  or  depress  the 
felescope  to  a  position  which  will  again  give  equal  readings 
the  stakes.     The  line  of  collimation  is  now  level — 
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Test  t  While  in  this  position  the  bubble  of  the  attached 
level  should  stand  centred;  if  not — 

Correction :  Bring  the  bubble  to  the  centre  by  taming 
the  nuts  at  one  end  of  the  tube,  while  the  cross-hair  continues 
to  give  equal  readings. 

«       277.  THE  Y  LEVEL. 

The  line  of  coUimation  should  coincide  with 
the  axis  of  the  telescope. 

Test :  Clamp  the  spindle,  and  bring  the  intersection  of  the 
cross-hairs  to  cover  a  well-defined  point  by  the  tangent  and 
levelling  screws;  revolve  the  telescope  half  over  in  the  Tt,  so 
that  the  level  tube  is  on  top.  The  intersection  of  the  cross- 
hairs should  still  cover  the  point.   If  either  hair  has  departed — 

CoiTection :  bring  it  half  way  back  by  means  of  the  pair 
of  adjusting  screws  at  the  extremities  of  the  other  hair. 

The  attached  level  should  be  parallel  to  the 
axis  of  the  telescope. 

Test :  Bring  the  telescope  over  one  pair  of  levelling  screws, 
clamp  the  spindle,  open  the  clips,  and  bring  the  bubble  to  the 
centre.  Then  gently  remove  the  telescope  from  the  Ys,  and 
replace  it  end  for  end.  If  the  Ys  have  not  been  disturbed,  the 
bubble  should  return  to  the  centre.    If  it  does  not — 

Correction  :  bring  the  bubble  half  way  back  by  turning 
the  nuts  at  one  end  of  the  tube. 

But  as  now  the  level  tube  and  telescope  may  only  lie  in 
parallel  planes,  and  yet  not  be  parallel  to  each  other- 
Test  :  bring  the  bubble  to  the  centre  as  before,  and  turn 
the  telescope  on  its  axis  so  as  to  bring  the  level  tube  out  to  one 
side.  The  bubble  should  remain  centred.  If  it  has  departed — 
Correction  :  bring  it  back  to  the  centre  by  the  adjusting 
screws  at  one  end. 

Tlie  axis  of  the  telescope  should  be  at  rig^ht 
angles  to  the  spindle. 

Test:  Having  completed  the  above  adjustments  (and  not 
before),  fasten  down  the  clips,  unclamp  the  spindle,  and  bring 
the  bubble  to  the  centre  over  each  pair  of  levelling  screws  in 
succession,  then  swing  the  telescope  end  for  end  on  the  spin- 
dle.   The  bubble  should  settle  at  the  centre.    If  it  do  not^ 

Correction :  bring  it  half  way  back  by  the  large  nnti  al 
one  end  of  the  bar. 
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878*  "THE  THEODOLITE. 

.  This  instrument  being  a  combination  of  Transit  and  Level, 
its  several  adjustments  are  to  be  made  according  to  the  rules 
already  given  for  those  instruments. 


CHAPTER  XIII. 

Explanation  of  Tables. 

Table  I.«— Contains  concise  statements  of  such  geometrical 
truths  as  are  applicable  to  the  various  discussions  in  this  volume. 
References  are  given  to  Davies'  Geometry,  in  which  the  demon- 
strations of  the  propositions  may  be  found. 

TabliB  XL— <])ontains  all  the  formulae  necessary  to  the  solu- 
tion of  any  plane  triangle;  also,  a  select  list  of  miscellaneous 
formulee.  A  few  formulae  with  respect  to  the  versed  sine  and 
external  secant  are  new. 

Table  III.— Contains  a  complete  list  of  formulae  expressing 
the  relations  between  the  radius,  tangent,  chord,  versed  sine, 
external  secant,  and  central  angle  of  a  railway  curve;  also,  the 
relations  between  the  radius,  degree  of  curve,  length  of  curve, 
and  central  angle.  The  notation  is  identical  with  that  used 
elsewhere  in  the  book. 

Tabt^  IV. — Contains  the  radius,  and  its  logarithm,  for  every 
degree  of  curve  to  single  minutes  up  to  10  degrees,  and  thence 
by  larger  intervals  up  to  50  degrees.  With  the  radius  is  given 
also  the  perpendicular  off -set,  ^,  from  the  tangent  to  a  point  on 
the  curve  at  the  end  of  the  first  100-foot  chord  from  the  tan- 
gent-point, and  the  middle  ordinate,  m,  of  a  100-foot  chord. 
See  eqs.  (16,  34,  37,  40,  and  805). 

Table  V. — Contains  the  corrections  to  be  added  to  the  tan- 
gents and  externals  of  any  railroad  curve,  as  obtained  by  refe- 
rence to  Table  VI.,  according  to  the  degree  of  the  given  curve 
(found  at  head  of  columns),  and  its  central  angle,  (found  in  the 
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first  column.)  If  the  given  degree  of  curve,  or  central  angle, 
does  not  appear  in  the  table,  the  exact  value  of  the  ctwrection 
may  be  easily  obtained  by  interpolation. 

Tablb  VI.— Contains  the  exact  values  of  the  tangents,  T, 
and  externals,  E,  to  a  1  degree  curve,  for  every  10  minutes  of 
central  angle,  from  1°  to  120°  50'.  Approximate  values  of  th6 
tangent  and  external  to  any  other  degree  of  curve  may  be  had 
by  simply  dividing  the  tabular  values  opposite  the  given  cen- 
tral angle  by  the  given  degree  of  curve,  expressed  in  degrees. 
These  approximations  maybe  made  exact  by  adding  the  proper 
corrections  taken  from  Table  V.    See  eqs.  (31)  and  (34).- 

Table  VII.— Contains  the  value  of  Long  Chords  of  fcom  2 
to  13  stations,  for  every  10  minutes  of  degree  of  curve  from  0* 
to  15"*,  and  of  a  less  number  of  stations  for  degrees  of  curve  be- 
tween 15*"  and  30^  As  the  chord  of  one  station  is  always  100 
feet,  the  column  of  the  first  station  gives  instead  the  length  of 
arc  subtended  by  the  chord  of  100  feet.  See  §§131, 122,  128» 
134,  135. 

Tablb  VIII. — Contains  the  values  of  Middle  Ordinates  to 
long  chords  of  from  3  to  13  stations,  for  every  10  minutes  of 
degree  of  curve  from  0°  to  10°,  and  of  from  3  to  6  sta^ons  for 
every  curve  from  10°  to  30°,  at  10-minute  intervals.  The  table 
may  be  used,  not  only  to  fix  the  middle  point  of  an  arc,  bat 
also,  in  conjunction  with  the  table  of  long  chords,  to  locate  in* 
termediate  statio«s.     See  §^  131,  133,  133,  134,  135. 

Table  IX. — Contains  the  chords  of  a  series  of  angfes  vaiy- 
ing  by  half  degrees  up  to  30°  for  radii  varying  by  100  feet  up  to 
1000  feet.  It  shows,  therefore,  the  linear  opening  between 
the  extremities  of  two  equal  lines  at  any  given  number  of  hun- 
dred feet  from  their  intersection,  when  the  angle  does  not  ex- 
ceed 30".  For  any  distance  exceeding  1000  we  have  only  to 
add  to  the  value  found  in  that  column,  the  value  found  in  tiie 
column  headed  by  the  excess  of  distance  over  1000  feet  Ckm- 
tenely,  the  table  gives  the  angular  deflection  required  between 
two  equal  lines,  in  order  that  at  a  given  distance  from  (he  point 
of  intersection  they  may  be  separated  a  given  amount 
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Table  X. — 1.  Contains  values  of  the  ratio  t^  =  — ,  accord- 

A 

ing  to  the  notation  of  §  147  for  finding  the  angle  i  (Fig.  84) 
between  the  radius  PO  of  the  curve  at  any  point  P,  and  the 
tangent  PK  to  the  valvoid  arc  PX  by  the  simple  formula 
eq.  (80)  i  =  uA.  The  table  embraces  lengths  of  curve  from 
300  to  2000  feet,  and  central  angles  from  10°  to  120°. 

When  z=zQO°  u  —  i,  and  for  hasty  approximation  this 

value  of  u  may  be  assumed  in  any  case  without  consulting 
the  table. 

V 

2.  Contains  values  of  the  ratio  u  =  —  -  for  finding  the  radius 

of  the  valvoid  arc  at  the  point  P  (Fig.  35)  in  terms  of  the 
length  of  curve  L  =  AP  by  the  simple  formula,  eq.  (82), 
r  =  vL. 

3.  Contains  values  of  the  length  l^  of  a  valvoid  arc  limited 
by  two  curves  of  equal  length  laid  out  from  the  same  tangent 
and  same  P.  6%,  but  whose  central  angles  differ  by  1°.  The 
length  L  of  each  curve  is  given  in  the  first  column,  and  the 

(A  '  — I-    A  "  V 
— ~ —  j  is  given  at  the 

head  of  the  other  columns. 

When  the  central  angles  of  two  curves  of  equal  length 
differ  by  x  degrees  the  length  I  of  the  valvoid  arc  joining 
their  extremities  is  expressed  by  the  simple  formula,  Fig.  36, 

eq.  (86)  ^=P'P''=(a'-  a")?, 

A  '  -4—   A  ' 

in  which  I,  is  taken  from  the  column  headed  by  — —■ 

2 

and  opposite  the  given  value  of  L;or  I,  is  found  by  inter- 
polation if  necessary.     See  §  150  and  example. 

Tablb  XI. — Contains  the  measurements  necessary  to  lay 
down  a  turnout  with  frogs  of  given  numbers  or  angles  for 
both  a  standard  and  a  three-foot  gauge.  The  distance  BF  is 
measured  on  the  rail  of  the  given  track  from  the  heel  of  the 
switch  to  the  point  of  the  frog,  while  af  is  the  chord  of  the 
centre  line  of  the  turnout  between  the  same  points.  The 
radius  r  applies  to  the  centre  line  of  the  turnout.  The  dis- 
tance aF"  is  measured  on  the  centre  line  of  the  straight  track 
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from  the  lie^l  of  the  switch  to  the  point  of  the  middle  frog. 
The  length  of  switch  AD  should  conform  to  the  tabular 
values  unless  the  throw  is  to  be  different  from  that  assumed 
m  the  table.     See  §§  180,  181,  183. 

Table  XII.  —Contains  the  middle  ordinates  of  chords  vary- 
ing in  length  from  10  to  32  feet,  and  for  degrees  of  curve  vary- 
ing from  1°  to  50°.  The  use  of  the  table  is  obvious.  See  §  199. 

Table  XIII. — Gives  the  proper  difference  in  elevation  of 
rails  on  curves  of  various  degrees  from  1"  to  50°  for  veloci- 
ties varying  from  10  to  60  miles  per  hour.     See  §  201. 

Table  XIV. — Gives  the  rise  of  grades  in  feet  per  mile  and 
their  angle  of  inclination  corresponding  to  a  rise  per  station 
(100  foot)  varying  from  0.01  foot  to  10  feet. 

Table  XV.— Contains  values  of  the  formula  (log  A  —  1) 
60384.8  in  which  7i  =  reading  of  the  barometer  in  inches.  The 
inches  and  tenths  of  the  readings  are  in  the  left-hand  column, 
while  the  hundredths  are  found  at  the  top  of  the  other  columns. 
The  difference  of  any  two  values  corresponding  to  two  read- 
ings takon  simultaneously  at  any  two  stations  is  the  differ- 
ence in  elevation  in  feet  of  those  stations.  But  the  ditfer- 
ence  in  height  so  found  is  subject  to  a  correction  for  tempera- 
ture given  in  the  next  table.     See  §  10. 

Table  X\^I. — Contains  coefficients  of  correction  for  atmos> 
pheric  temperature,  by  which  the  approximate  heights  ob- 
tained by  Table  XV.  are  to  be  multiplied  for  a  correciiofi  of 
these  heights,  which  correction  is  to  be  added  or  subtracted 
according  as  the  coefficient  given  in  the  table  is  marked 
4- or-.     See  §11. 

Table  XVII.— Contains  corrections  in  feet,  required  by  tbe 
curvature  of  the  earth  and  the  refraction  of  the  atmosphere,  to 
be  applied  to  the  elevation  of  a  distant  object  as  obtained  by  a 
level  or  th(>odolite  observation  for  distances  ranging  from 
300  feet  to  10  miles.     See  §  119. 

Table  XV  III. — Contains  the  coefficients  for  reducing  tha 
space  on  a  vortical  rod  intercepted  by  the  stadia  halra  wliMl 
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the  Hue  of  collimation  Is  inclitied  to  the  horizon,  to  the  space 
that  would  be  intercepted  were  the  hne  of  collimation  horizon- 
tal; provided,  that  the  visual  angle  0  defined  by  the  stadia  hairs 
is  such  that  tan  i©  =  .005  or  G  =  0"  34'  22\63,  which  is  its 
customary  value  in  surveying  instruments.  The  angle  of  in- 
clination a  is  taken  at  every  10  minutes  through  half  a  quad- 
rant. 

Table  XIX. — Contains  the  logarithms  of  the  coefficients 
given  in  Table  XVIII. 

Table  XX. — Gives  the  lengths  of  circular  arcs  to  a  radius 
=  1. 

To  find  the  length  of  any  arc  expressed  in  degrees,  minutes, 
and  seconds,  take  from  the  table  the  lengths  of  the  given  num- 
ber of  degrees,  minutes,  and  seconds  respectively,  and  multi- 
ply their  sum  by  the  length  of  the  radius.  The  product  is  the 
length  of  arc  required. 

Table  XXI. — Contains  the  values  of  minutes  and  seconds 
expressed  in  decimals  of  a  degree,  for  every  10  seconds  of  arc, 
and  also  for  quarter  minutes  up  to  one  degree. 

Table  XXII. — Contains  the  values  of  inches  and  fractions 
expressed  in  decimals  of  a  foot  for  every  d2d  of  an  inch  up  to 
one  foot. 

Table  XXIII. — Contains  the  squares,  cubes,  square  roots, 
cube  roots,  and  reciprocals  of  numbers  from  1  to  1054  Its 
use  may  be  greatly  extended  by  observing  that  if  any  number 
is  multiplied  by  n  its  square  is  multiplied  by  n',  its  cube  by 

n^,  and  its  reciprocal  by  — . 

Table  XXIY.-— The  logarithm  of  a  number  consists  of 
two  parts,  a  whole  number  called  the  elia/racterisUc,  and  a  deci- 
mal called  the  mantissa.  All  numbers  which  consist  of  the 
same  figures  Standing  in  the  same  order  have  the  same  man- 
tissa, regardless  of  the  position  of  the  decimal  point  in  the 
number,  or  of  the  number  of  ciphers  which  precede  or  follow 
the  significant  figures  of  the  number.  The  value  of  the  char- 
acteristic depends  entirely  on  the  position  of  the  decimal  point 
in  the  number.     It  is  always  one  less  than  the  number  of 
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figures  in  the  number  to  the  left  of  the  decimal  point  The 
value  is  therefore  diminished  by  one  every  time  the  decimal 
point  of  the  number  is  removed  one  place  to  the  left,  and  vice 
versa.    Thus 


Number, 

Logarithm, 

13840. 

4.141186 

1384.0 

3.141136 

138.40 

2.141136 

13.84 

1.141186 

1.384 

0.141136 

.1384 

—1.141136 

.01384 

—2.141136 

.001384 

—3.141186 

etc. 

etc. 

The  mantissa  is  always  positive  even  when  the  characteristic 
is  negative.  We  may  avoid  the  use  of  a  negative  characteristic 
by  arbitrarily  adding  10,  which  may  be  neglected  at  the  closr 
of  the  calculation.     By  this  rule  we  have 

Number.  Logarithm, 

1.884  0.141186 

.1384  9.141186 

.01384  8.141186 

.001384  7.141186 

etc.  etc. 

No  confusion  need  arise  from  this  method  in  finding  a  number 
from  its  logarithm;  for  although  the  logarithm  6.141186  repre- 
sents either  the  number  1,384,000,  or  the  decimal  .0001384,  yet 
these  are  so  diverse  in  their  values  that  we  can  never  be  uncer- 
tain in  a  given  problem  which  to  adopt. 

The  table  XXIV.  contains  the  mantissas  of  logarithms,  car' 
ricd  to  six  places  of  decimals,  for  niunbers  between  1  and  9099, 
inclusive.  The  first  three  figures  of  a  number  are  given  in  the 
first  column,  the  fourth  at  the  top  of  the  other  columns.  The 
first  two  figures  of  the  mantissa  are  given  only  in  the  second 
column,  but  these  are  understood  to  apply  to  the  remaining 
four  figures  in  either  column  following,  which  are  comprised 
between  the  same  horizontal  lines  with  the  two. 

If  a  number  (after  cutting  off  the  ciphers  at  either  end)  con« 
sists  of  not  more  than  four  figures,  the  mantissa  may  be  taken 
direct  from  the  table;  but  by  interpolation  the  logarithm  of  a 
number  having  six  figures  may  be  obtained.  The  last  colmnn 
contains  the  average  difference  of  consecutive  logarithms  <m 
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the  same  line,  but  for  a  given  case  the  difference  needs  to  be 
verified  by  actual  subtraction,  at  least  so  far  as  the  last  figure 
is  concerned.  The  lower  part  of  the  page  contains  a  complete 
list  of  differences,  with  their  multiples  divided  by  10. 

To  find  the  lograrithm  of  a  number  having  six 
figfures :— Take  out  the  mantissa  for  the  four  Buperior  places 
directly  from  the  table,  and  find  the  difference  between  this 
mantissa  and  the  next  greater  ia  the  table.  Add  to  the  man- 
tissa taken  out  the  quantity  found  in  the  table  of  proportional 
parts,  opposite  the  difference,  and  in  the  column  headed  by  the 
fifth  figure  of  the  number;  also  add  ^j  the  quantity  in  the  col- 
umn headed  by  the  sixth  figure.  The  sum  is  the  mantissa 
required,  to  which  must  be  prefixed  a  decimal  point  and  the 
proper  characteristic.  / 

MtampU.—Fmd  the  log  of  33. 4275; 

For  3342  mantissa  is  369587 

"    diff.  185col.7  129.5 

'f      **      "     «'    5  -       9.2 


Ana.  For  23.4275  log  is   1.369726 

The  decimals  of  the  corrections  are  added  together  to  deter- 
mine the  nearest  value  of  the  sixth  figure  of  the  mantissa. 

To  find  the  number  corresponding:  to  a  griven 
logr^rithm. — If  the  given  mantissa  is  not  in  the  table  find  the 
one  next  less,  and  take  out  the  four  figures  corresponding  tp  it; 
divide  the  difference  between  the  two  mantissas  by  the  tabu- 
lar difference  in  that  part  of  the  table,  and  annex  the  figures  of 
the  quotient  to  the  four  figures  already  taken  out.  Finally, 
place  the  decimal  point  according  to  the  rule  for  characteristics, 
prefixing  or  annexing  ciphers  if  necessary.  The  division  re- 
quired is  facilitated  by  the  table  of  proportional  parts,  which 
famishes  by  inspection  the  figures  of  the  quotient. 

Exomvple. — ^Find  the    number  of  which  the  logarithm   is 

8J263927  8.263927 

First  4  figures  1836  from  263873 

Diff.        Ho 
Tabular  diff.  =  236         . •.  5th  fig.  =2  47.2 


6.80 
6th  fig.  =  t  7.08 

An$.  No.  =  .0183623  or  183,623,000. 
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The  number  derired  from  *  edz-place  logarithm  is  not 
reliable  beyond  the  sixth  Dgure. 

At  the  end  of  table  XXIV.  is  a  small  table  of  logarithms  of 
numbers  from  1  to  100,  with  the  characterlstlo  prefixed,  for 
easy  reference  when  the  given  number  does  not  exceed  two 
digits.  But  the  same  mantissas  may  be  tound  in  the  larger 
table. 

Tablb  XXV.— The  logarithmic  sine,  tangent, 
etc*  of  an  arc  is  the  logarithm  of  the  natural  sine^  tangent, 
etc.  of  the  same  arc,  but  with  10  added  to  tue  characteristic  to 
avoid  nepffttives.  This  table  giveb  log  sines,  tangents,  ooBlnM^ 
and  cotangents  for  every  minute  of  the  quadrant.  Witia  %U^ 
number  of  degrees  at  the  left  side  of  the  page  are  to  bo  read 
the  minutes  in  the  left-hand  column  ;  with  the  degrees  on 
the  right -hand  side  are  to  dv  read  the  minutes  in  the  right-hand 
column.  When  the  degrees  appear  at  the  top  of  the  page  the 
top  headings  must  be  observed,  when  at  the  bottom  those  at 
the  bottom.  Since  the  values  found  for  arcs  in  the  first  quad- 
rant are  duplicated  in  the  second,  the  degrees  are  given  from 
0°  to  180''.  The  differences  in  the  logarithms  due  to  a  change 
of  one  second  in  the  arc  are  given  in  adjoining  columns. 

To  find  the  log.  sin,  cos,  tan,  or  cot  of  a  given 
arc. :  Take  out  from  the  proper  column  of  the  table  the  log- 
arithm corresponding  to  the  given  number  of  degrees  snd 
minutes.  If  there  be  any  seconds  multiply  them  by  the  ad- 
joining tabular  difference,  and  apply  their  product  as  a  cor- 
rection to  the  logarithm  already  taken  out.  The  correction  is 
to  be  added  if  the  logarithms  of  the  table  are  increasing  with 
the  angle,  or  subtracted  If  they  are  decreasing  as  the  angle  In- 
creases. In  the  first  quadrant  the  log  sines  and  tangents  in- 
crease, and  the  log.  cosines  and  cotangents  decrease  as  tbe 
angle  increases. 

Mcampk.—Find  the  log  sin  of  9""  28'  20'. 

Log  sin  of  9'  28'  is  9.216097 

Add  correction  20  X  12.62  263 

Ans.  9.216849 

Bxampie.—Fmd  the  log  cot  of  9*  28'  20". 

Log  cotan  of  9"  28'  is  10.777948 

Subtract  correction  20  X  12.97  259 

JniL  lo '777689 
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IPo  find  the  angle  or  are  eorresponding  to  a 
given  logarithmic  sine,  tangent,  cosine,  or  eo^ 
tangent. — If  tbe  given  logarithm  is  found  in  the  proper 
column  takje  out  the  degrees  and  minutes  directly;  if  not,  find 
the  two  consecutive  logarithms  between  which  the  given 
logaritiun  would  fall,  and  adopt  that  one  which  corresponds  to 
the  least  number  of  minutes;  which  minutes  take  out  with  the 
degrees*  and  divide  the  difference  between  this  logarithm  and 
the  given  one  by  the  adjoining  tabular  difference  for  a  quo- 
tient, which  will  be  the  required  number  of  seconds. 

With  logarithms  to  six  places  of  decimals  the  quotient  is 
not  reliable  beyond  the  tenUi  of  a  second. 

MKmple.^9.dSS79i  is  the  log  tan  of  what  angle? 
Next  leis  9.888682  gives  18°  86' 

Diir.         ""       i9.00 1-  9.20 »  05\8 


Am.    13°86'05'.8 

JS»ifiii)20**-9.2498id  is  the  log  cos  of  what  angle? 
Next  greater  588  gives  79^  46' 

Diff.  235  -*- 11.67  =  20M 


Ans.     79°  46  20M 

The  above  rules  do  not  apply  to  the  first  two  pages  of  this 
tiable  (except  for  the  column  headed  cosine  at  top)  because 
here  the  differences  vary  so  rapidly  that  interpolation  made  by 
them  m  the  usual  way  will  not  give  exact  results. 

On  tbe  first  two  pages,  the  flrst  column  contains  the  number 
of  seconds  for  every  minute  from  l'to2°;  the  minutes  are 
given  in  the  second,  the  log.  sin.  in  tbe  third,  and  in  the/<mr^^ 
are  the  last  three  figures  of  a  logarithm  which  is  the  difference 
between  the  log  sin  and  the  logarithm  of  the  number  of  sec- 
onds m  the  first  column.  The  flrst  three  figures  and  the  char- 
acteristic of  this  logarithm  are  placed,  once  for  all,  at  the  head 
of  the  column. 

To  find  tlie  log  sin  of  an  arc  less  than  2°  given 

to  seconds.— Reduce  the  given  arc  to  seconds,  and  take  the 
logarithm  of  the  number  of  seconds  from  the  table  of  loga- 
rithms, and  add  to  this  the  logarithm  from  the  fourth  column 
opposite  the  same  number  of  seconds.  The  sum  is  the  log  sin 
required. 
The  logarithm  in  the  fourth  column  may  need  a  slight  inter 
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polation  of  the  last  figure,  to  make  it  correepond  doaelj  to  ihd 
given  number  of  seconds. 

Example.— Find  the  log  sin  of  1°  89'  14'.4 

1"  39'  14\4  =  5954\4  log  3.774888 

add  (g  -  0  4.685516 

Ans,  log  sm  8.400858 

Log  tangents  of  small  arcs  are  found  in  the  same  "way,  ooljr 
taking  the  last  four  figures  of  (g  —  0  from  the  fifth  column. 

Example.— Find  the  log  tan  of  0°  62'  35'. 
52'  35"  =  (3120"  +  35')  =  3155"  log  {{.488999 


log 


add  ((7-0  4.685609 


Ans.    log  tan  8.184608 

To  find  the  lo^  cotangrent  of  an  ang^le  less  than 
2°  given  to  seconds. —Take  from  the  column  headed  ( q+ 1) 
the  logarithm  correspondmg  to  the  given  angle,  interpolating 
for  the  last  figure  if  necessary,  and  from  this  subtract  the  loga- 
rithm of  the  number  of  seconds  in  the  given  angle. 

EmmpU.— Find  the  log  cotan  of  1**  44'  22". 5. 

q  +  I  15.814293 
6240"  +  22".5  =  6262.5  log    8.796748 

Ans.    11.517644 

These  two  pages  may  be  used  in  the  same  way  when  the 
given  angle  lies  between  SS"*  and  92°,  or  between  178"  and  180"; 
but  if  the  number  of  degrees  be  found  at  the  bottom  of  the  l»ge, 
the  title  of  each  column  will  be  found  there  also;  and  if  tl^ 
number  of  degrees  be  found  on  the  right  hand  side  of  the  page, 
the  number  of  minutes  must  be  found  in  the  right  hand  col- 
umn, and  since  here  the  minutes  increase  upward,  the  number 
of  seconds  on  the  same  line  In  the  first  column  must  be  dimin- 
ished by  the  odd  seconds  in  the  given  angle  to  obtain  the  num- 
ber whose  logarithm  Is  to  be  used  with  {q  ±  I)  taken  from  the 
tabla 

Example.— ¥'md  the  log  cos  of  88"  41'  12".5 

(g-O  4.685587  ••  • 
4740'  - 12'.5  =  4727.5  log  8.67463} 

Ans.  a 860168 
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Atfifip{«.— Find  the  log  tan  of  90°  80'  60'. 

q  + 1  15.814418 
1800'  +  50'  =  1850'  log    8.267172 

Ans,    12.04724i 

To  find  the  arc  corresponding:  to  a  given  log 
sin,  C0S9  tan,  or  cotan  which  falls  within  the. 
limits  of  the  first  two  pages  of  Table  XXV.    \ 

Find  in  the  proper  column  two  consecutive  logarithms  be- 
tween which  the  given  logarithm  falls.  If  the  title  of  the 
given  function  is  found  at  the  top  of  that  column  read  the 
degrees  from  the  top  of  the  page;  if  at  the  bottom  read  from 
the  bottom. 

Fmd  the  value  of  (g  —  Q  or  (9  -f*  Q>  ^  ^b®  case  may  require, 
corresponding  to  the  given  log  (interpolating  for  the  last  figure 
if  necessary).  Then  itq  =  given  log  and  I  =  log  of  number  of 
seconds,  n,  in  the  required  arc,  we  have  at  once  l=q  —  (g  —  l} 
or^  =  (g+0  —  5',  whence  n  is  easily  found. 

Find  in  the  first  column  two  consecutive  quantities  between 
which  the  number  n  falls,  and  if  the  degrees  are  read  from 
the  l^  hand  side  of  the  page,  adopt  the  leas,  take  out  the 
minutes  from  the  second  column,  and  take  for  the  seconds 
the  difference  between  the  quantity  adopted  and  the  number 
n.  But  if  the  degrees  are  read  from  the  rig?U  hand  side  of  the 
page,  adopt  the  greater  quantity,  take  out  the  minutes  on  the 
same  line  from  the  right-hand  column,  and  for  the  seconds 
take  the  difference  between  the  number  adopted  and  the  num- 
ber n. 

Aofl^pltf.— 11.784268  is  the  log  cot  of  what  arc? 

q  + 1  15.814876 

q  11.784268 

.-.     *=:  8802.8  3.580108 

Far  V  adopt     8780.        giving  03' 

Difference  22'.  8 

Am.  V  08'  22".8  or  178"  56'  37".2. 

Jfo>mp20.— 8.201795  is  the  log  cos  of  what  arc? 

q  - 1  4.685556 

q  8.201795 

.•'       n=  3282'.8  3.516289 

For  89**  adopt     3300.      giving  05' 

Difference  17".  2 

Ant.  89'  05'  17".  2  or  OO**  54'  42'.  a 
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Table  XXVI.— Contains  logarithmic  rers^  sines  &lid  ex- 
ternal secants  for  every  minute  of  the  quadrant,  "with  the 
differences  of  the  same  corresponding  to  a  change  of  1  second 
in  the  arc  or  angle.  Interpolation  for  seconds  is  made  in  the 
same  manner  as  with  log  skies  of  the  pfeceding  table,  eStoept 
on  the  first  two  pages.  For  angles  less  than  4°  the  diifereacei 
vary  so  rapidly  that  interpolation  by  direct  proportion  Will  Hot 
give  exact  values. 

On  the  first  two  pages  the  column  headed  q-^i^  coAtahos 
the  difference  between  the  log  versed  sine  (or  log  ex  secant)  of 
an  arc  and  tioice  the  logarithm  of  the  number  of  seconds  in  the 
same  arc.  The  characteristic,  and  first  three  deciniftlB  (9.070) 
are  common  to  all  the  logarithms  in  these  columns  Up  to  8'  10^ 
for  log  vers  sines,  where  it  changes  to  (d.069},  as  ShoWll  M  tlMI 
foot  of  th3  column;  and  up  to  4"*  for  log  ex  secants,  Where  U 
changes  to  (9. 071).  At  the  point  of  change  a  cipher  is  replioed 
by  the  mark  4-  to  call  attention. 

To  find  the  logr  vers  sin,  or  losr  ex  sec  0|f  ma 
ang^le  g^iven  to  seconds.— Reduce  the  an^e  to  seoondii 
take  the  logarithm  of  this  number,  multiply  it  by  8*  and  add 
the  product  to  the  logarithm  in  the  column  {q  •^  93)  foOtid  op* 
posite  the  given  angle.  The  log  {q  —  2t)  should  be  corrected 
by  interpolation  for  the  fractional  part  of  a  minute  in  the  given 
angle. 

Mcample.--Wha,t  is  the  log  ex  secant  of  2"  14'  43'. 7? 

2*"  14'  43". 7  =  8040"  +  43.7  =  8083\7      log  8.907810 

9 


21  7.810920 

(q  -  20    9.070064 

Am.        .'.  q  0.889284 

To  find  the  arc  correspondingr  to  a  griveA  loff' 
vers,  or  lo§r  ex  sec— Find  in  the  column  of  log  vers,  or 

log  ex  Rec  the  two  values  between  which  the  given  log  falls, 
and  take  out  from  the  column  {q  —  2l)  the  logarithm  corree* 
ponding  to  the  given  log  (interpolating  for  the  value  Of  thelaM 
figure  if  necessary).  Subtract  this  from  the  given  logirithm 
and  divide  by  2.  The  quotient  is  tlie  logarithm  of  tti  Aam- 
ber  of  seconds  in  the  required  arc. 
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JS)tcmpkt,'^7.Wt729  i»  ^  log  Yorf  of  whftt  itrc? 

9  7  844728 

8*49'+  (s-f^      imm 

2)8.274768 

13720'.9  .%    I       4.187884 

18680. 


p'^*«^^*-^r«^-^q^ 


Ans.     3°  48'  40'.9 

To  find  the  logr  ex  sec  of  an  arc  gn^eater  than 
88'  given  to  seconds. — Take  from  the  column  (y  +  O 
the  logarithm  corresponding  to  the  given  arc,  interpolating  for 
the  fraction  of  a  minute.  From  this  subtract  the  logarithm  of 
the  iiumber  of  seconds  in  the  complement  of  the  given  arc. 

Mcample.'^WhaX  is  the  log  ex  see  of  88"  24'  80^5? 
For  88'*  24'  q-j-l  15.802183 

Correction  129  X  ^=  44 

q  +  l       15.802227 
Oomp.  88*  24' 20'.5  =  5789*.5  log    8.758874 

Ans.    log  ex  sec  11.548858 

.  To  find  the  angrle  corresponding:  to  a  griven 
log  ex  sec  when  the  ang}e  is  greater  than  88%«- 

Find  in  the  tahle  the  two  consecutive  log  ex  secants  between 
which  the  given  one  falls,  and  then  find  by  iuterpolation  the 
value  of  the  log  (fi'  +  O  corresponding  to  the  given  log  ex  sec 
and  subtract  the  latter  from  it  The  difference  will  be  the 
logarithm  of  the  number  of  seconds  in  the  complement  of  the 
required  angle,  which  is  then  easily  found. 

ISxa/m^.—lt^H^QS  is  the  log  ex  sec  of  what  arc? 

Given  log  ex  sec  11.924368 

Next  less  11.918290  q  +  l       15.309225 

'Diif.  6078 

^  .,  9352  ^    9225   ^  ^^„^ 

Correction  =  ^^^^^  ^  ^^^^   X  6078  =  71 

q  +  l        15.809296 
Given  log  ex  sec  11.924868 

0"  40' 26".2  =  2426'.2  .-.    log    8.884988 

Am.  89°  19'  88'.8. 
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Tablb  X2L  Y  iL  —Contains  natural  sines  and  cosines,  to  Ave 
places  of  decimals  for  every  minute  of  the  quadrant  Correc- 
tions for  fractions  of  a  minute  are  made  directly  proportional 
to  the  difference  of  consecutive  values  in  the  table;  podUve 
for  sines,  negative  for  cosines. 

Table  XXYIII. — Contains  natural  tangents  and  cotangents 
to  five  places  of  decimals  for  every  minute  of  the  quadrant 
Corrections  for  fractions  of  a  minute  are  made  directly  proper- 
tipnal  to  the  difierence  of  consecutive  values  in  the  table ; 
positive  for  tangents,  negative  for  cotangents. 

Table  XXIX. — Contains  natural  versed  sines  and  external 
secants  to  five  places  of  decimals  for  every  minute  of  the 
quadrant.  Corrections  for  fractions  of  a  minute  are  made 
directly  proportional  to  the  difference  of  consecutive  valuee. 
They  are  positive  in  every  case. 

Table  XXX.— Contains  the  number  of  cubic  yards  con- 
tained in  prismoids  of  various  side  slopes,  bases,  and  depths, 
as  indicated  by  the  title  and  the  numbers  in  the  first  column. 
Each  prismoid  is  supposed  to  have  a  imiform  level  cross  sec- 
tion throughout.  These  tables  are  chiefly  useful  in  making  up 
preliminary  estimates  from  the  profile,  or  in  other  cases  "where 
only  approximate  results  are  required.  For  monthly  and  final 
estimates  more  elaborate  tables  are  required,  such  as  are  des- 
cribed in  §  257. 

To  make  an  approximate  estimiate  of  quanti* 
ties  from  a  profile  by  use  of  Table  XXX.— Select  the 

proper  column  fur  base  and  slopes,  and  if  the  outline  of  a  cut 
on  the  profile  is  roughly  a  four-sided  figure,  stretch  a  fine  silk 
thread  over  the  surface  line  to  average  it,  note  the  depth  from 
thread  to  grade  line  midway  of  the  cutting,  and  multiply  the 
tabular  number  opposite  this  depth  by  the  average  length  of 
the  cutting  in  stations  of  100  feet.  (By  average  length  is  meant 
the  half  sum  of  the  length  of  the  grade  line  in  the  cutting  and 
of  so  much  of  the  surface  line  as  is  covered  by  the  thread.)  If 
the  area  of  a  cutting  as  seen  on  the  profile  is  approximately 
triangular,  stretch  an  averaging  line  over  each  incline,  and 
note  the  depth  from  the  intersection  of  these  lines  to  ffrade^ 
and  multiply  the  tabular  number  opposite  this  depth  by  cme- 
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half  the  length  of  the  cut  measured  on  the  grade  line  in  sta- 
tions. The  resulting  quantities  will  be  slightly  in  excess  if  the 
ground  is  level  transversely,  but  may  be  too  small  if  the  trans- 
verse slope  is  steep,  and  cutting  on  the  centre  line  is  small. 
In  general  they  furnish  a  good  approximation.  Quantities  in 
embankments  may,  of  course,  be  found  similarly.  A  cut  or 
fill  may  be  divided  on  the  profile  into  several  portions,  and  the 
contents  of  each  portion  found  separately  if  preferred. 

The  content  of  a  prismoid,  level  transversely,  but  having 
different  end  depths,  maybe  found  correctly  by  this  table  thus: 
add  together  the  quantities  opposite  each  end-depth  and  4  times 
the  quantity  opposite  the  half  sum  of  the  depths;  multiply  the 
sum  by  the  length  in  feet,  and  divide  by  600. 

Table  XXXI. — Contains  a  variety  of  useful  numbers  and 
formulae.  The  logarithms^  are  here  given  to  seven  places  of 
decimals. 


•4<l 


TABLE  I.~GEOMETRICAL  PROPOSITIONS. 


The  References  are  to  Daviea*  Legendre^  Revised  Edition, 


No. 


Reference. 


2 


8 


6 


8 


9 


10 


11 


12 


18 


14 


15 


16 


rV.,  XI. 


I.,  XE.,  Cor.  1.... 
I.»XI 


I.,  XL,  Cor.  2.... 


L,XXV.,  Cor.  6.. 

IV.,  XX. 

L.xxvn 

L,  XXVL,  Cor.  1. 

L,  xxvm....... 

L,  XXXL 

m.,  vn. 

in.,xviL 

v.,  Xm.,  Cor.  2.. 

v.,xin 

m.,  VI 

in.,ix 

m.,  XIV.,  cop... 
L.XI. 


Htpotheses. 


If  a  triangle  is  right 
angled, 


If  a  trianig^le  is 
equilateral. 

If  a  triangle  is 
isosceles, 

If  a  straight  line 
from  the  vertex 
of  an  isosceles 
triangle  bisects 
the  base, 

If  one  side  of  a  tri- 
angle is  pro- 
duced, 

If  two  triangles  are 
mutually  equian- 
gular, 

If  the  sides  of  a 
polygon  are  pro- 
duced in  the 
same  order. 

If  a  flgiu^  is  a 
quadnlateral. 

If  a  figure  is  a 
parallelogram, 


If  three  points  are 
not  in  the  same 
straight  line, 

If  two  arcs  are  in- 
tercepted on  the 
same  circle. 

If  two  arcs  are 
similar. 

If  two  areas  are 
circles, 

If  a  radius  is  per- 
pendicular to  a 
chord, 

If  a  straight  line  is 
tangent  to  a 
circle. 


If  from  a  point 
without  a  circle 
tangents  are 
drawn  to  touch 
the  circle, 


Conssquencxs. 


The  square  on  the  hypotbe- 
nuse  is  equal  to  the  sum  of 
the  squares  on  the  other 
two  sides. 

It  is  equiangular. 

The  angles  at  the  base  are 
equal. 

It  bisects  the  vertieal  angle. 
And  is  perpendicular  to  the 
base. 


The  exterior  angle  is  equal  to 
the  sum  of  the  two  intuior 
and  opposite  angles. 

They  are  similar.  And  their 
corresponding  sides  are 
proportionaL 

The  smn  of  the  exterior 
angles  equals  four  right 
angles. 

The  sum  of  the  interior  an^^ 
equals  four  right  an^es. 

The  opposite  sides  are  equaL 
The  opposite  angles  are 
equal.  It  is  bisected  by  its 
diagonal.  And  its  dlagoiials 
bisect  each  other. 


A   circle     may    be 
through  them. 


They  are  proportional  to  fbe 
corresponding  angles  at  the 
centre. 

They  are  proportional  to  their 
radii 

They  are  proportional  to  the 
squares  on  their  radU. 

It  bisects  the  chord.  And  it 
bisects  the  arc  subtended 
by  the  chord. 

It  meets  it  in  only  one  point. 
And  it  is  perpendicular  to 
the  radius  drawn  to  that 
point. 


There  are  but  two.  They  i 
equal.  And  they  make 
equal  angles  with  toe  cbovA 
joining  the  tangent  pointu 
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The  References  are  to  Davies*  Legendre^  Revised  Edition. 


No. 


17 


18 


Reference. 


m.,x, 


iiL,xvm. 


19 


20 


21 


in.,XVIIL,Cor.2 


m.,  XXI. 


22 


IV.,XXVin.,Cor. 


IV.,XXIII.,Cor.2 


23 


24 


IV:,  XXIX.,  Cor.. 


rv.,  XXX.. 


25 


rv.,  xrv. 


26 


IV.,  xn. 


Hypotheses. 


If  two  lines  are 
parallel  chords 
or  a  tangent  and 
parallel  chord, 

If  an  angle  at  the 
circumference  of 
a  circle  is  sub- 
tended by  the 
same  arc  as  an 
angle  at  the  cen- 
tre. 

If  an  an^le  is  in- 
scribed ma  semi- 
circle, 

If  an  angle  is 
formed  by  a  tan- 
gent and  chord. 

If  two  chords  in- 
tersect each  oth- 
er in  a  circle. 


And  if  one  chord  is 
a  diameter,  and 
the  other  per- 
pendicular to  it, 


If  two  secants 
meet  without  the 
circle. 

If  a  secant  and 
tangent  meet. 


If  a  straight  line 
from  the  vertex 
of  a  triangle  bi- 
sects its  base. 


If  a  perpendicular 
be  drawn  from 
the  vertex  of  a 
triangle  to  the 
base. 


Consequences. 


They  intercept  equal  arcs  of 
a  circle. 


The  an^le  at  the  circumfer- 
ence IS  equal  to  half  the 
angle  at  the  centre. 


It  is  a  right  angle. 


It  is  measured  by  one  half  of 
the  intercepted  arc. 


The  rectangle  of  the  seg- 
ments of  the  one,  equals  the 
rectangle  of  the  s^iments 
of  the  other. 

The  rectangle  of  the  seg- 
ments of  the  diameter  Is 
equal  to  the  square  on  half 
the  other  chord.  And  the 
half  chord  is  a  mean  pro- 
portional between  the  s^- 
ments  of  the  diameter. 

The  rectangles  of  each  secant 
and  its  external  segment 
are  equal. 

The  rectangle  of  the  secant 
and  its  external  segment  is 
equal  to  the  square  on  the 
tangent.  And  the  tangent 
is  a  mean  proportional  be- 
tween the  secant  and  its 
external  segment. 

The  sum  of  the  squares  on 
the  two  sides  is  equal  to 
twice  the  square  oi  half  the 
base  increased  by  twice  the 
square  of  the  bisecting  line. 

The  square  of  a  side  opposite 
an  acute  angle  is  equal  to 
the  sum  of  the  squares  of 
the  other  side  and  the  base, 
diminished  by  twice  the 
rectangle  of  the  base  and 
the  distance  from  the  ver- 
tex of  the  acute  angle  to 
the  foot  of  the  perpendicu- 
lar. 
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TABLE  rV.-RADII,  LOGARITHMS,  OFFSETS,  ETC. 


1 

Deg. 

R«l'-- 1  ^m. 

Tang. 

1 
Mid. 
Ord. 

'             I 
Deg.  1 

,                        1 

RadiiiH. 

! 

Loga-   ,Tang. 
rithm.      oflr; 

-1 

Mid.    ' 
Ord.     ■ 

I>. 

1 

•    B.      !  log.  B. 

t. 

in. 

i 

I>. 

B.        log.B.  '    t. 

in.      1 

6«  (V    955.306  '8.980170 

5.2*4 

1 
1.309  1 

70  0' 

819.020   2.913295     6.105 

1.528 

1 

932.722     .978UU6 

5.2*8 

1.313  : 

1 

817.077     .912263     6.119 

1.531    , 

2 

9o0.0<)3      .977766 

5.263 

1.317  ' 

2 

815.144  1  .911234     6.134 

i.rm  1 

3 

947.478  i   .976569 

5.277 

1.320 

i          8 

813.238  1  .910208  ,  6.148 

1.539 

4 

W4.877      .975375 

5.292 

1.324 

4 

811.308 

.909183     6.168 

1.W3 

5 

942.291 

.974185 

5.306 

1.327 

5 

809.897 

.908162     6.177 

1.546 

6 

939.719 

.972998 

5.;ki 

1.331 

6 

807.499 

.907142  1  6.192 

1.550 

7 

937.161 

.971814 

5.:«5 

1.335 

7 

805.611 

.906125     6.206 

1.553 

8 

934.616 

.970633 

5.350 

1.3;^ 

8 

808.731 

.905111     6.221 

1.557  i 

9 

982.086 

.969456 

5.364 

1.342 

9 

801.860 

.904098     6.286 

1.561 

10 

929.569   2.968282 

5.379 

1.346 

10 

799.997  2.903069  1  6.250 

1.5(U  1 

11 

927.066  12.967111 

5.898 

l.*49 

11 

798.144   2.902061     6.265 

1.668 

12 

9;^4.576 

.965943 

5.408 

1.353 

12 

796.299 

.901076  :  6.279 

1.5?2 

13 

923.100 

.9W778 

5.422 

i.im 

18 

794.462 

.900073  i  6.294 

1.575  ' 

14 

919.637  !  .963616 

5.437 

1.360  1 

14 

792.634 

.899073  1  6.808 

1.5VJ 

15 

917.187      .962458 

5.451 

1.364 

15 

790.814 

.898074  :  6.823 

1.582 

16 

914.750  !   Mlim 

5.466 

1.368 

16 

789.003 

.^97078     6.887 

1.686 

17 

912.326 

.960150 

5.480 

1.371 

17 

787.210 

.896085  i  6.852 

1.690 

18 

909.915 

.959001 

5.495 

1.375 

18 

785.405 

.895094  '  6.866 

1.698 

19 

907.517 

.957855 

6.510 

1.378  i 

19 

783.618 

.894105  :  6.881 

1.597 

20 

905.131    2.956711 

5.524 

1.382 

20 

781.  WO 

2.898118 

6.806 

1.600 

21 

902.758  I2. 955571 

6.589 

1.886 

21 
22 

780.069 

2.892183 

6.410 

1.604 

122 

900.397  !  .9.'>14*4 

5.558 

1.889 

778.807 

.891161 

6.424 

1.608 

23 

898.048  ;  .953300 

5.568 

1.398 

23 

776.552 

.890171  ;  6.489 

1.611 

2i 

8{)5.712  '  .952168 

5.582 

i.im 

24 

774.806 

.889198 

6.468 

1.615 

25 

893.888  1  .951040 

5.597 

1.400 

25 

773.067 

.888217 

6.466 

1.619 

26 

891.076      .949915 

5.611 

1.404 

26 

771.836 

.887^44 

6.48Bi 

1.628 

27 

888.776      .948792 

6.626 

1.407  ! 

27 

769.613 

.886272 

6.407 

1.626 

28 

886.488      .947673 

6.(540 

1.411 

28 

767.897 

.885308     6.511 

1.6£0 

29 

884.211  1   .946556 

5.655 

1.415 

29 

766.190 

.884886 

6.626 

1.688 

80 

881.946  i2.94&442 

5.669 

1.418 

30 

764.489   2.888871 

6.M0 

1.687 

81 

879. 6J«  '2.944381 

5.684 

1.422 

31 

762.797 

2.882409 

6.656 

1.641 

82 

877.451 

.943223 

5.698 

1.426 

32 

761.112 

.881448 

6.660 

1.G4I 

33 

875.2SJ1 

.942118 

5.718 

1.429 

33 

759.4*4 

.880490 

6.664 

1.648 

Si 

878.002 

.941015 

n.Tzr 

1.438 

U 

757.7(W 

.8796*4     6.608 

1.661 

35 

870.795  ,   .939916 

5.742 

1.437 

85 

756.101 

.878580 

6.618 

1.666 

36 

868.598 

.988819 

5.756 

1.440 

36 

7M.445 

.877687 

6.627 

1.650 

37 

866.412 

.987725 

5.771 

1.444 

!        37 

752.796 

.878678 

6.642 

1.6G2 

38 

864.238 

.936633 

6.785 

1.447 

38 

751.155 

.8757^ 

6.666 

I.im 

89 

862.075 

.935545 

5.800 

1.451 

39 

749.521 

.874784 

6.671 

1.670 

40  I  859.922  |2. 934159 

5.814 

1.455  ' 

40 

747.8W 

2.878840 

6.665 

1.678 

41     857.780  '2.988876 

5.829 

1.458  1 

41 

746.274 

2.872806 

6. TOO 

1.677 

42 

855.W8 

.932295 

5.W4 

1.462 

42 

744.661 

.871959 

6.714 

1.680 

43 

a58.527 

.981218 

5.858 

1.466 

48 

748.055 

.871021 

6.720 

1.6C>4 

44 

«)ir417 

.980142 

5  873 

1.469  , 

44 

741.456 

.870086  !  6.748 

1.688 

45  :  849.317  '   .929070 

5.887 

1.473  1 

45 

739.864 

.869162     a.TSS 

1.601 

46 

847.228      .928000 

5.W>2 

1.476 

46 

788.279 

.868221 

6.7T8 

1.606 

47 

845.148      .9269:W 

5.916 

1.480 

47 

736.701 

.867^1 

6.787 

1.600 

48     843  ON)      .925860 

5.981 

1.484 

.    48 

785. J29 

.866363 

6.808 

1.708 

49 

841.021      .924807 

5.945 

1.487 

49 

783.564 

.865488 

6.616 

1.706 

50 

8:«.972  2.923747 

5.960 

1.491 

50 

77J2.005 

2.8(^14 

6.681 

1.710 

M  1  836. jm   2.922691 

5.974 

1.4a'5 

51 

730.4M 

2,868508 

6.616 

1.718 

52  1  834. iW4  .   .Jfc>1637 

5.989 

1.498 

62 

728.909 

.862673 

6.WJ0 

1.717 

58  1  8:i2.885      .92a'j85 

6.008 

1.502  , 

53 

?^»7.870 

.861755 

6.674 

1  780 

54     830.876  1   .919536 

6.018 

1.505  1 

64 

W5.838 

.860640 

6.869 

1.794 

55 

828.876      .918489 

6.082 

1.-510  1 

55 

?^.dl2 

.659926 

6.008 

l.T» 

56 

826.88(5  ,  .917446 

6.(M7 

1.618 

56 

?22.?.>3 

.869014 

6.016 

1.781 

57 

824.905  1  .916404 

6.061 

1.517  1 

67  1 

7^21.280 

.656104 

6.882 

!.?» 

58 

822.9*4      .915365 

6.076 

1.520 

r^  ' 

719.774 

.657196 

6.017 

1.9» 

59 

820  978 

.914829 

6.090 

1.524 

1        50 

718.878 

.6S6S0O 

6.061 

1.748 

60 

619.020 

2.018296 

6.105 

1.528  , 

1        00  , 

716.779 

2.666886 

6.879 

1.746 

288 


*tABh&  IV.— llALJil,  LOGAKitHMS,  OFFSETS,  ETC. 


Deg. 

Radius. 

Loga- 
rithm. 

Tang. 
Off: 

Mid. 
Ord. 

I 

\  Deg. 

Radius. 

Loga- 
ritiun. 

Tang. 
Off: 

Mid. 
Ord. 

i>. 

716.779 

log. ». 

t. 

m. 

!>• 

B. 

log.  B. 

t. 

in. 

8®  (y 

2.855385 

6.9r6 

1.746 

■    9**  0'  j  637.275 

2.804327 

7.S46 

1.965 

1 

715.201 

.854483 

6.990 

1.7^9 

1  '  636.099 

.803525 

7.860 

1.968 

2 

718.810 

.853583 

7.005 

1.7513 

2     631.928 

.8027X4 

7.875 

1.972 

8 

712.835 

.852664 

7.019 

1.^56 

3     633.761 

.8011/26 

7.889 

1.975 

4 

710.865  1   .851787 

7.031 

1.701 

4  i  632.599 

.801128 

7.904 

1.979 

6 

709.402      .fc50892 

7.048 

1.701 

1          5  1  631.440 

.800332 

7.918 

1.983 

6 

707.915 

.819999 

7.063 

1.708 

6  '  630.286 

.799538 

7.9a3 

1.987 

7 

706.498 

.819108 

7.077 

1.771 

7     629.136 

.798745 

7.947 

1.9  JO 

8 

705.048 

.818219 

7.092 

1.VV5 

8  '  627.991 

.797953 

7.902 

1.994 

9 

708.609 

.&17331 

7.106 

1.778  1 

9  '  626. &19 

.797103 

7  976 

1.998 

10 

702.175   2.W(>445 

7.121 

1.782 

10     625.712 

2.790374 

7.991 

2.001 

11 

700.748   2.815562 

7.135 

1.786 

11     624. 5?J 

2.795587 

8.006 

2.00a 

12 

699.826 

.814679 

7.150 

1.790 

12  :  623.450 

.794M>1 

8.020 

2.008 

13 

697.010 

.&13r99 

7.164 

^.'593 

13     622.325 

.794017 

8.034 

2.01S 

14 

696.499 

.812921 

7.179 

1.797  ; 

14     621.203 

.793234 

8.019 

2.016 

16 

695.095 

.842044 

7.193 

l.bOl  1 

15  !  620.087 

.79245a 

b.to3 

2.01S 

16 

693.696 

.841169 

7.208 

1.8U4  : 

16  ;  618.974 

.791073 

b.0«8 

2.023 

17 

692.302 

.840296 

7.222 

1.807  ; 

17 

617.805 

.790894 

8.092 

2;.02o 

18 

690.914 

.8d9m 

7.237 

1.811  , 

1        1« 

616.^00 

.790117 

8.107 

2.(M 

19 

689.592 

.838555 

7.251 

l.bl5 

19 

615.000 

.789i>41 

8.121 

2.UiA 

ao 

688.156   2.nar,W7 

7.206 

l.b.l9 

20 

614.503 

2.788506 

8.130 

2.037 

21 

686.785  2.886821 

7.280 

1.822  ' 

21 

613.470 

2.787793 

8.150 

2.041 

22 

685.419      .836956 

7.295 

l.UG 

22     012.380 

.7^7021 

8.165 

2.045 

23 

681.U59 

.835093 

7.o09 

l.liiJ 

2.3 

011.2.,5 

.780:^51 

8.179 

2.048 

21 

682.701 

.834332 

7.t24 

1.833 

24 

610.i;14 

.'.85482 

8.194 

2.052 

25 

681.354 

.8333r3 

7.338 

l.b;:)7' 

25 

6U9.130 

.784714 

8.208 

2.056 

26 

680.010 

.832515 

7.353 

1.810 

26 

608.002 

.783948 

H.asS 

2.000 

27 

678.671 

.831G00 

7.367 

1.&44 

27 

600.992 

.783183 

8.237 

2.063 

28 

677.338      .biXl805 

7.382 

1.848  ; 

28     605.926 

.782420 

8.252 

2.066 

29 

676.008     .820953 

7.396 

1.851  1 

29 

604.804 

.781057 

8.266 

2.070 

ao 

674.686   2.829102 

1 

7.411 

1.855  ' 

30     603.805 

2.7fc0897 

8.281 

2.0T4 

81 

678.869  2.828253 

7.425 

1.858 

31     602.750 

2.7^137 

8.295 

2.077 

82 

672.066 

.827405 

7.440 

1.802 

32  1  601.698 

.779379 

8.310 

2.081 

88 

670.748 

.820560 

7.454 

1.8G6 

1        33     600.051 

.778622 

8.321 

2.064 

84 

669.446 

.825715 

7.469 

1.8G9 

34  1  599.607 

.777867 

8.839 

2.088 

85 

668.148 

.824873 

7.483 

1.873  ■ 

35  ,  598.507 

.777112 

8.353 

2.092 

86 

6G6.866 

.824032 

7.598 

1.877  1 

30  1  597.530 

.770300 

8.308 

2.096 

87 

666.668 

.823193 

7.512 

1.880 

37     596.497 

.775008 

8.382 

2.099 

88 

664.286 

.822355 

7.527 

1.8h4  ! 

38     595.467 

.774858 

8.397 

2.103 

89 

663.008 

.821519 

7.541 

1.887 

39     594.441 

.774109 

8.411 

2.106 

40 

661.736 

2.82U685 

7.556 

1.892 

40  !  593.419 

2.773:^1 

8.426 

2.110 

41 

660.468 

2.819852 

7.570 

1.895 

41 

592.400 

2.7?2015 

8.440 

2.113 

42 

660.205 

.819021 

7.585 

1.8i*9  • 

42 

591. 3»4 

.771h70 

8.455 

2.117 

43 

667.947 

.818191 

7.599 

1.903 

43 

590.372 

.771120 

8.409 

2.12i 

44 

666.694 

.817303 

7.614 

1.906 

44 

589.301 

.770383 

8.484 

2.125 

45 

656.446 

.81^537 

7.028 

1.910 

45 

588.359 

.709642 

8.498 

2.128 

46 

664.202 

.815712 

7S>4;i 

1.914 

46 

587.357 

.708U02 

8.513 

2.13X 

47 

6S2.963 

.814889 

7.6.')7 

1.918 

47 

586.359 

.768101 

8.527 

2.135 

48 

e6l.720 

.814067 

7.672 

1.921  1 

48 

585.301 

.767420 

8.542 

2.139 

49 

660.499 

.813247 

7.686 

1.921  . 

49     5W.373 

.766690 

8.550 

2.142 

60 

649.2^4 

2.812428 

7.701 

1.928  : 

50     583.385 

2.765955 

8.571 

2.147 

51 

648.054 

2.811611 

7.715 

1.932 

51 

582.400 

2.765221 

8.585 

2.150 

92 

646.838 

.810196 

7.730 

1.935 

52 

581.419 

.764489 

8.600 

2.154 

58 

646.627 

.809982 

7.744 

11D39 

53 

580.441 

.763758 

8.614 

2.158 

54 

641.420 

.809109 

7.759 

1.943 

54 

579.406 

.763028 

8.629 

2.101 

56 

648.218 

.808358 

7.rr3 

1.946 

55 

578.494 

.762299 

8.643 

2.165 

66 

642.021 

.807549 

7.788 

1.9.50  : 

56     677.526 

.7615?2 

8.668 

2.168 

67 

640.828 

.800741 

7.802 

1.953 

57  1  576.501 

.760ft45 

8.672 

2  172 

68 

689.639     .8050^5 

7.817 

1.957 

58     575.599 

.760120 

8.687 

2.175 

69 

688.465     .805130 

7.831 

1.961  1 

1        59     574.611 

.759397 

8.701 

2.179 

00 

687.275  2.801327 

7.846 

1.965  , 

60     678.686 

2.758674 

8.716     2.188 
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TABLE  IU.-OURVE  FOBMULuffl. 


1 

QIVBN. 

SOUGHT. 

FOBMULJE. 

1 

D 

R 

R-       ^ 

2 

R 

D 

8inH^=-^ 

8 

A,  D 

L 

l.  =  100    ^ 

4 

D,  L 

L 

DL 

"^  =    100 

5 

t^.L 

D 

D=100-^ 

6 

R,    L 

T 

T-  Rt&a^A 

7 

t» 

C 

C  =  2  i?  Bin  H  /^ 

8 

tt 

M 

Jf  =  i?  vers  ^  A 

9 

«i 

E 

£  =  i2  exsec  ^  a 

10 

r.  ^ 

R 

i2=  rcot^  A 

U 

(I 

E 

E=  rtan  J4  A 

12 

" 

C 

C  =  2  T  cos  ^  A 

13 

it 

M 

if=  rcot  ^  A  .versH 

A 

14 

* 

R 

exsec  ^  A 

15 

>4 

T 

r=  ^cot^  A 

16 

" 

C 

C  =  2E    «*"^^^ 
exsec  ^  A 

• 

17 

• 

ti 

M 

3f  =  £cos^  A 

18 

C.    L 

R 

i2-          ^ 

19 

t( 

M 

Jf=:HCtanM  A 

20 

14 

•    T 

2cobH  A 

21 

t( 

E 

'=«<'--r«^ 

22 

If,    A 

R 

vers  ^  A 

23 

•« 

0 

Cc  21f  cotH  A 

24 

(( 

T 

vers^  A 

SS 

41 

E 

COS^  A 

377 


TABLE  UL-CURVE  FORMDUB. 


.™.  :  „...,. 

foBXCUm. 

so 

S,T 

A 

» 

R,V 

.. 

■^  X  '  •  iS 

oo.«.=   l|/(«  +  |)(.-|) 

30 

S.  it 

A 

""X*-^ 

SI 

■' 

B! 

E,E 

^ 

— x-4 

U 

T,  C 

A 

^..M.-j?, 

» 

u.H.-^fT^^ 

.» 

T.j; 

A 

-«'-^?-    ^_ 

.7 

™s«-       i.>+Ji7« 

SS 

CM 

A 

taoM-=-^ 

.. 

COHji:!   =    pj_^4j,( 

« 

it.  B 

A 

.-«.=  »- 

<1 

Jf,  T 

C 

•■ 

■' 

M 

Jf-K-     — ^ 

u 

" 

E 

B=   VTi'+R'  -  s 

- 

«.  c 

T 

■--                 *^^ 

y(«+f)(''-i) 

l 

E  . 

Jf  =  fl  -  VUl  +  ViC)(R~iiOj 

^°  fifi  +  MCJfB-^O)  "■'* 

TABLE  m. -CURVE  FORMULAE. 


GIVEN. 

SOUGHT. 

FORMUUB. 

48 

T 

c 

Ri^M(2R-M) 
R-M 

49 

C  =   flVMi2R  -  Jf) 

50 

/?,  E 

K 

r,  c 

u 

E 
T 
C 

M 

R 
M 

IP-     ^^ 

61 

r=  VEi2R-{-E) 

52 
53 

_       2R  VE(2R4-E) 
^  -           ~R  +  E 

^--R->rE' 

CT 

51 

^  ~  V(2T+C)  (2r-C) 

55 

^=Hc/|-J---^- 

56 

«t 

E 

-=V-I^;-^- 

57 

r,  E 

R 

^-"           2E 

58 

(( 

C 

2T  (T^  -  E^) 

T^'-\-E^ 

59 

(( 

M 

-,       E  (ra  -  E*) 

60 

C,  M 

R 

^-"        2M 

61 

u 

T 

C(Ca+4if«) 
~    2(C9-  4if«) 

62 

«( 

E 

63 

if,  js: 

R 
T 

^-~E-~M 

64 

-V-"^-" 

65 

t( 

C 

— /-ft-^ 

66 

r,  jf 

R 

67 

t( 

E 

i?7»  +  j3:2  jf-^r«  +  3fr«  =  o 

68 

(i 

C 

C»  +  2rca+4lf«C-83f«  r=0 

69 

c,  js: 

R 

^  +  ^        8J?              *    4            8 

0 

70 

ti 

T 

2r»-r«c— «rB«— CJ?»=o 

71 

M 

M 

Jf »  +  Jf«  2i?  f  Jf -5^  -  ^^-^- 0 
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TAl 

BLE  IV.- 

RADII 

,  LOG 

ARItH: 

MS.  OFFSETS,  ETC. 

J>eg. 

Radius. 

Loga- 
rithm. 

Tan. 
j  Off. 

Mid. 
Ord. 

f 

i  I)eg. 

Radius. 

Loga- 
rithm. 

! 

Tang. 
Off. 

Mid. 
Ord. 

D. 

B. 

log.  R. 

t. 

m. 

D. 

1 

log.  B. 

t. 

1 

m. 

©•  (y 

Infinite 

Infinite 

.000 

.000 

1             1 

1 1"    0'  1  5729.65 

3.758128 

.873 

.218 

1 

343775. 

5  536274 

.015 

.001 

!          1  !  5635.72 

.750950 

.887 

.222 

2 

171887. 

5  235244 

.029 

.007 

2 

5544.83 

.743888 

.902 

.225 

3 

114592. 

5.059153 

.044 

.011 

3 

5456.82 

.736939 

.916 

.229 

4 

85943.7 

4.934214 

.058 

.015 

4 

5371.56 

.730100 

.9:31 

.233 

5 

68754.9 

.837304 

.073 

.018 

1          5 

5288.92 

.723367 

.945 

.236 

6 

57295.8 

.758123 

'  .087 

.022 

6 

5208.79 

.716737 

.960 

.240 

7 

49110.7 

.691176 

.102 

.025 

1         7 

5131.05 

.710206 

.974 

.244 

8 

42971.8 

.633184 

.116 

.029 

8 

6055.59 

.703772 

.989 

.247 

9 

38197.2 

.582031 

.131 

.033 

9  i  4982.33 

.697432 

1.0O4 

.251 

10 

34377.5 

4.536274 

'   .145 

.036 

10 

1 

4911.15 

3.691183 

1.018 

.255 

11 

31252.3 

4.494881 

.160 

.040 

11 

4841.98 

3.685023 

1.033 

.258 

12 

28647.8 

.457093 

.175 

.044 

12 

4774.74 

.678949 

1.047 

.262 

13 

26444.2 

.422331 

.189 

.047 

13 

4709.33 

.672959 

1.062 

.265 

14 

24555.4 

.390146 

.204 

.051 

14 

4645.69 

.667051 

1.076 

.269 

15 

22918.3 

.360183 

.218 

.055 

15 

4583.75 

.661221 

1.091 

.273 

16 

21485.9 

.332154 

.233 

.658 

16 

4523.44 

.65546© 

1.105 

.276 

17 

202ii?.l 

.305825 

.247 

.062 

17 

4464.70 

.649792 

1.120 

.280 

18 

19038.6 

.281002 

.262 

.065 

18 

4407.46 

.6441^ 

1.184 

.284 

19 

18033.4 

.257521 

.276 

.069 

19 

4351.67 

1.149 

.287 

20 

17188.8 

4.235244 

.291 

.073 

20 

4297.28 

3!633194 

1.164 

.291 

21 

16370.2 

4.214055 

.305 

.076 

■  21 

4244.23 

3.62^799 

1.178 

.295 

22 

156:26.1 

.193852 

.320 

.080 

22 

4192.47 

.622470 

1.193 

.298 

23 

14346.7 

.174547 

.335 

.084 

23 

4141.96 

.6172i;6 

1.207 

.802 

24 

14323.6 

.156064 

.349 

.087 

24 

4092.66 

.612005 

1.222 

.806 

25 

13751.0 

.1383-35 

.364 

.091 

25 

4044.51 

.606866 

1.236 

.809 

26 

13222.1 

.121302 

.378 

.095 

26 

3997.49 

.601787 

1.251 

.813 

27 

12732.4 

.104911 

.393 

098 

27 

3951.54 

.596766 

1.265 

.316 

28 

12277.7 

.089117 

.407 

.102 

!        28 

3906.54 

.591803 

1.280 

.320 

29 

11854.3 

.07;«77 

.4-22 

.105 

29 

3862.74 

.5mha6 

1.294 

.324 

30 

11459.2 

4.059154 

.436 

.109 

30 

3819.83 

3.582U44 

1.809 

.327 

81 

11089.6 

4.044914 

.451 

.113 

31 

8777.85 

3.577245 

1.324 

.381 

32 

10743.0 

.031125 

.465 

.116 

82 

8736.79 

.572499 

1.338 

.836 

33 

10417.5 

.017762 

.480 

.120 

83 

8696.61 

.667804 

1.353 

.888 

34 

lOlll.l 

4.004797 

.495 

.124 

84 

3657.29 

.563160 

1.867 

.342 

35 

9322.18 

3.995^208 

.609 

.127 

35 

3618.80 

.558564 

1.882 

.846 

36 

9549.34 

.979973 

.524 

.131 

36 

3581.10 

.554017 

1.896 

.849 

87 

9291.29 

.968074 

.538 

.185 

37 

3544.19 

.549517 

1.411 

.853 

38 

9046.75 

.956493 

.553 

.138 

88 

3508.02 

.W5063 

1.425 

.856 

39 

8314.78 

.945212 

.567 

.142 

89 

8472.59 

.540654 

1.440 

.860 

40 

8594.42 

3.934216 

.582 

.145 

j        40 

8437.87 

3.536289 

1.454 

.864 

41 

a384.80 

3.923493 

.696 

.149 

41 

34aS.83 

8.531968 

1.469 

.867 

42 

8185.16 

.913027 

.611 

.153 

42 

8370.46 

.527690 

1.483 

.871 

43 

7994.81 

.902808 

.625 

.156 

43 

8337.74 

.52^53 

1.498 

.875 

44 

7813.11 

.892824 

.640 

.160 

44 

3305.65 

.519257 

1.513 

.378 

45 

7639.49 

.883065 

.654 

.164 

45 

3274.17 

.515101 

1.627 

.882 

46 

7473.42 

.873519 

.669 

167 

46 

3243.29 

.510985 

1.542 

.885 

47 

7314.41 

.864179 

.684 

.171 

47 

8212.93 

.506908 

1.556 

.889 

48 

7162.0J 

.855036 

.698 

.174 

48 

8188.23 

.602868 

1.571 

.393 

49 

7015.87 

.846082 

.713 

.178 

49 

3154.03 

.498866 

1.685 

.896 

50 

6875.55 

3.837308 

.727 

.182 

50 

3125.86 

d.4949J0 

1.600 

.400 

51 

6740.74 

8.828703 

.742 

.185 

51 

8097.20 

8.490970 

1.614 

.404 

62 

6611.12 

.820275 

.756 

.189 

52 

3009.55 

.487075 

1.629 

.407 

53 

6486.aS 

.812002 

.771 

.193 

5:} 

3J42.39 

.483215 

1.643 

.411 

54 

6:)66.26 

.803885 

.783 

.196 

54 

3315.71 

.479889 

1.658 

.414 

55 

6^0.51 

.795916 

.800 

.200 

55 

2039.48 

.475596 

1.673 

.418 

56 

6133. 9 J 

.783031 

.811 

.2H 

56 

2983.71 

.471836 

1.687 

.422 

57 

6031.20 

.780404 

.823 

.207 

57 

2338.39 

.468109 

1.702 

.425 

58 

5927.22 

.772851 

.844 

.211 

58 

2913.49 

.464413 

1.716 

.429 

59 

5826.76 

.765427 

.853 

.215 

59 

2389.01 

.460749 

1.731 

.483 

M 

5729.65 

8.758128 

.873 

.218 

60 

2864.98 

8.457115 

1.746 

.486 

.^ 


TABLE  rV.— RADH,  LOG.VJIITHMS,  OFFSETS,  ETC. 


Deg. 

1 
Radius. 

Loga* 
rithm. 

Tang. 
Off. 

Mid.  ' 
Ord.    i 

Deg. 

Radius. 

Loga- 
rithm. 

Tang. 

off 

Mid. 
Ord. 

D. 

R. 

log.  R. 

t. 

m.    ' 

». 

R. 

log.  R. 

t. 

m. 

2°  0' 

28G4  93 

8  457115 

1 .745 

.436 

3"  0' 

1910.08 

8.281051 

9.618 

.654 

1 

2841  26  1 

.45:i511 

1.760 

.440  1 

1 

1899.53 

.278646 

9.682 

658 

2 

2817.97  I 

.449<)87 

1.774 

.444 

2 

1889.09 

.276258 

9.617 

662 

3 

2795.06  : 

.44<W92 

1.789 

.447 

3 

1878.77 

.278874 

9.661 

665 

4 

2^72.53  i 

.442876 

1.803 

.451 

4 

1868.66 

.271608 

9.676 

.660 

5 

2750.  :i5 

.439:3^8 

1.818 

.4>4  ' 

5 

ia")8.47 

.269156 

2.000 

.678 

6 

272«.52  ' 

.4:^928 

1.882 

.458  1 

6 

1848.48 

.266814 

S.705 

.676 

7 

2707.04 

.48:^495 

1.847 

462 

7 

1838.59 

.264486     2.719 

.680 

8 

26a5.K9 

42ytW9 

1.862 

.465  1 

8 

1828.82 

.262170 

9.784 

.684 

9 

2665.08  1 

,.425710 

1.876 

.469 

9 

1819.14 

.259867 

9.740 

.687 

10 

2644.58 

8  422856 

1.891 

.473 

10 

1809.57 

8.257576 

9.768 

.601 

11 

26:^.39  ' 

8.419029 

1.905 

.476  ! 

11 

1800.10 

8.255296 

9.778 

.604 

12 

2604.51  ! 

.415?27 

1.920 

.480  1 

12 

17JK).73 

.253029 

9.709 

.696 

13 

2584.93 

.412449 

1.934 

.484  1 

13 

ITH^.m 

.250774     8.807 

.702 

14 

2565.65 

.409197 

1.949 

.487 

14 

1772.27 

.248680 

9  821 

.705 

15 

2546.04 

.405968 

l.W« 

.491 

15 

1763.18 

.246297 

9.886 

.7X» 

16 

2527.92  i 

.402;'()3 

1.978 

.494 

16 

1754.19 

.2440Tr 

9.850 

.718 

17 

2509.47 

.899582 

1.992 

.498 

17 

1745.26 

.^41867 

9.866 

.716 

18 

2491.29  ! 

.m-A'M 

2.007 

.502  ' 

18 

1?36.48 

.289669 

8.870 

.■I^ 

19 

IWr3.37 

.39;i289 

2.022 

.5<J5 

19 

1727  75 

.287481 

8.894 

.728 

20 

»455.70 

8  890176 

2.086 

.509   ; 

20 

mo.  18 

8.285806 

8.006 

,intr 

21 

^438. 29 

8.887085 

2.051 

.513  [ 

21 

1710.56 

8.288140 

9.99^ 

.781 

22 

i^l.l2 

.3(^16 

2.065 

.516 

22 

1702.10 

.280086 

9.088 

.■^4 

23 

iM04.19 

.380969 

2.080 

.520 

iSii 

1693.?i 

.228841 

9.0G9 

.738 

24 

2887.50  ; 

.377W3 

2.094 

.524 

24 

16K5.42 

.226707 

9.067 

.749 

2ft 

2871.04  ' 

.8749:« 

2.109 

.527  ; 

25 

1677.20 

.224684 

9.061 

.746 

2(5  '  2851.H0  1 

.871954 

2.123 

.531  1 

26 

1669.06 

,23SM72 

9.006 

.740 

27  ,  2888.78 

.«$8990 

2.138 

.5:i4  1 

27 

1661.00 

.220669 

8.010 

.TO8 

28  '  2822. 5«  ' 

.»MKM6 

;  2,162 

.538 

28 

KKK^.Ol 

.2182?r 

8.095 

.756 

29     2807.39 

.8<ai22 

2.167 

.l>42  ; 

29 

1(M5.11 

.216196 

8.000 

.760 

30  ;  2292.01 

3.3(K)217 

2.181 

.545 

30 

1637.28 

8.214128 

8.064 

.768 

81  '  227»i.84 

8.357332 

'  2.196 

.MO 

31 

1(529.62 

8.212060 

8.068 

.767 

82     2201.86 

.8r>44(>6 

!  2.211 

.55;i 

32 

1621. W 

.210007 

8.0R8 

.m 

83  ;  2247.08 

.351618 

:  2.225 

.55(1 

*J 

1614.22 

.207964 

8.007 

.774 

34  i  2232.49 

.348789 

'  2.240 

.5(i0  ' 

U 

160(5.68 

.906080 

8.119 

.rre 

35  '2218.09 

.345979 

;  2.25^4 

.564  , 

m 

1599.21 

.203906 

8.127 

.788 

86  !  2208.87 

.343187 

2.2(S9 

.5(}7 

m 

1591.81 

.201809 

8.141 

.785 

87 

2189.84 

.340412 

2.283 

.571 

37 

15K4.48 

.109886 

8.166 

.780 

88 

2175.98 

.337655 

2.2JW 

.574  i 

38 

1577.21 

.107800 

8.170 

.708 

39 

21«3.30 

.3:i49l6 

1  2.312 

.578  ! 

39 

1570.01 

.105908 

8.186 

.798 

40 

2148.79 

3.332m 

•  2.327 

.582 

40 

,  1562.88 

8.108095 

8.100 

.800 

41 

2135.44 

8.329488 

1  2.341 

.585  , 

41 

1555.81 

8.101956 

8.914 

.808 

42 

2122.26 

.32(i7JK) 

'  2.:i56 

.589 

42 

1548.80 

.189996 

8.28 

.807 

43 

2109.  IW 

.324127 

;  2  371 

.593  1 

43 

1  1M1.86 

.188016 

8.918 

.811 

41 

2096.39 

.:«1471 

2.3K-> 

.rm  • 

44 

'  1534.98 

.186108 

8.i57 

.814 

45 

208:J.<58 

.JilKSW 

,  2.400 

.(500 

45 

1528.16 

.184160 

8.979 

818 

46  i  2071.13 

.316208 

2.414 

1  -y*^  ! 

46 

1521.40 

.nmu 

8.886 

.823 

47  1  2058.73 

.mm\o 

I  2  429 

:  .(J07  . 

47 

1514.70 

.180827 

8.801 

.825 

48  ■  2JI0.18 

.3110(J8 

2.U3 

.    611 

48 

1.508.06 

.1W410 

8.816 

.HSh 

49  :  2031.37 

.3<iH43l 

2.458 

.  .614 

49 

vm.AS 

.17(KilO 

8.880 

.889 

50  •  2022.41 

3.»>5869 

2  4?3 

'    .618 

50 

1494.95 

8.174687 

8.816 

.836 

51  i  2010.50 

3.30:«23 

2  4K7 

.«;22 

•'>1 

1488.48 

8.17^r+4 

8.850 

.HM 

52 

1JJ9H.JK) 

.3<M)791 

2. .501 

.     (>25  1 

1        52 

1  1482.1)7 

.I1O868 

8.874 

.818 

53 

1JJ87.35 

.29H274 

2.516 

.629 

53 

1475.71 

.1(59001 

8.8HR 

.W7 

M 

1975.  {»3 

.295771 

2.53J) 

■  Am 

M 

'  14(59.41 

.167149 

8.408 

.851 

55  :  wmsA 

.29:^283 

2.M5 

.cm 

55 

14(58.16 

.163201 

8.417 

.861 

m  :  19:Vi.48 

.21K1H09 

2.5<H) 

.640 

'         56 

145((.9tt 

.16»14r 

8.489 

.858 

57  .  1942.44 

.2HH349 

2.574 

.»W4 

.        57 

1450.81 

•     .161619 

8.448 

.8K 

58     1931.53 

.2K.-ilHtt 

2  5^9 

.647 

58 

1444.'W 

.l.WW 

8.461 

.865 

50     1920.75 

.2S:i470 

2.«;<« 

.(■»51 

.59 

1438.08 

1     .137968 

8.4n 

1  .880 

60  ;  1910.08 

3.281(r>l 

2.618 

.(•»54 

60 

1432.60 

;  8.166161 

8.400 

1  .870 

281 


TABLE  IV.— RADn,  LOaARTTinra;  OFFSETS,  BTO. 


Deg. 
I>. 


(K 
1 
2 
3 
4 
6 
6 
7 
8 
9 
10 

11 
12 
18 
14 
16 
16 
17 
18 
19 
20 

21 
22 
28 
24 
25 
26 
27 
28 
29 
80 

81 
82 
88 
84 
85 
86 
87 
88 
80 
40 

41 
42 
43 
44 
45 
46 
47 
48 
49 
60 

61 
62 
68 
54 
65 
66 
67 
68 
69 
60 


Radius. 


482.69 
426.74 
420.86 
415.01 
409.21 
406.46 
897.76 
892.10 
886.49 
380.92 
876.40 

869.92 
864.49 
859.10 
853.75 
848.45 
848.15 
887.66 
882.77 
827.68 
882.68 

317.46 

812.48 

807.45 

802.60 

297.68 

1292.71 

1287.87 

288.07 

1278.80 

273.67 

1266.87 
1264.21 
1200.68 
1254.96 
1200.42 
1245.89 
1241.40 
1236.04 
1282.61 
1228.11 

1228.74 
1219.40 
1215.80 
1210.82 
1206.57 
1202.86 
1198.17 
1194.01 
1180.88 
1186.78 

1181.71 
1177.66 
1178.65 
1169.66 
1165.70 
1161.76 
1167.85 
1163.97 
1150.11 
1146.28 


Loga- 
rithm. 

log.  B. 


rang. 
Off: 

t. 


Mid. 
Ord. 

m. 


8 


8 


156151 
164:^ 
152648 
150758 
148975 

146181 
148670 
141916 
140170 
188480 

186697 
184971 
188251 
181589 
129833 
128134 
126442 
124756 
128077 
121404 

119788 
118078 
1164^ 
114777 
118136 
111501 
109872 
106249 
106632 
105022 

108417 
101818 
100225 
096688 
097057 
0954U1 
098912 
092317 
090780 
069280 

067689 
066147 
064610 
068079 
061658 
060068 
078618 
077008 
076604 
074006 

072511 
071022 
069538 
068059 
066585 
065116 
068653 
062194 
060740 
059290 


8.490 
8.505 
3.519 
3.534 
8.548 
8.568 
8.577 
8.592 
8.606 
8.621 
8.685 

8.650 
8.664 
8.679 
8.698 
8.706 
8.723 
8.786 
8.752 
3.766 
8.781 

8.795 
8.810 
3.821 
8.839 
3.853 
8.808 
8.88» 
8.897 
8.911 
3.926 

8.941 
3.955 
3.970 
8.961 
3.999 
4.018 
4.028 
4.042 
4.057 
4.071 

4.060 
4.100 
4.115 
4.129 
4.144 
4.169 
4.173 
4.188 
4.202 
4.217 

4.281 
4.246 
4.260 
4.275 
4.289 
4.804 
4.318 
4888 
4.847 
4.862 


Deg.  |Radliy,.;iflS-  ;Tang. 
I>.    !      R. 


riiliiu. 
log.  B. 


Off. 
t. 


.87^ 
.876 
.880 
.883 
.887 
.891 
.894 
.898 
.902 
.905 
.909 

.912 
.916 
.920 
.928 
.927 
.931 
.931 
.938 
.912 
.945 

.919 
.952 
.956 
.960 
.963 
.067 
.971 
.974 
.978 
.962 

.965 

.969 

.998 

.996 
1.000 
1.003 
1.007 
1.011 
1.014 
1.018 

1.022 

1.025 

1.029 

1.032 

1.036 

1.010 

1.043 

1.047 

1.051  ■ 

1.051 

1.058 
1.062 
1.0C5  ,, 
1.069    i 
1.078    I 
1.070 

1.080  ;, 

1.063  :. 
1.088 
1.091  ,i 


O' 
1 
2 
3 
1 
5 
6 
7 
8 
9 
10 

11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

21 
22 
23 
24 
25 
26 
27 
28 
29 
30 

81 
82 
38 
34 
85 
36 
87 
88 
89 
40 

41 
42 
43 
14 
45 
46 
47 
48 
49 
50 

51 
52 
t)S 
51 
55 
50 
57 
68 
59 
60 


114().28 
1142.47 
1188.U9 
1184.94 
1181 .21 
li-r<.50 
1123.82 
1120.16 
1116.52 
1112.91 
1109.38 

1105.76 
1102.22 
1098.70 
1095.20 
1091.73 
1068.28 
1064.85 
1061.44 
1078.05 
1074.08 

1071.34 
1068.01 
71 
43 


1064 

1061 

1058.16 

1051.92 

1051.70 

1048.48 

1015.81 

1042.14 

1089.00 
1035.87 
1032.76 
1029.07 
1026.60 
1028.55 
1020.51 
1017.49 
1014.50 
1011.51 

1008.56 
1005.  (M) 
1002.67 
999.762 
996.867 
996.988 
991.126 
988.280 
985.451 
962.688 

979.840 
977.060 
974.294 
971.544 
908.810 
966.091 
968.887 
960.696 
966.026 
966.866 


8.059290 

4.862 

1  091 

.OG-n^ 

4.876 

1.094 

.056407 

4.891 

1.098 

.054972 

4.405 

1  102 

.058542 

4.420 

1  105 

.032116 

4.435 

1.109 

.060096 

4.449 

1.112 

.049280 

4.404 

1.116 

.017868 

4.478 

1.120 

.04(MG2 

4.493 

1.123 

3.045059 

4.507 

1.127 

■3.048662 

4.522 

1.181 

.042208 

4.586 

1.131 

.040KW 

4.651 

1.188 

.039495 

4.566 

1.142 

.088115 

4.580 

1.146 

.086740 

4.594 

1.149 

.086368 

4.609 

1.153 

.084002 

4.628 

1  157 

.082639 

4.688 

1.160 

3.031281 

4.658 

1.164 

8.029927 

4.667 

1.166 

.028577 

4.C82 

1.171 

1  .t2ne3i 

4.696 

1.175 

.025890 

4.711 

1.179 

.021552 

4.7^26 

1.182 

.028219 

4.740 

1.186 

.021890 

4.754 

1.190 

.020505 

4.769 

1.198 

.019244 

4.788 

1.197 

3.017927 

4.796 

1.200 

3.016614 

4.812 

1.204 

.015306 

4.827 

1.206 

.018999 

4.841 

1.211 

.012696 

4.860 

1.216 

.011401 

4.870 

1.218 

.010107 

4.886 

1.222 

.008818 

4.900 

1  226 

.007632 

4.914 

1.229 

.006250 

4.929 

1.288 

3.00497% 

4.048 

1.287 

8.006696 

4.968 

1.210 

.002427 

4.972 

1.244 

;8.00]160 

4.J^ 

1.247 

'2.999897 

6.001 

1.251 

1  .996687 

6.016 

1.256 

1  .997381 

6.080 

1.258 

.996129 

6.045 

1.262 

.994880 

6.060 

1.266 

.996685 

6.074 

1  269 

2.992898 

6.068 

1.278 

2.901165 

5.106 

1.277 

.  .989921 

6.117 

1.260 

.988600 

6.188 

1.284 

'  .967468 

6.146 

1.286 

.966238 

6  161 

1.291 

.986018 

5.176 

1.296 

•  .968801 

6.190 

1.296 

.962587 

6.206 

1.802 

.981877 

6.819 

1.806 

2.960170 

6.264 

1.809 

W2 


TABLE  rV.— RADH,  LOG.VJUTHMS,  OFFSETS,  ETC. 


Deg. 

Radius. 

D. 

R. 

2°  0' 

2864  03 

1 

2841  26 

2 

2817.97 

:i 

27a5.06 

4 

2^72.53 

5 

2750.35 

6 

272«.52 

7 

2707.04 

8 

26a5.HU 

9 

2665.08 

10 

2W4.58 

11 

2624.39 

12 

2804.51 

18 

2»q.93 

14 

25«».65 

15 

2."M<).64 

16 

2527.92 

17 

2509.47 

18 

2491. 21> 

19 

JM7S.37 

20 

»455.T0 

21 

IU38.29 

22 

2421.12 

23 

2104.19 

24 

2887.50 

25 

2871.04 

rithm. 
i  log.  R. 


'  Tang. ' 
Off. 


2(5 
27 
28 
29 
80 

31 
82 
83 
84 

8tf 
87 
88 
39 
40 


2&'>4.80 
2388.78 
2822.!)8 
2807.89 
2292.01 

22^5.84 
:$W1.86 
2*47.08 
2232.49 
2218.09 
iM08.87 
2189.84 
2175.98 
2162.80 
2148.  ?J 


41  2185.14 

42  2122.26 
48  2100.:^ 
4-4  2096.39 

45  208:j.(58 

46  2071.13 

47  I  20r>8.73 

48  !  2.>4<i.48 

49  2034.37 

50  2022.41 


51 
52 
58 
M 

55  ! 

56  ; 
5< 
58  < 

oo! 


2010.50 
lOiW.tW 
1U87.;B 
1!*75.!« 
1(NM.64 
lirv3.48 
]!M2.44 
1981.58 
1920.75 
1910.08 


t. 


Mid. 
Ord. 


Deg.  i  Radius. 


I 


m.    I      B.     I      R.         log.  R 


loga- 
rithm. 


I 


3  45711.") 

.45:i511 

.449937 

.446392 

.442876 

.43SWh'8 

.48.5928 

.43^95 

4290t{9 

..425710 

8  422350 

8.419029 
.415?27 
.41:W49 
.409197 
.405968 
.402^68 
.899582 

8  890176  ! 


8.887085 
.»M016 
.880969 
.877948 
.874988 
.871954 
.868990 
.866046 
.863122 

8.3<i0217 

8.a57332 
.8M4(Sf) 
..351618 
.»487K9 
.»45979 
.a481K7 
..340412 
..3:J7«m5 
..334916 

3.;«219;^ 

8.:fc?.M88 
..*Wi7!K) 
..324127 
.;«1471 
.;ilSS32 
.316208 
.31.'»M)0 
.3ll(K)8 
..3<IH|.31 

8.»r>H«}9 

8..30:J323 

.29H;.*7I 
.2ir.771 
.2^»32S:J 
.291  Ml!) 
.2KK349 
.2K.*VlHn> 

.2Kw;ii 

S.281UM 


1 .745 
1.760 
1.774 
1.TB9 
1.803 
1.818 
1.882 
1.847 
1.862 
1.876 
1.891 

1.903 
1.920 
1.984 
1.949 
l.«a 
1.978 
1.992 
2.007 
2.022 
2.036 

2.051 
2.065 
2.080 
2.094 
2.109 
2.128 
2.188 
2.162 
2.167 
2.181 

2.196 
2.211 


I 


'  2.240 
2.254  ; 
2.2(S9 
2.283 
2.21»8  > 

!  2.312  ' 
2.327  ■ 


2.311 
2.3.'i6 
2  r^Tl 
2.3S5 
2.4<HJ 
2.414 
2  429 
2  413 
2.4:rf* 
2  172 

2  4S7 
2.5<»1 
2  516 
2..>*) 
2..'>l.') 
2..*>«a) 

2  Tu  4 
2  .>9 

2.61K 


.436 
.440  |i 
.444 
.447 
.451  ,, 
.4rA  li 
.458  I; 
462    ' 
.465  li 
.469  |! 

.473 ;. 

.476  ! 
.480 

.4W  ! 

.487  ' 

.491  I 

.494  i 

.498  : 

.502  ' 
..505 
.509 


;i 


I 


..^49 
.,}.>^ 
.  .V)() 

.564 

.•M)l 

..571 
..574 
..57S 
..582 

..•)85  . 

..5S9  . 

.,593  1 1 

..5%  ' 
.600 

Am  ■ 
Am  :i 
oil 

.611  , 
.618  ' 

.622    , 

r)25  1 1 

.629    ' 

Am 
Am 

.610 
AVil 
617 
.6.")1 
.651 


K     I 


I 

3°  0' 
1 

2 

3 
4 
5 
6 

7 
8 
91 

10  ■ 

11  I 

12  ' 

13 
14 
15 
16 

17 
18 
19 
20  I 


..513 

21 

..516 

22 

..520 

2:^ 

.524 

24 

..527  ;| 

25 

..5.31  1! 

26 

..VW  1 

27  . 

..5.3H 

28 

..542 

2J» 

..545 

80 

31 
.32 
.3.3 
34 

;k 

.'KJ 
.37 

;« 

3{)  I 

40  , 

41  ■ 
42 
48  i 
44  < 
45 

46 ; 

47  = 
48 
49 
.50 

51 
52  I 

ra 

.54  • 

.\5 

57 

.V 

,59 
6<) 


910.08 
899.58 
889.09 
878.77 
868.66 
a-)8.47 
848.48 
838.59 
828.82 
819.14 
8t)9.,57 

800.10 
790.78 
W1.46 
r7X».27 
763.18 
754.19 
745.26 
786.48 
?27  75 
no.  12 

710.66 
702.10 
693.72 
685.42 
677.20 
(Ufl).06 
661.00 
<J53.01 
615.11 
JW7.28 

62i)..52 
621.84 
614.22 
606.68 
.59i».21 
.'•91.  HI 
.V<4.18 
,577.21 
.570.01 
.5<k>.88 

555.81 
.518.80 
.541.86 
.5.'».98 
.52H.16 
521.40 
,514.70 

.'(01.48 
491.95  I 

188. 18  , 

482.1)7 

475.71 

4459.41  I 

4(i3.l6 

4.5((.9(; 

f.*iO.Kl 

144.72 

43K.08  > 

482.60  : 


3.281051 
.278646 
.2762.58 
.273874 
.271606 
.269155 
.266814 
.204486 
.262170 
.2.59867 

8.257576 

8.2&5296 
.2.5.3t«9 
.2.50774 
.JM8530 
.:^;297 
.244077 
.^1867 
.289669 
.287481 

8.285806 

8.288140 
.230986 
.228841 
.226707 
.224.584 

.220669 

.218277 

.216196 

8.21412S 

8.212060 
.210007 
.207964 
.90G080 
.203906 
.201899 
.199886 
.197880 
.195908 

8.108926 

8.1919S0 
.189996 
.188016 
.186108 
.184109 
.18dm 
.180827 
.1:H4!0 
.176.519 

8.174627 

8.172744 
.170868 
.160001 
.167148 
.165201 
.168147 
. 16I61« 
.1.597M 
.157068 

8.1M161 


Tan 
CD 


8.6: 

S.6; 

2.0 
8.6( 
2.(f 
2.0! 

s.-n 

8.7 
8.7: 
8.7 
8.7< 

8.7 
8.7 
8.» 
88: 
8.8; 
8.ft 
8.» 
8.8 
8.8! 
8.01 

8.0 
S.O: 
8.0 
8.0 
8.0 
8.0! 
8.0 
8.0 
8.0 
8.0 

8.0 
8.0 
8.0 
8.1 
8.1. 
8.1 
8.11 
8.1 
8.11 
8.11 

8.8 
8.8 
8.8 
S.k, 
8.8 
8.S 
8.8 
8.8 
8.8 
8.8 

8.8 
8.8 
8.8 
8.4 
S.4 
ZA 
S.4 
8.4 
8^ 
8.4 


IHI 


t  — «»^»— 

bn^     ^^  *>  MT  n^ 

— -"'1  — '-., 

<^» 

Deg. 

Radius. 

Loga- 
rithm. 

Tang. 
Off. 

Mid. 
Ord. 

Deg. 

^'^'     HU^n 

Tang. 
Off. 

Mid. 
Oi-d. 

I>. 

B. 

log. ». 

t. 

m. 

I>. 

R. 

1 

log.R. 
8.059290 

t. 

m. 

4*   C 

1482.69 

3.156151 

3.490 

.872 

6"    O' :  114C.28  i 

4.862 

1  091 

1 

1426.74 

.154346 

8.506 

.876 

1 

1142.47 

.057840 

4.376 

1.094 

2 

1420.85 

.152648 

3.519 

.880 

2 

1138.09 

.050407 

4.891 

1.098 

3 

1415.01 

.150758 

3.534 

.883 

3     1134.94 

.064972 

4.405 

1  102 

4 

1409.21 

.148975 

3.548 

.887 

4 

1181.21 

.053542 

4.420 

1  105 

5 

1406.46 

.147200 

8.663 

.891 

6 

lir:i.50 

.052110 

4.435 

1.109 

6 

1897.76 

.145481 

8.577 

.894 

6 

1123.82 

.060096 

4.449 

1.112 

7 

1892.10 

.148070 

3.592 

.898 

7 

1120.16 

.019280 

4.404 

1.116 

8 

1886.49 

.141916 

3.606 

.902 

8 

1116.52 

.017808 

4.478 

1.120 

9 

1880.92 

.140170 

3.621 

.905 

9 

1112.91 

.040402 

4.493 

1.123 

10 

1875.40 

8.188480 

8.686 

.909 

10 

1109.33   3.045059 

4.507 

1.127 

11 

1869.92 

8.186697 

8.650 

.912 

11 

1105.76  ,3. 043602 

4.522 

1.131 

12 

1864.49 

.184971 

8.664 

.916 

12     1102.22  i   .042^8 

4.536 

1.134 

18 

1859.10 

.188251 

8.679 

.920 

13 

1098.70 

.040e>80 

4.551 

1.138 

14 

1858.76 

.181539 

8.698 

.923 

14 

1095.20 

.039495 

4.506 

1.142 

16 

1848.45 

.129833 

8.708 

.927 

15 

1091.73 

.088115 

4.580 

1.146 

16 

1848.15 

.128134 

3.723 

.931 

16 

1088.28 

.030740 

4.594 

1.149 

17 

1887.65 

.126442 

8.786 

.934 

17 

1084.85 

.035308 

4.009 

1.153 

18 

1882.77 

.124756 

8.752 

.938 

18 

1081.44 

.034002 

4.028 

1  167 

19 

1887.68 

.128077 

8.766 

.942 

19 

1078.05 

.032039 

4.688 

1.160 

20 

1^2.58 

3.121404 

8.781 

.945 

20 

1074.08 

8.031281 

4.658 

1.164 

21 

1817.46 

3.119788 

3.796 

.949 

21     1071.34 

3.029927 

4.067 

1.168 

22 

1812.48 

.118078 

3.810 

.952 

22 

1068.01 

.028577 

4. 082 

1.171 

28 

1807.46 

.116424 

3.821 

.936 

23 

1064.71  1   .027231 

4.096 

1.176 

24 

1802.50 

.114777 

8.889 

.960 

24 

1061.43      .025890 

4.711 

1.179 

25 

1297.58 

.113136 

8.853 

.963 

25 

1058.16 

.024552 

4.725 

1.182 

26 

1292.71 

.111501 

3.808 

.967 

26 

1054.92 

.023219 

4.740 

1.186 

27 

1287.87 

.109872 

8.882 

.971 

27 

1051.70 

.021890 

4.754 

1.190 

28 

1288.07 

.108249 

3.897 

.974 

28 

1048.48 

.020505 

4.769 

1.198 

29 

1278.80 

.106632 

3.911 

.978 

29 

1045.81 

.019244 

4.':  88 

1.197 

80 

1278.67 

8.105022 

8.926 

.962 

30 

1042.14 

3.017927 

4.798 

1.200 

81 

1268.87 

8.108417 

8.941 

.965 

81 

1039.00 

3.010614 

4.812 

1.204 

82 

1264.21 

.101818 

8.955 

.989 

32 

1035.87 

.015305 

4.827 

1.206 

88 

1200.58 

.100226 

8.970 

.993 

38 

1082.76 

.018990 

4.841 

1.211 

84 

li»4.98 

.096088 

8.984 

.996 

34 

1029.07 

.0J2698 

4.866 

1.216 

8S 

1260.42 

.097057 

3.999 

1.000 

35 

1026.60 

.011401 

4.870 

1.218 

86 

1846.89 

.095481 

4.013 

1.003 

36 

1023.55 

.010107 

4.886 

1.222 

87 

1241.40 

.096912 

4.028 

1.007 

37 

1020.51  ,  .008818 

4.900 

1  226 

88 

1286.94 

.092347 

4.042 

1.011 

38 

1017.49 

.007532 

4.914 

1.229 

80 

1282.51 

.090789 

4.057 

1.014 

39 

1014.50 

.006250 

4.929 

1.288 

40 

1228.11 

8.069280 

4.071 

1.018 

40 

1011.51 

3.0049ra 

4.948 

1.237 

41 

1228.74 

8.087689 

4.086 

1.022 

41 

1008.56 

3.003698 

4.958 

1.240 

42 

1219.40 

.086147 

4.100 

1.025 

42 

1005.00 

.002427 

4.972 

1.244 

43 

1215.80 

.0^610 

4.116 

1.029 

48 

1002.07  ,3.001100 

4.987  ,  1.247 

44 

1210.82 

.088079 

4.129 

1.032 

44 

999.702  12.999897 

5.001 

1.251 

45 

1206.57 

.061558 

4.144 

1.036  i 

45 

996.807  1   .998037 

6.016 

1.255 

46 

1202.86 

.080038 

4.169 

1.040  I 

40 

993.988  1   .997381 

6.080 

1.258 

47 

1198.17 

.078518 

4.173 

1.043 

47 

991.120 

.996129 

6.046 

1.262 

48 

1194.01 

.077008 

4.188 

1.047 

48 

988.280 

.994880 

6.059 

1.266 

49 

1189.88 

.076504 

4.202 

l.a51 

49 

985.451 

.998635 

6.074 

1  269 

50 

1185.78 

8.074005 

4.217 

LOW    : 

50  I  982.038  '2.992393 

6.088 

1.278 

51 

1181.71 

8.072511 

4.281 

1.058 

'        51  ;  979.840   2.991155 

5.108 

1.277 

62 

1177.66 

.071022 

4.246 

1.0t>2 

52  i  977.000  ,   .989921 

6.117 

1.280 

58 

1178.65 

.069538 

4.260 

1.065 

;        r)3 

1  974.294      .988090 

5.188 

1.284 

54 

1169.66 

.068059 

4.275 

1.069 

54 

971.544  '   .987463 

6.146 

1.288 

65 

1165.70 

.066585 

4.289 

1.073 

55  :  908.810  :   .980238 

5  161 

1.291 

66 

1161.76 

.065116 

4.804 

1.076 

56     960.091      .986018 

5,176 

1.296 

57 

11W.85 

.068653 

4.318 

1.080 

1        57  ;  963.387  i   .988801 

5.190 

1.298 

58 

1158.97 

.062194 

4.388 

1.083 

58 

960.698 

.982587 

6.205 

1.302 

59 

1160.11 

.060740 

4.847 

1.088 

'        59 

958.025 

.981377 

6.219 

1.806 

60 

1146.28 

8.059290 

4.862 

1.091 

1        60 

966.866 

2.980170 

6.284  1  1.809 

9«2 


TABLE  IV.— RADII,  LOGARITHMS,  OFFSETS,  ETC. 


r 


DeB.    Radius.    .^^   -T.^Jl?- 


I>. 


R.         log.  R.         t. 


Mid. 
Old. 

in. 


I 


Deg. 
I>. 


Radius. 
R. 


I^)ga-     Tuug. '  Mid. 
ritlim.      OflrT     Ord. 

log.  R.       t.      '   m. 


1  , 

tl 

5 
6 

^1 

9 
10 

U 

12 

13 

14 

15 

Itt  ■ 

17 

IS 

lU  ! 

JW 

22  I 

23  I 

24  I 

25  ! 
20  ! 
27  ' 
28 
29  I 
80  ! 

81  i 

82 

38 

81 

35 

80 

37  , 

38 

8U 

40 

41 
42 
48 
44 
45 
40  , 

47  I 

48  . 
4!( 
50  I 

I 

51 

52 

58  ' 

54 

55 

50 

57 

58 

59 

00 


955. 8(50 
952.722 
950.05)3 
947. 178 
944.877 
912.2{)1 
9.J9.719 
9.J7.101 
9:^4.010 
aJ2.0H0 
929.509 

927.00<J 
9i4.57« 
U22. 100 
919.0:jr 
917.187 
914.750 
912.820 
9(K).915 
907.517 
905.181 

902.758 
900.897 
898.048 
8a5.712 
898.888 
891.070 
888.770 
880.488 
8K4.211 
881.940 

879.098 
8m.  451 
875.221 
878.0»>2 
870.?,»5 
608.598 
81^.412 
8tM.288 
8»i2.075 
859.922 

857.780 
855.018 
858.527 
K-)i:417 
849.817 
817. 2i8 
815.118 
8i:j  m) 
811.  Oil 
8:38.972 

K10.9:J;J 
8:U.94V1 
8:i2.8ft5 
880.870 
838.870 
82<i.88<J 
824.9(r> 
822. 9:U 
820  978 
819.020 


2.9H0170 
,    .i>7ri;HiO 

'  .9r;7(M5 

.Sr7<>509 

.1)75.375 

'     974185 

,   .972998 

'   .971814 

.97003:^ 

.909450 

2.908282 

2.907111 
.90594:^ 
.904778 
.908010 
.WJ2458 

.iKiOJ50 

.959001 

.957855 

2.950711 

2.055571 
.9544*4 

,  .95;*i00 
.952108 
.951040 

I  .949{)15 

I  .948792 
.917078 
.iM0550 

2.945442 

2.944831 

j   .i)48228 

I   .912118 

.911015 

.i»89910 

.988819 

'   .987725 

'   .i)8003:i 

'   .985545 

2.9^159 

2.938370 

.9»2295 

;   .931218 

,   .9:»142 

.ltt9070 

.928()il0 

.JW;9;j8 

.9258«M> 

.l^i4807 

2.J«:J717 

2.922091 
,JWHW7 
.J>20585 
.919580 
.918189 
.917410 

•  .9104(U 
.915305 

i  .914329 

.2.918205  j 


5.2W 
5.2*8 
5.2<i8 
6.277 
5.292 
5.800 
5.321 
5.*i5 
5.:i50 
5.804 
5.879 


.  I 


5. 
5. 
5. 


I 


I 


898 
408 
422 
487 
5.451 
5.4<i0 
5.480 
5.4J»5 
5.510 
5.524 

6.. 589 
5.558 
5.508 
5., 582 
5.59^ 
5.011 
r>20 
040 

am 

5.(>09 

5.084 
5.01*8 
5.718 

■  I .  I  Iw 

5,750 

5.m 

5.785 
5.800 
5.814 

5.82?) 
5.(^4 
5.K58 
5  878 
5.887 
5.9'W 
5.910 
5.981 
5.915 
90O 


974 

9S9 

O.oo:^ 
0.018 
0.032 
0.047 
0.001 
0.076 
0.090 
6.105 


.300 
.813 
.817 
.320 
.im 
.327  ' 
.331 
.335  ■ 

.a42 

.340  : 

..S49  .: 
..353 

.:eO  ' 

.300  ■ 

..301  , 

.308  i 

.371  l! 

.375  ■' 
.378 

.382  ; 

.386  . 
..389  li 
.8J)8  ,; 
.897  " 
.400 
.404 
.407 
.411 
.415 
.418 
j.» 

.420 
.429 

.4;« 

.4.37 
.440 
.414 
.447 
.451 
.455 

.458 
.402 
.400 
.409 
.478 
.470 
.480 
.4H1 
.487 
.491 

.495 
.41*8 
..502 
.5a5 
.-510 
.518 
..517 
.520 


'  0' 
1 

3 
4 
5 

0 

r. 
I 

8 

9 

10 

11 
12 
13 
14 
15 
10 
17 
18 
19 
20 

21 
22 
23 
24 
25 
20 
27 
28 
2!) 
80 

81 

.32  ! 

8:} 

81 

85. 

80  , 

37 

;«  . 

89  : 
40  ' 

41 
42 

48  • 
44 

45  , 

46  I 


819.020 
817.077 
815.144 
818.288 
811.808 
809.. 397 
807.499 
805.011 
808.781 
801.800 
?.>9.997 

798.144 
?.»0.299 
794.402 
?J2.<i.34 
790.814 
789.008 
787.210 
785.405 
783.018 
781.W0 

780.009 
778.8(»7 
770.552 
774.800 
778.007 
771.. 3:% 
09.018 
707.897 
700.  UK) 
7('4.489 


,528  . 

288' 


48 
49 
50 

51 
52 
53 
51 
55 
56 
57 

r^ 

50 
00 


I  I 


2.91.3295 
.912208 
.9112}^ 
.910208 
.909188 
.908l<i2 
.907142 
.900125 
.905111 
.IK)4098 

2.9080H9 

2.902061 
.901070 
.900073 
.899073 
.898074 
.f97078 
.806085 
.805001 
.804105 

2.808118 

'2.802183 

I  .891151 

i  .890171 

.889198 

.888217 

.887!^ 

.880272 

I  .885:103 

'  .8t^l880 

2.883871 

62.797  !2.88WO0 
.881418 
.88M90 
.87U5&1 

.878078 

.875780 

.8747H1 

2.878840 


701.112 
7,59.4.31 
7.57.7»>1 
7.")(J.101 
7W.445 
752.796 
751.155 
749.621 
747. 8M 

740.274 
744.661 
748.055 
741.456 
789.804 
738.279 
7110.701 
785.12!) 
78:^5<hl 
■^12.005 

780.4.M 
728.91)9 
?27..370 
725.838 
724.812 
?22.?.)3 
721.280 
710.774 
718.278 
716.770 


>2.8;^»96 
I  .8n950 
.871021 
.870l«6 
.800152 
.86ttSl 
.807^i01 
.800808 
.805188 
2.801514 


2.86Ki03 
:  .802073 
.801755 
i  .HiiOKlO 
i  .850026 
I  .850014 
I  .858101 
'  .857106 
I 


!8.856a» 


O.IOS 
0.119 
O.ISU 
6.148 
0.1(i8 
0.177 
0.192 
0.206 
0.221 
0.286 
0.250 

0.265 
0.270 
0.204 

o.aoii 

6.823 
6.887 
6.85ei 
6.866 
6.881 
6.806 

6.410 
6.421 

6.4ao 

6.458 
6.468 
6.48:d 
6.497 
0..511 
6.626 
6.&10 

6.655 
6.660 
6.684 
6.606 
6.618 
6.627 
6.612 
6.056 
6.671 
6.68b 

6.700 
6.714 
6.729 
6.748 
6.738 
6.T78 
6.7W 
6.8(tt 
6.816 
6.881 

6.H15 
O.MM 
6.874 
6.88B 
6.008 
6.018 
6.0K 
6.017 
6.061 
6.076 


rtMta 


^ABLSJ  If.-HADil,  LOGARitHMS,  OFFSETS,  ETC. 


Deg. 

Radius. 

Loga- 
rithm. 

Tang.     Mid. 
Ofl^      Ord. 

Deg. 

RadiiiR. 

Loga- 
rittun. 

Tang. 
Otf. 

Mid. 
Ord. 

B. 

716.779 

log.  B. 

t. 

in. 

D. 

B. 

log.  B. 

t. 

m. 

8"  (y 

2.855385 

6.976 

1.740 

9°  0' 

637.275 

2.804327 

7.846 

1.965 

1 

715.291 

.&)44«3     6.990  1 

1.7-i9 

1 

636.099 

.803525 

7.860 

1.968 

2 

718.810 

.863583 

7.005 

1.753 

2 

634.928 

.8021 £4 

7.875 

1.972 

8 

712.885 

.8526b4 

7.019 

1.756  1 

3     633.761 

.801926 

7.869 

1.975 

4 

710.865 

.851787 

7.034 

1.7G1 

4 

632.599 

.801138 

7.904 

1.979 

5 

709.402 

.fc50«92 

7.048 

1.704  1 

5 

631.440 

.800332 

7.918 

1.983 

6 

707.945 

.849999 

7.063 

1.708  ; 

6     630.266 

.799538 

7.953 

1.987 

7 

706.498 

.W9108 

7.077 

1.771 

7  i  629.136 

.798745 

7.947 

1.9iK) 

8 

706.048 

.848219 

7.092 

1.YV5  , 

8  1  627.991 

.797953 

7.902 

1.994 

9 

703.609 

.847331 

7.106 

1.778  1 

9 

626.849 

.797103 

7  976 

1.998 

10 

702.175   2.b4W45 

7.121 

1.782 

10 

625.712 

2.790374 

7.991 

2.001 

11 

700.748   2.845562 

7.135 

1.786 

11 

624.579 

2.795587 

8.005 

2.005 

12 

699.326 

.844079 

7.150 

1.790  ! 

12 

623.450 

.794S01 

8.020 

2.008 

18 

697.910 

.843799 

7.164 

•i.';93  1 

13 

622.325 

.794017 

6.034 

2.012 

14 

696.499 

.842921 

7.179 

1.797  ; 

14 

621.203 

.793234 

b.049 

2.016 

15 

695.095 

.842044 

7.193 

l.bOl  i 

15 

620.067 

.79245a 

b.t03 

2.019 

16 

693.696 

.841169 

7.208 

1.8U4 

16 

618.974 

.791G73 

b.U<8 

2.023 

17 

692.302 

.840296 

7.222 

1.807  1 

17 

617.665 

.790894 

8.092 

iJ.OSo 

18 

690.914 

.8d9424 

7.237 

1.611 

18 

616.';  60 

.790117 

8.107 

2.0U) 

19 

689.532 

.838555 

7.251 

1.615 

19 

615.600 

.789i>41 

8.121 

2.0l>4 

20 

688.156 

2.83T687 

7.266 

l.bl9 

20 

614.503 

2.766566 

8.136 

2.087 

21 

686.785 

2.836821 

7.280 

1.822  ! 

21 

613.470 

2.787793 

8.150 

2.041 

2^ 

685.419 

.836956 

7.295 

l.UO  : 

22 

012.380 

.767021 

8.165 

2.045 

28     684.U59 

.835093 

7.b09 

1.L2J  1 

2:i 

011.2..5 

.76C;l51 

8.179 

2.048 

21 

682.701 

.834232 

7.124 

1.633 

24 

010.i;14 

.765462 

8.194 

2.052 

25 

681.854 

.833373 

7.338 

1.637'' 

25 

609.  i;^ 

.784714 

8.208 

2.056 

26     680.010 

.832515 

7.353 

1.840  , 

26 

6U6.002 

.783948 

8.228 

2.000 

27     678.671 

.831G60 

7.367 

1.844  '• 

27 

600.992 

.783163 

8.237 

2.063 

28 

67r.338      .600805 

7.382 

1.848 

28 

605.926 

.782420 

8.252 

2.066 

29 

676.008      .829953 

7.396 

1.651 

29 

604.604 

.781057 

8.266 

2.070 

80 

674.686   2.829102 

1 

7.411 

1.855 

30 

603.605 

2.760697 

8.281 

2.074 

81 

673.869  !2.828253 

7.425 

1.858 

31 

602.750 

2.780137 

8.295 

2.077 

82 

6».056 

.827405 

7.440 

1.802  ' 

32 

601.698 

.779379 

8.310 

2.081 

88 

6S10.748 

.826560 

7.454 

1.806  , 

33 

600.651 

.776622 

8.324 

2.084 

84 

669.446 

.825715 

7.469 

1.8G9 

34 

599.607 

.777667 

8.839 

2.088 

85 

668.148 

.824873 

7.483 

1.673  1 

35 

598.507 

.777112 

8.353 

2.002 

86 

666.856 

.824032 

7.598 

1.617 

36 

597.530 

.770300 

8.808 

2.096 

87 

666.568 

.823193 

7.512 

1.660 

37 

596.497 

.775008 

8.382 

2.099 

88 

664.286 

.822355 

7.527 

1.664  1 

38 

595.467 

.774658 

8.397 

2.103 

89 

663.008 

.821519 

7.541 

1.667 

39 

594.441 

.774109 

8.411 

2.106 

40 

661.786 

2.82U685 

7.556 

1.892  1 

40 

593.419 

2.773301 

8.426 

2.110 

41 

660.468 

2.819852 

7.570 

1.895  1 

41 

592.400 

2.772615 

8.440 

2.113 

42 

659.205 

.819021 

7.5b5 

1.899 

42 

591.384 

.771670 

8.455 

2.117 

43 

657.947 

.818191 

7.599 

1.903 

43 

590.3?^ 

.771126 

8.409 

2.12i 

44 

656.694 

.817303 

7.614 

1.906 

44 

589.364 

.770363 

8.484 

2.125 

45 

655.446 

.810537 

7.028 

1.910 

45 

568.359 

.769042 

8.498 

2.128 

46  i  654.202 

.815712 

7.04;^  1  1.914 

46  ,  587.357 

.768902 

8.513 

2.13S 

47 

662.963 

.814«i9 

7.657 

1.918 

47 

566.359 

.766164 

8.527 

2.135 

48 

651. ?29 

.814067 

7.672 

1.921 

48 

585.364 

.767426 

8.542 

2.139 

49 

660.499 

.813247 

7.686 

1.924  j 

49 

584.373 

.766690 

8.556 

2.142 

50 

649.214 

2.812428 

7.701 

1.928 

50 

583.385 

2.765955 

8.571 

2.147 

61 

648.054 

2.811611 

7.715 

1.932 

51 

582.400 

2.765221 

8.585 

2.150 

52 

646.838 

.81W96 

7.730 

1.935 

52 

681.419 

.764489 

8.600 

2.154 

53 

645.627 

.809982 

7.744 

1HD39 

'        53 

580.441 

.763758 

8.614 

2.158 

54 

644.420 

.809J69 

7.759 

1.943 

54 

579.466 

.763028 

8.629 

2.101 

55 

643.218 

.808358 

7.773 

1.946 

55 

578.494 

.762299 

8.643 

2.165 

66 

642.021 

.807549 

7.788 

1.950  1 

56 

577.526 

.76157^2 

8.668 

2.168 

67     640.828 

.806741 

7.802 

1.953  i 

57 

676.561 

.760845 

8.672 

2  172 

68     6S0.689  !   .8069.35 

7.817 

1.957  1 

58  ;  575.599 

.760120 

8.687 

2.175 

69     688.455 

.806130 

7.831 

1.961  , 

59 

674.641 

.759397 

8.701 

2.179 

00     687.275 

2.804327 

7.846 

1.965  1 

60 

673.686 

2.768674 

8.716 

2.18R 

S84 


TABLE  IV.— RADn,  LOGARltHMS,  OFFSETS,  ETO. 


Deg. 

Radius. 

Loga- 
rithm. 

Tang. 

oC 

Mid. 
Ord. 

Deg. 

Radius. 

Loga- 
rithm. 

Tang. 

off 

Mid. 
Ord, 

B. 

678.686 

log.R. 

t. 

m. 

2.183 

». 

R. 

log.B. 

t. 

m. 

10<»0' 

2.758674 

8.716 

12-  0' 

478.339  '2.679785 

10.453 

8.080 

2 

671.784 

1  .757232 

8.746 

2.190 

2 

477.018 

.678635 

10.482 

2.628 

4 

560.896 

.753796 

8.774 

2.198 

4 

475.705 

.677888 

10.611 

8.685 

6 

568.020 

.754:iW 

8.808 

2.205 

6 

474.400 

.676145 

10.540 

8.642 

8 

566.156 

.752937 

8.881 

2.212 

8 

478.108 

.674954 

11.669 

2.660 

10 

664.805 

.751514 

8.860 

2.219 

10 

471.810 

.678767 

1C.607 

2.657 

12 

662.406 

.750096 

8.889  1  2.227 

12 

470.626 

.672684 

10.626 

8.664 

14 

660.038 

.748683 

8.918 

2.234 

14  i  469.249 

.671403 

10.665     2.671 

16 

658.823 

.747274 

8.047 

2.241 

16 

467.978 

.670226 

10.684     2.679 

18 

657.019 

2.745870 

8.976 

2.234 

18 

466.715 

2.669062 

10.718     2.686 

20 

556.J227 

2.744471 

9.006 

2.256 

1        20 

466.459 

2.667881 

10.742 

2.603 

22 

653.447 

.743076 

9.084 

2.263 

22 

4^.209 

.666713 

10.771     2.701 

24 

651.678 

.741686 

9.063 

2.270 

24 

462.966 

.666549 

10.800     2.708 

26 

549.920 

.740300 

9.092 

2.278 

26 

461.  ?29 

.664387 

10.820     2.715 

28 

648.174 

.738918 

<).121 

2.285 

;    28 

460.500 

.668229 

10.866     2.722 

ao 

546.438 

.737541 

9.150 

2.29;^ 

!        30 

459.276 

.662074 

10.687  !  2.780 

82 

544.714 

.786169 

9.179 

2.300 

32 

458.060 

.660922 

10.016  ,  2.737 

84 

548.001 

.784800 

9.208 

2.307 

a4 

456.850 

.659773 

10.046  !  3.744 

86 

641.296 

.738436 

9.2:J7 

2.314 

36  1  455.646 

.668628 

10.078     3  768 

88 

539.606 

2. 782077 

9.2(» 

2.321 

1        38 

454.449 

2.667485  |11.002  \  2.759  | 

40 

537.024 

2.730721 

9.295 

2.829 

40 

453.259 

2.656345  111. 031 

2.766 

42 

536.253 

.729:370 

9.824 

2.336 

42 

462.078 

.666208 

11.060 

3.774 

44 

684.593 

.728023 

9.353 

2.343 

44 

450.894 

.664075 

11.080  1  2.781  1 

46 

682.943 

.726681 

9.382 

2.351 

46     449?^ 

.662944 

11.118 

8.788 

48 

681.80:i 

.725*42 

9  411 

2.358 

48 

448.566 

.661816 

11.147 

8.706 

60 

529.673 

.?^4O08 

9.440 

2.305 

60 

447.395 

.660691 

11.178 

8.806 

62     528.058 

.722677 

9.409 

2.372 

52 

446.241 

.649670 

11.206 

8.810 

64     526.443 

.721351 

9.498 

2.S80 

64 

446.093 

.648461 

11.884  1  8.817  1 

66     524. Ki:) 

.•^0029 

9.527 

2.387 

66 

443.951 

.647885 

11.868  1  8.825 

68     5*^.252 

2.718711 

9.556 

2.394 

1        ^ 

442.814 

2.646221 

11.801     8.888  J 

ll°0'i  521. GH 

2.717397 

9..'385 

2.402 

13*»0' 

441.684 

2.645111 

11.880 

8.880 

2 

520.100 

.; 10087 

9.<;i4 

2  A' J) 

2 

440.559 

.<M4004 

11.840 

8.846 

4 

518.539 

.714781 

[>M2 

2.416  , 

4 

439.440 

.642699 

11.878 

8.854 

6 

516.986 

.7i:>479 

9. 071 

2  423 

6 

438.326 

.641798 

11.407 

8.861 

8 

515.443 

.712181 

9.700 

2.431 

8 

437.219 

.640699 

11.486 

8.808 

10 

518.909 

.710887 

9.729 

2.438 

10 

436.117 

.680608 

11.465 

8.676 

12 

512.885 

709596 

9  758  ! 

2.446 

12 

436.020 

.688610 

11.404 

8.888 

14 

610.869 

706310 

9  787 

2.453 

14 

433.929 

.687419 

11.688 

8.800 

16 

609.803 

.707027 

9.816 

2.400 

16 

432.^4 

.686881 

11.668 

8.806 

18 

607.865 

2.7U6748 

9.846 

2.467 

18 

481.764 

2.686246 

11.680 

8.005 

20 

506.376 

2.704473 

9.874  ! 

2.475 

20 

430  690 

2.684164 

11.600 

8.018 

22 

604.896 

.703202 

9.j;08 

2.482  : 

22 

429.020 

.683086 

11.688 

8.010 

24 

603.425 

701934 

0.932  1 

2.489 

1        24 

428.557 

68200H 

11.667 

8.087 

26 

501.902 

700071 

9.961 

2.496 

26 

427.498 

.680934 

11. out  ;  8.9S4  1 

28 

500.507 

.699410 

9.91N) 

2.504  1 

28 

426.445 

.629868   11  725 

8.041 

30 

499.001 

.698154 

10.019  . 

2.511  i 

80     425.396 

.628794 

11.764 

8.048 

82 

497.624 

.696{K)1 

10.048  . 

2.518  , 

82     424.354 

.627728 

11.788     8.966  1 

M 

496.195 

695(i52 

10.077  ' 

2.526  1 

84     423.316 

.626665 

11.818 

8.068 

86 

494.  rr4 

.694407 

10.106 

2.5;^^ . 

36     422.283 

.625601 

11.840 

8.071 

38     408.861 

2.603165 

10.135  , 

2.540 

1 

38 

421.256 

8.624546 

11.800 

8.878 

'        40  ':  491  Am 

2.091926 

10.104  i 

2.547 

40 

420.238 

2.628490 

11.806 

8.066 

42     400.559 

.690692 

10.15)2 

2.5.V) 

42     419  215 

.622437 

11.027 

•^•iRWI 

44 

480.171 

.689460 

10.221 

2.562 

44     418203 

621887 

11.066 

8.000 

46 

487.790 

.688233 

10.250 

2.569 

46 

417.196 

.680389 

11.065 

8.007 

48 

486.417 

.687008 

10  279  1 

2.577 

4iJ 

416.1ft3 

.610204 

18.014 

8.014 

fiO 

486  051 

686788 

10.308 

2. 584 

60 

415.104 

.618251    13.0<8  1 

8.088 

68 

488.694 

.6ft4570  ! 

10.887 

2.591  ■ 

;     62 

414.201 

.617211 

18.071 

8.CB0 

54 

4fi2.»44 

.683357  : 

10.866 

2.598  • 

54 

418.212 

.616178 

18.100 

8.006 

66 

481.001 

.682146 

10  896  , 

2.606 

66 

412.229 

.616188 

18.180 

8.044 

68 

479.666 

.680939  = 

10.424 

2.613 

68 

411.350 

.614106 

18.158 

8.061 

60 

478.839  1 

2.679786  1 

10.453 

2.020 

60  1  410.275  1 

S.618075 

18.187 

8.0BB 

2Qfi 


TaBU!  IV.-RADll,  LOGARITflMS,  OlVSfitS,  fiTO. 


1 


Deg. 

Radius. 

Loga- 
rithm. 

Tan. 
Oflf. 

Mid. 
Ord. 

D. 

K. 

log.  R. 

t. 

m. 

14*  C  i  410.IW6 

2.618075 

12.187 

3.058 

2 

409.306 

.612018 

12.216 

3.065 

4 

406.341 

.611023 

12.245 

3.073 

6 

407.880 

.610000 

12.274 

3.080 

8 

406.424 

.608980 

12.802 

3.087 

JO 

405.478 

.607962 

12.831 

3.095 

12 

404.526 

.606946 

12.860 

3.102 

J4 

403.583 

.606933 

12.389 

3.109 

16 

40^.645 

.604923 

12.418 

3.117 

J8 

401.712 

.603914 

12.447 

3.124 

90 

400.782 

2.602903 

12.476 

3.131 

22 

399.857 

.601905 

12.504 

3.138 

94 

808.937 

.600901 

12.533 

3.146 

26 

898.020 

.59^905 

12.562 

3.153 

28 

897.108 

.598908 

12.591 

3.160 

80 

896.200 

.597914 

12.620 

3.168 

82 

805.296 

.506922 

12.619 

3.175 

84 

891.396 

.505933 

12.678 

3.182 

86 

893.501 

.591915 

19.706 

3.190 

88 

8ft2.609 

.503960 

12.735 

3.197 

40 

391.722 

2.592978 

12.764 

3.204 

42 

890.838 

.591997  12.793 

3.211 

44 

889.959 

.591019 

12.822 

3.219 

46 

889.084 

.590013 

12.851 

3.226 

48 

888.212 

.589069 

12.880 

3.233 

50 

887.315 

.588037 

12.908 

3.211 

52 

386.481 

.587123 

12.937 

3.218 

54 

385.621 

.586161. 

12.966 

3.255 

56 

884.765 

.585196 

12.995 

3.263 

5S 

883.918 

.581233 

13.021 

3.270 

L6*  0 

883.085 

2.583272 

13.053 

3.277 

2 

382.820 

.582:^14 

13.031 

3.281 

4 

881.380 

.581358 

13.110 

3.292 

6 

380.51:) 

.580103 

13.139 

3.299 

8 

379.709 

.579151 

13.163 

3,306 

10 

378.880 

.578501 

13.197 

3  314 

12 

378.051 

.577553  t  13.233 

3.321 

14 

877.2:31 

.576608  13.251 

3.328 

16 

376.412 

.575661 

13.283 

3.336 

18 

375.597 

.574722 

13.312 

3.343 

20 

374.786 

2.573783 

13.841 

8.350 

22  873.977 

.572815 

13.370 

3.358 

24 

873.173 

.571910 

18.899 

3.865 

26 

372.372 

.570977 

13.427 

3.372 

28 

371.574 

.570015 

13.456 

3.  {79 

30 

870.780 

.669116 

13.485 

3.387 

82 

869. 98J 

.568189 

13.514 

3.394 

81 

869.202 

.567284 

13.513 

3.401 

86 

868.418 

.566310 

18.672 

3.409 

38 

367.637 

.565419 

13.600 

3.416 

40 

366.859 

2.561500 

18.629 

8.423 

42  i 366.085 

.563582 

13.658 

3.431 

44 

365.315 

.562667 

13.687 

3.438 

46 

364.547 

.561751 

13.716 

3.445 

48 

863.783 

.56084:) 

18.744 

3.452 

50 

363.022 

.559«33 

13.773 

3.460 

52 

862.264 

.559020 

13.802 

3.467 

54 

861.510 

.658120 

13.831 

8.474 

56 

800.758 

.557216 

13.860 

3.482 

58 

860.010 

.556315 

13.889 

3.489 

60 

880.985 

2.555415 

13.917 

3.496 

Deg. 
D. 


Radius. 
B. 


16' 


17* 


'  0' 

2 

4 

6 

8 

10 

12 

14 

16 

18 

20 
22 
24 
26 
28 
SO 
82 
84 
86 
88 

40 
42 
44 
46 
48 
50 
52 
54 
56 
58 

•  0 
2 
4 

6 
8 
10 
12 
14 
16 
18 

20 
22 
24 
26 
28 
30 
82 
84 
86 
88 

40 
42 
44 

46 
48 
50 
52 
51 
56 
58 
60 


359.265 
358.523 
357.784 
357.018 
356.315 
355.585 
351.859 
354.135 
353.414 
352.696 

351.981 
351.269 
350.560 
349.854 
349.150 
348.450 
317.75S 
317.057 
346.365 
345.676 

844.990 
344.306 
313.625 
342.947 
312.271 
311.598 
310.923 
310.260 
339.595 
338.933 

a38.273 
337.616 
336.962 
336.310 
835.660 
335.013 
'  331.369 
333.727 
333.088 
332.451 

331.816 
331.181 
330.555 
329.928 
329.303 
328  689 
328.061 
327.418 
326.828 
326.215 

325.601 
821.996 
824.390 
328. 7S6 
823.181 
822. 5S5 
821.989 
3>il.394 
820.H01 
320.211 
819.628 


Loga- 
rithm. 

log.  B. 


2.555415 
.554517 
.553621 
.552727 
.551884 
.550944 
.550055 
.549169 
.548284 
.547401 

2.546519 
.545640 
.544762 
.643887 

I  .543018 

\  .542140 
.541270 

I  .540401 
.539535 
.538670 

2.537806 

I  .536945 

!  .536065 

.535227 

.584370 

.533516 

!  .532663 

.531811 

I  .530962 

[  .530114 

2.529268 
I  .528421 
.527581 
.526740 
.525900 
.525062 
.524226 
.523392 
.522559 
.521728 

2.520898 
.520070 
.519244 
.518419 
.517596 
.616774 
.515954 
515136 
.514319 
.513504 

2.512690 
.511878, 
.511067, 
.510268 
.5094511 
.508645' 
.507840 
.5070371 
.506236 
.505436' 

9.504688: 


Tan. 
Oflf. 

t. 


Mid. 
Ord. 

m. 


13.917 
13.946 
13.975 
14.004 
14.033 
14.061 
14.090 
14.119 
14.148 
14.177 

14.205 
14.234 
14.263 
14.292 
14.820 
14.849 
14.S78 
14.407 
14.436 
14.464 

14.493 
14.522 
14.551 
14.580 
14.606 
14.637 
14.666 
14.695 
14.723 
14.752 

14.781 
14.810 
14.838 
14.867 
14.896 
14.925 
14.954 
14.982 
15.011 
15.040 

15.069 
15.097 
15.126 
15.155 
15.181 
15.212 
15.911 
15.270 
15.299 
15.827 

15.356 
15.885 
15.414 
15.442 
15.471 
16.500 
15.629 
15.567 
16.586 
16.615 
15.643 


3.496 
3.504 
3.511 
8.518 
8.526 
3.533 
3.540 
3.547 
3.555 
3.562 

8.569 
3.577 
8.584 
3.591 
8.599 
8.606 
8.613 
8.621 
8.628 
8.635 

3.643 
8.650 
8.657 
3.664 
3.672 
3.679 
3.686 
3.694 
3.701 
3.708 

3.716 
3.723 
3.730 
3.738 
3.745 
3.752 
3.760 
3.767 
8.774 
3.781 


3.789 
3.796 
3.803 
3.811 
3.818 
3.825 
3.833 
8.840 
8.817 
8.855 

3.862 
3.869 
8.877 
8.881 
8.891 
f.899 
3906 
8.918 
8.990 
3.928 
89301 


2fci() 


J 


Va6LE  IV.— radii,  LOGAIUTHMS,  OFI-^SE'^,  fit 0. 


Deg. 
D. 


Radius. 
R. 


Loga- 
rithm. 

log.  B. 


t.     I   m.   I      D.    '     B.     ilog.B.       t. 


18**  0' I  319.623 

2  .  319. (Ki? 

4  ,  31K.4o3 

6    317.871 

8    317.293 

10  1310.715 

12  I  316.139 

14    31.>.r)CG 

16    314.993 

18    314.426 


2.504638 
.50:^^41 
.503045 
.502251 
.5Q1459 
.5a)668 
.499879 
.499091 
.498304 
.497519 


20  313. 

22  313. 

^  1  312. 

26  i  312. 

28  1311. 

30  '  311. 

82  310. 

34  309. 

86  Jjuir. 

38  308. 


860  2, 

295     . 

732 

1?2 

613 

056 

5(>2 

\m 

399 
850 


40 
42 
44 
46 
48 
50 
52 
54 
56 
58 

19°  0' 

2 

4 

6 

8 

10 

12 

14 

16 

18 

20 
22 
Hi 
26 
28 
30 
82 

a4 

38 


308.303 
307.759 
307.210 
306.675 

3a").  599 
:W5.064 
»M.531 
301.000 
303.470 

302.943  2. 

302.417:  . 

;W1.893  . 

301.371  . 

300.851  . 

300.333'  . 

2;K).816,  . 

299.302'  , 

298.789  , 

2J)8.278  . 

297.768  2. 

297.260  . 

2iH).755'  , 

2J)6.250:  . 

295.748,  , 

295.2471  , 

294.748  , 

294.251'  . 

2J«.756  . 

293.262  . 


40  292 

42  292 

44  291 

46  2in. 

48  290. 

50  .290 

52  289. 

54  1289. 

66  288 

68  288. 

00  287, 


770  2 

279| 

VM 

3a3 

818 

834 

851 

871 

892;  . 

414     , 

989  2. 


496736 
.495953 
.495178 
.4SU393 
.493616 
.492839 
.492004 
.4912i)l 
.4iM)518 
.489748 

.488978 
.488210 
.487444 
.48<1679 
.485915 
.485152 

.4m;)9i 

.48:16:32 
.482873 
.482116 

481%1 
480607 
479K>4 
479102 
478352 
4?r<J03 
47<i855 
476109 
47.;S<^ 
474621 

473878 
473137 

4r2:m 

471659 
470922 
470186 
4<{9452 
468718 
467J)86 
467256 

466526 
4(i57J« 
4(55071 
401315 

4mm 

462897  . 
462175  I 
461456  I 
460785  i 
460017 
459800  ! 


m. 


5.643' 
5.672 
5.701  i 
5.730 ' 
5.758, 
5.787 ; 
5.8161 
5.845  1 
5.87:31 
5.902' 

5.931. 

5.959' 

5.9Wo 

6.0171 

6.046  ' 

6.074 

6.103 

6.132 

6.160 

0.18J) 

6.218 
6.;^4(S 
6.275 
6.3(U 
6.338 
6.:361 
6.8S)0 
6.419 
6.447 
6.476 

6.505 
6.53:3 
6.562 
6.591 
6.620 
6.648 
6.677 
6.706 
6.734 
6.7<58 

6.792 
6.820 
6.K49 
6.878 

6  Am 

6.935 
6.9M 
6.9i)2 
7.021 
7.050 

7.078 

7.1071 

7.136 

7.IW 

7.193 

7.222 

7.250 

7.279 

7.808 

7.886 

7.805 


3.935 
3.942 
3.950 
3.Sk")7 
3.964 
3.972 
8.979 
8.986 
8.9(4 
4.001 

4.008 
4.016 
4.023 
4.030 
4.0:38 
4.045 
4.052 
4.060 
4.0(J7 
4.074 

4.081 
4.089 
4.09(i 
4.103 
4.111 
4.118 
4.125 
4.1:3:3 
4.140 
4.147 

4.155 
4.1(52 
4.169 
4.177 
4.184 
4.191 
4.  UK) 
4.206 
4.213 
4.221 

4.228 
4.235 
4.248 
4.250 
4.257 
4.265 
4.272 
4.279 
4.287 
4.294 

4.301 
4.308 
4.316 
4.823 
4.880 
4.838 
4.846 
4.852 
4.860 
4.»J7 
4.874 


20°  0'  287. 

10   285, 

20 '283. 

30   280. 

40.278. 

60   276. 
21*  0',274. 

10  I  272. 

20   270. 

30   268. 

40   266. 

60   264. 

22*  (y  262. 

10   260. 

20   258. 

80   256. 

40   254. 

50   252. 
23°  0'  250. 

10   JM9. 

20   ^7. 

30    246. 

40   :«3. 

50   2i2. 


939  2.469800  17 


583 
267 
988 
746 
541 
870 
234 
332 
062 
024 
018 


.455783  17 
.462195  17 
.448688  17 
.445209  17 
.441759. 18 
2.438887  18 
.4^49481  18 
.431576'  18 
.428235  18 
.424921  18 
.421688  18 


I 


042  2.418871  19. 


.4151341 19 
.411922  19 
.408784  19 
.4(^71: 19 
.402481  19 
793  2.899315;  19 
018  .396222  20 
258,  .893151J20 
629  >  .890108!  20 
825.  .887077,20 
.884074  20, 


098 
180 
292 
431 
599 


144 


24°  0' 

10 
20 
30 
40 
50 

26°  0' 

10 
20 
30 
40 
50 


365 
508 
661 
794 
987 
081 
224 
867 
609 
652 
795 
988 

081 

866 
509 
662 
794 
987 
079 
222 
804 
507 
04j 


4.874 
4.411 
4.448 
4.484 
4.521 
4.658 
594 
681 
668 
704 
4.741 
4.778 


4. 
4. 

4. 
4. 


.814 
.861 

.925 
.961 
.996 
.086 
.071 
106 
146 
l«2 
218 


240.487  2 
238.868!  . 
287.241;  . 
285.652 i  . 
234.084! 
232.587  , 
2:31.011  2. 
229.506 
228.020 
226.555 
225.108 
223.680; 


881091' 

878180 

876190 

8?2270 

869371 

86tM92 

868688 

860794 

857974 

866178 

852891 

&I9627 


20.701 

20.988: 

21.070, 

21.2181 

21.800, 

21.602* 

21.014 

21.7H0 

21.92R 

22.070 

22.212 : 

22.858  i 


6.255 
5.292 
5.829 
6.800 
5.408 
5.480 
6.470 
6.518 
5.540 
5.680 
5.028 
5.000 


26 

9  0' 

222.271  2.&I6882  22.496 

5.007 

10 

220.879 

.SI4166  1^.037 

5.784 

20 

219.506 

.»41440  22.778 

5.770 

:30 

218.150 

.888766  22.920 

5.807 

40 

216.811 

.886081  28.002 

5.814 

50 

215.489 

.8S»tsM  28.206 

5.861 

27 

0  0' 

214.183  2.880785  28.845 

5.018 

10 

212.804 

.828102  28.480 

5.066 

20 

211.620 

.&i6660  28.027 

5.00Gi 

30 

210.862 

.822907  28.700 

0.028 

40 

209.119 

.820808  28.010 

0.006 

60 

207.801 

.817880  21.051 

0.108 

28 

0  0' 

200.0'W 

2.816296  24.182 

0.180 

10 

205.480 

.812700  24.888 

0.170 

20 

204.290 

.810260  24.474 

0.218 

80 

208.125 

.807704  dl.eiO 

0.200 

40 

201.969 

.806285  d4.760 

0.267 

50 

200.820 

.802820  24.807 

o.aM 

29 

0  0' 

199.000 

2.800870  25.088 

0.800 

10 

198.680 

.207085  26.179 

0.806 

20 

197.470 

.206615  26.aK) 

0.486 

80 

190.886 

.898106  26.400 

0.47S 

40 

195.800 

.890710  26.001 

0.600 

60 

104.240 

.886888  86.741 

0.646 

Z(^  (y  108.185 

8.880074. 86.8Bi 

0.888 

287 


in,  LOOABTTHMS,  OITSETa,  BIC. 


Deg.  TUdius.    }^  j  T^f  ■    g,^: '[    Dee.    Radius.  ^^;    Tjng.    Mid. 
D.    '      K.        log.K.  .     t.     [   m.         D.    1      B.       log.B.'     t.         m. 

S) 

40 

34>  0 

so 
40 

„., 

i 

171 

1 

i 

lei 

151 

lai 

1 
088 

396 

■m 

S3B 

i 

7M 

sse 

30S 

aa) 

,L'73H,w ' «:+» 

.2T-JU71  ,  ae.7Ui 

'.mioen  zr'.aa 
.ssBtssa   z7,(*i 

:S:£ffi 

.3»nH8  se.ua 

.SeUUS    39.793 

.ffioeM  130.071 

.313M3    30.348 

.sisi^ge  sous 
.sosoHt   sa.flu 

.SOBIlft    31  178 
,aoi»»    31. 4M 

!l997»B    32006 
. 190014,  33.aS3 
,lSO:iai    32, ss; 

a.l!37'  aS'SO''  ISI.CS72.1S0863  a). 
3,731  1  a»"0'   149,787    ,17W7B  »i. 

e!ll58>          901144^400    '.JSVHT  ^' 
7.^]  41°^'  143,773    .ia4W5  35 

7  173    48°  0'   139!33l    !l44a4l  85 

Sl:«.^.  11  :1S| 

T:4ra!i44'0'    sa:47Be:iKaDB87 

?:£:«.»»  SfflilSSi 

7!9iB,  47°  0-  lis'.XBl  '.msn»  u 

7.994  ,        30    134.148    .093938  40 
B  0G8  '  48°  0'  121,930    .VSBBB!  40 

8318    49"  0'  iiio;B7|!  iflMWa  *] 

8'3e.|  50°  0'  iisisiojs.'oTaei  4* 

1 

HI 

60 
033 

£. 

178 

i 

3lU 

S,47B 
8fti9 

o.aso 

D^BDII 

8-i 

0,383 
0.40D 
0,618 

oisTO 

TABLB  T.-OORHECnONa  FOB  TAHGESTS  AND  EXTEH 

«AL8. 

Aug 
ID 

1 

Fob  Tahossts.  idd            1 

Fob  EiTEBNiij). 

S,. 

io« ! 

Cur.' 

Cur.,Cur.|cur.|cur.||^ 

Cur. 

Cur..  Cur.    Cur.    Cur 

Cur. 

% 

IT 

1 

S3 

S 

.39       3U;    .411      .58'    30 

|l|l,|;,|!lS 
if  nil  if:  ,i 

iisa  a.iw  318  3",si'  lao 

Oft) 

1 
1 

.««     .DW,  .008, 
-DU     .017,  .OK 
.035    ,088    .mi 
,0*3     .010    .0931 
.075     Me    .131  1 

'-m\  isas  :44S 

.999  1    .450     .303 

:Tai'i;ceei;4Sfl 

:oB 

ll8 

1 

.m 

!a34 

!340 
.4K> 

TABLE  VI.— TANGENTS  AND  EXTERNALS  TO  A  !•  CURVB. 


... 

Angle. 

Tan- 
gent. 

Exter- 
nal,   i 

1 

1 
Angle. 

Tan- 
gent. 

Exter- 
nal. 

1 

i 
Angle. 

Tan- 
gent. ' 

Exter- 
nal. 

£^ 

T. 

£.     ! 

6 

T. 

£. 

A 

T. 

S. 

1- 

50.03 

.218 

11       / 

651.70 

26.500 

21* 

1061.0 

07.577 

10 

5H.:i4 

.297 

10' 

560.11 

27.313 

10' 

1070.0 

00.150 

30 

00.67 

.388 

'         20 

668.53 

28.187 

90 

1079.9 

100.75 

ao 

■io.Ol 

.491 

30 

576.95 

28.974 

80 

1067.8 

109.85 

40 

83.34 

.606 

40 

685.36 

29.824 

40 

1006.4 

108.07 

50 

91.68 

.733 

60 

593.79 

30.686 

60 

1106.1 

106.60 

9 

100.01 

.878 

12 

602.21 

81.561 

22 

1118.7 

107.^ 

10 

108.35 

1.024 

10 

610.64 

32.447 

•    10 

1199.4 

108.90 

20 

116.08 

1.188  1 

20 

619.07 

38.847 

90 

1181.0 

110.67 

30 

126.09 

1.364  ! 

30 

627.50 

34.969 

80 

1189.7 

119.25 

40 

138.36 

1.669  ! 

40 

635.93 

85.188 

40 

1148.4 

118.06 

50 

141.70 

1.759 

1 

50 

W4.87 

36.120 

60 

1167.0 

116.66 

3 

150.04 

1.964  I 

13 

652.81 

87.070 

23 

1186.7 

117.88 

10 

158.38 

2.188  ' 

10 

661.25 

88.081 

10 

1174.4 

119.19 

iiO 

106.72 

2.425 

20 

669.70 

39.000 

90 

1188.1 

190.87 

30 

175.06 

2.674 

30 

678.15 

89.998 

80 

1191.8 

199.68 

40 

183.40 

2.931 

1         40 

686.6) 

40.992 

!         40 

1900.5 

194.41 

60 

191.74 

3.207 

i         60 

696.06 

42.004 

1         60 

1909.8 

190.90 

4 

200.08 

3.492 

il4 

708.51 

48.029 

,24 

1917.9 

198.00 

10 

208.43 

3.790  ■ 

'         10 

711.97 

44.066 

10 

1290.0 

190.89 

20 

216.77 

4.099 

20 

7^^.44 

46.116 

90 

1986.8 

181.65 

30 

225.12 

4.421 

j          30 

728.90 

46.178 

80 

1944.0 

188.60 

40 

233.47 

4.755 

i         40 

787.37 

47.258 

40 

1969.8 

186.80 

50 

241.81 

5.100 

60 

746.85 

48.841 

60 

1261.6 

187.28 

5 

250.16 

6.459 

15 

754.32 

49.441 

25 

1970.9 

180.11 

10 

258.51 

5.829 

10 

762.80 

60.554 

10 

1979.0 

141.01 

20 

266.86 

6.211 

20 

771.99 

51.679 

20 

1987.7 

149.08 

30 

275.21 

6.606  ! 

30 

779.77 

52.818 

80 

1900.6 

144.86 

40 

283.57 

7.013 

40 

788.26 

53.969 

40 

1805.8 

146.79 

50 

291.92 

7.432 

50 

796.75 

55.132 

60 

1814.0 

148.75 

6 

800.28 

7.863 

16 

805.25 

56.809 

26 

18SS.8 

160.  n 

10 

806.64 

8.807  , 

10 

813.75 

67.496 

10 

1881.6 

169.60 

20 

316.99 

8.762 

20 

822.25 

58.699 

20 

1840.4 

154.60 

80 

826.85 

9.280 

30 

830.76 

69.914 

80 

1840.9 

166.70 

40 

888.71 

9.710 

40 

839.27 

61.141 

1         40 

1868.0 

158.73 

60 

&I2.06 

10.202 

50 

W7.78 

62.881 

60 

1806.8 

160.78 

7 

860.44 

10.707 

17 

866.80 

68.684 

27 

187B.0 

109.81 

10 

868.81 

11.224  i 

10 

804.89 

&4.900 

10 

1884.4 

104.8I 

90 

867.17 

11.758  ; 

20 

873.35 

66.178 

90 

1806.9 

100.05 

80 

875.64 

19.294  i 

80 

881.88 

67.470  ! 

80 

1409.0 

100.04 

40 

888.91 

19.847 

40 

890.41 

68.774 

40 

1410.0 

m.i5 

iTi.tr 

50 

392.98 

13.418 

60 

898.96 

70.091 

BO 

1419.r 

8 

400.06 

18.991 

18 

907.49 

71.421 

28 

1498.0 

175.41 
177.85 

10 

409.08 

14.582  ; 

10 

916.06 

72. 7W  i 

10 

1487.4 

20 

417.41 

16.1&4  ! 

20 

924.58 

,  74.119 

90 

1446.8 

170.78 

30 

425.79 

15.799 

80 

933.13 

'  75.488  ■ 

80 

1405. 1 

181.80 

40 

434.17 

16.426 

40 

941.09 

76.809  ' 

40 

1404.0 

184.08 

50 

419.55 

17.066 

80 

950.96  I  78.204 

00 

1479.0 

180.10 

9 

450.93 

17.717 

!l9 

!    958.81 

79.671 

29 

1481.8 

168.81 

10 

459.32 

18.381  , 

1          10 

•    967.38 

81.092 

10 

1480.7 

100.74 

20 

467.71 

19.058 

20 

975.96 

82.525 

90 

1400.6 

108.90 

80 

476.10 

19.746 

30 

1    984.63 

83.9?^ 

80 

1606.6 

105.90 

40 

484.49 

20.447 

40 

;    093.12 

85.431 

^ 

1617.4 

197.68 

50 

!  492.88 

21.101 

60 

1  1001.7 

86.904 

60 

1680.8 

100.89 

10 

1  501.28 

21.887 

20 

i  1010.3 

88.389  1 

80 

1585.8 

908.19 

10 

'  509.68 

22.624 

10 

1018.9 

89.888 

10 

1544.9 

904.44 

20 

518. OH 

23.375 

1       "^ 

1027.5 

91.899 

90 

IBfiS.l 

900.77 

.SO 

526.48 

2L138 

30 

1036.1 

92.924 

80 

1569.1 

900.19 

40 

6ai.89 

21.913 

40 

1  1044.7 

94.469 

40 

isn.o 

211.48 

60 

648.29 

.  25.700 

50 

1068.8 

96.018 

60 

1660.0 

818.80 

2R9 


TABLE  VI.— TANGENTS  AND  EXTERNALS  TO  A  !•  CURVE. 


1    Angle. 

Tan- 
gent. 

• 

Kxt«r-  1 
nal. 

Angle. 

Tan- 
gent. 

Exter- 
nal. 

Angle. 

Tan- 
gent. 

Exter- 
nal. 

T. 

E. 

A 

T. 

£.      1 

A 

T. 

£. 

t    31* 

1689.0 

216.85 

i41» 

2142.2 

387.38 

r 
61" 

2732.9 

618.80 

13 

1698.0 

218.66  1 

10' 

2161.7 

390.71 

10' 

2743.1 

622.81 

90  1  1600.9 

821.08 

20 

2161.2 

394.06 

20 

2753.4 

627.24 

80  i 

laid.o 

823.51  , 

30 

2170.8 

897.43  ■ 

1          30 

2703.7 

631.09 

40  ! 

ieS4.9  1  S25.96 

40 

2180.3 

400.82  ! 

40 

2778.9 

636.17 

60 

1683.9 

228.42  1 

50 

2189.9 

404.22  ' 

60 

2784.8 

640.66 

32 

1 
1 

1643.0 

230.90  ' 

48 

2199.4 

407.64 

<  62 

2794.5 

645.17 

10 

1658.0 

833.39 

10 

2209.0 

411.07 

!                 10 

2804.9 

649.70 

SO 

1661.0 

235.90 

20 

2218.6 

414.52 

20 

2815.2 

664.25 

80 

1670.0 

838.43  1 

30 

2228.1 

417.99 

;       30 

2826.6 

658.83 

40 

1679.1 

840.96  1 

40 

2237.7 

421.48 

40 

2836.9 

663.42 

50 

1688.1 

843.52  , 

1 

50 

2247.3 

424.98  1 

60 

2846.3 

668.03 

38 

1697.2 

246.08  1 

43 

2267.0 

428.50  i 

i  63 

2856.7 

672.66 

10 

1706.3 

848.66 

10 

2266.6 

432.04  i 

10 

2867.1 

677.32 

SO 

1715.3 

251.26 

20 

2276.2 

435.59 

20 

2877.5 

681.99 

80 

1724.4 

853.87 

80 

2285.9 

439.16  ! 

80 

2888.0 

666.68 

40 

1788.5 

856.50 

40 

2295.6 

442.75  . 

j          40 

2898.4 

691.40 

00 

1748.6 

859.14 

50 

2306.2 

446.35 

!         50 

2908.9 

696.13 

34 

1761.7 

261.80  , 

44 

2314.9 

449.98 

64 

2919.4 

700.89 

10 

1760.8 

864.47 

10 

2324.6 

453.62 

^^ 

2929.9 

705.66 

80 

17T0.0 

867.16 

20 

2834.3 

457.27 

20 

2940.4 

710.46 

80 

1779.1 

869.86 

30 

2344.1 

460.95 

'         80 

2951.0 

715.28 

40 

1788.2 

872.58 

40 

2358.8 

464.64 

1         40 

2961.5 

720.11 

00 

1797.4 

875.31 

50 

2863.5 

468.35  : 

i         50 

2972.1 

724.97 

38 

1806.6 

278.05  i 

46 

2878.3 

472.08  : 

i  66 

2982.7 

729.85 

10 

1816.7 

880.82 

10 

2388.1 

475.82  1 

!          10 

2993.8 

734.76 

80 

18S4.9 

883.60  1 

20 

2392.8 

479.59 

20 

8003.9 

739.68 

80 

1884.1 

886.39  ; 

30 

2402.6 

483.37 

80 

8014.5 

744.62 

40 

1848.3 

889.20 

40 

2412.4 

487.17 

40 

8025.2 

749.59 

60 

186S.5 

892.02  > 

50 

2422.3 

490.98 

!         50 

8086.8 

754.57 

36 

1861.7 

294.86  1 

46 

2482.1 

494.82 

!  66 

8046.6 

759.68 

10 

1870.9 

897.72 

10 

2441.9 

498.67 

'         10 

8067.2 

764.61 

80 

1880.1 

800.59 

20 

2461.8 

602.54 

20 

8067.9 

769.66 

80 

1889.4 

803.47  ; 

30 

2461.7 

506.42  ; 

30 

3078.7 

774.73 

40 

1896.6 

806.37 

40 

2471.5 

510.33  ' 

40 

8089.4 

779.83 

60 

1907.9 

809.29  ; 

50 

2481.4 

514.25  j 

1          50 

3100.2 

784.94 

37 

1917.1 

318.82 

47 

2491.3 

518.20  , 

67 

8110.9 

790.08 

10 

1SS6.4 

815.17 

10 

2501.2 

522.16  1 

10 

8121.7 

796.24 

SO 

1086.7 

818.13 

20 

2511.2 

526.13 

20 

3182.6 

800.42 

80 

1946.0 

821.11 

30 

2521.1 

630.13  i 

80 

3143.4 

805:62 

40 

1964.3 

824.11 

40 

2531.1 

534.15  1 

40 

3154.2 

810.85 

60 

1968.6 

827.12 

60 

2541.0 

538.18 

50 

3165.1 

816.10 

38 

1978.9 

330.15 

48 

2551.0 

542.23  ! 

1  68 

3176.0 

821.87 

10 

1968.2 

838.19 

10 

2561.0 

646.30  , 

10 

M186.9 

826.66 

SO 

1991.5 

836.25 

20 

2571.0 

550.39 

20 

3197.8 

831.98 

80 

8000.9 

339.32 

80 

2581.0 

6.54.50 

30 

8208.8 

837.31 

40 

8010.2 

842.41 

40 

2591.1 

f.58.63 

40 

8219.7 

842.67 

60 

8019.6 

845.52 

50 

2601.1 

562.77  1 

50 

8230.7 

848.06 

38 

8089.0 

348.64 

49 

2611.2 

566.94  ' 

69 

3241.7 

858.46 

10 

8088.4 

851.78 

10 

2621.2 

671.12  1 

10 

8252.7 

858.89 

SO 

8047.8 

354.94 

20 

2681.3 

575.32 

20 

3268.7 

864.34 

80 

8067.2 

358.11 

80 

2641.4 

579.54 

80 

8274.8 

869.82 

40 

8066.6 

861.29 

40 

2661.5 

583.78 

40 

8285.8 

875.32 

60 

8076.0 

8W.50 

50 

2661.6 

588.04 

50 

3296.9 

880.84 

40 

8065.4 

367.72 

60 

2671.8 

592.82 

60 

8308.0 

880.88 

10 

8004.9 

370.  ft5 

10 

2681.9 

596.62 

10 

8310.1 

■891.96 

1 

SO 

8104.3 

374.20 

20 

2602.1 

000.93 

'          20 

8380.8 

897.54 

1 

f:o 

2113.8 

877.47 

80 

2702.3 

6a5.27 

80 

8341.4 

903.15 

40 

8188.8 

880.76  1 

40 

2712.5 

609.62 

40 

8368.6 

908.79 

60 

8188.7 

884.06  1 

60 

2728.7 

614.00 

60 

8368.8 

914.45 

290 


TABLE  VL-TANGENTS  AND  EXTERNALS  TO  A  1»  CURVE. 


1 
Angle. 

Tan- 
gent. 

Exter- 
nal. 

Angle. 

Tan- 
gent. 

II               I 

Tan- 
gent. 

Exter- 
nal. 

A 

T. 

1 

A 

T. 

£. 

A 

T. 

£.       1 

1 

1 

61 

» 

3375.0 

920.14  1    7P 

4066.9 

1306.2 

81«    , 

4898.6 

1806.8   j 

10' 

3386.8 

925.85  . 

W 

4099.5 

1316.6  ! 

10* 

4906.0 

1814.7 

20 

3397.5 

931.68  ' 

20 

4112.1 

1322.9  , 

20 

4922.6 

1894.1    ' 

30 

3406.8 

937.84 

30 

4124.8 

1380.8  : 

80 

1  49S7.0 

1888.6    , 

40 

8420.1 

ftl3.12 

40 

4137.4 

1337.7  ' 

40 

,  4961.6 

1848.1 

90 

8431.4 

948.92 

50 

4150.1 

1845.1  i 

60 

4966.1 

1869.6    : 

62 

3142.7 

9&4.75  i 

■  72 

4162.8 

1362.6  : 

82 

,  4960.7 

1809.2 

10 

3454.1 

960.60 

10 

4175.6 

1360.1  ! 

10 

1  4996.4 

1871.8 

2Q 

3405.4 

966.48  ' 

20 

4188.5 

1867.6 

20 

6010.0 

1881.6 

30 

3476.8 

972.38  i 

30 

4201.2 

1876.2  ; 

30 

6024.8 

1801.2    1 

40 

8488.8 

978.31 

40 

4214.0 

1882.8 

40 

6089.6 

1000.0 

60 

8499.7 

9*^.27  1 

1 

50 

4226.8 

1390.4 

60 

6064.8 

1010.7 

63 

8511.1 

990.24 

73 

4289.7 

1398.0 

88 

6060.2 

1090.6 

10 

3522.6 

996.21 

10 

4252.6 

1405.7 

10 

6064.0 

1080.4 

S» 

3534.1 

1002.3 

20 

4265.6 

1413.5  1 

20 

,  6000.0     1040.8 

80 

a->45.6 

100H.3    ' 

30 

4278.5 

1421.2 

80 

6113.9     1960.8 

40 

8557.2 

1014.4 

40 

4291.5 

1429.0 

40 

6128.9  !  1060.2   ' 

50 

3568.7 

1020.5 

50 

4304.6 

1436.8 

60 

6148.0  ,  1070.8   ; 

64 

8580.3 

1026.6 

74 

4317.6 

1444.6 

84 

6160.0 

1060.4 

10 

3591.9 

1032.8 

10 

4330.7 

1462.6 

10 

6174.1 

1000.6 

ao 

3603.5 

1039.0 

20 

4S43.8 

1460.4 

20 

6180.8 

9000.6 

30 

3615.1 

1045.2 

30 

4356.9 

1468.4 

ao 

6004.4     9010.8 

40 

3626.8 

1051.4 

40 

4370.1 

1476.4 

40 

6910.7     9091.1 

50 

3638.5 

1057.7 

50 

4383.3 

1484.4 

60 

6984.0     9061.4 

65 

8650.2 

1063.9 

75 

4396.5 

1492.4 

85 

6960.8     9041.7 

10 

3001.9 

1070.2 

10 

4409.8 

1500.5 

10 

6966.6     9069.1 

20 

3678.7 

1076.6    '■ 

20 

4423.1 

1508.6 

20 

6281.0     9069.6 

30 

3685.4 

1082.9    1 

1        '30 

4436.4 

1516.7 

80 

6906.4  >  90^.0 

40 

3097.2 

1089.3    , 

:      40 

4449.7 

1524.9 

40 

6811.0  :  9068.6 

50 

3709.0 

1095.7    I 

50 

4463.1 

1533.1 

60 

6897.4  ,  9004.1 

66 

3720.9 

1102.2 

76 

4476.5 

1541.4 

86 

6848.0  i  9104.7 

10 

8732.7 

1108.6 

10 

4489.9 

1549.7  1 

10 

6868.6     9115.8 

30 

8744.6 

1115.1 

20 

4503.4 

1558.0  1 

20 

6874.9     2196.0 

30 

3756.5 

1121.7 

30 

4516.9 

1566.3 

80 

68b0.0     9186.7 

40 

3768.5 

1128.2 

40 

4580.4 

1574.7 

40 

5405.6     9147.6 

60 

3780.4 

1134.8 

60 

4644.0 

1583.1  , 

60 

6491.4 

2168.4 

67 

8792.4 

1141.4 

77 

4557.6 

1591.6 

87 

6487.9 

2160.8 

10 

3801.4 

1148.0 

10 

4571.2 

1600.1 

10 

6468.1  i  2180.S 

20 

3816.4 

1154.7 

20 

4584.8 

1608.6 

20 

6460.0     9101.1 

80 

3828.4 

1161.8 

80 

4598.5 

1617.1 

80 

6484.0     9909.2 

40 

3840.5 

1168.1     , 

40 

4612.2 

1625.7 

40 

6600.0     9918.2 

60 

3852.6 

1174.8    , 

50 

4626.0 

1634.4 

60 

6617.0     9984.8 

68 

8864.7 

1181.6 

78 

4689.8 

1648.0  , 

88 

6688.1     2286.5    1 

10 

8878.8 

11H8.4 

10 

4668.6 

1661.7  i 

10 

6640.9     994B.7 

20 

3889.0 

1195.2 

20 

4667.4 

1660.5 

20 

5665.4     9966.0 

30 

3901.2 

1202.0 

80 

4681.3 

1669.2 

80 

6661.6     2960.8 

40 

3913.4 

1208.9 

40 

4696.2 

1678.1 

40 

6607.8     2280.6 

50 

3925.6 

1215.8 

60 

470U.2 

1686.9  1 

60 

6614.9     9909.0 

69 

3937.9 

1222.7 

;  79 

4?i3.2 

1695.8  ' 

89 

6680.6     2808.5 

10 

8950.2 

1229.7    : 

'         10 

4787.2 

1704.7  i 

10 

6646.0     8815.0 

20 

3962.5 

1236.7 

20 

4751.2 

1713.7 

90 

6668.4     9896.6 

90 

3974.8 

1248.7    1 

30 

4765.8 

1?^.7  1 

80 

6670.0  1  9888.9 

40 

8987.2 

1250  8 

40 

477».4 

1781.7 

40 

6696  4  .  8810.8 

50 

8990.5 

1267.9 

1          60 

4793.6 

1740.8 

60 

6n8.0  !  9861.6 

70 

4011.9 

1286.0 

1  80 

4807.7 

1749.9 

90 

67«.7 

2878.8 

10 

4024.4 

1272.1 

10 

4822.0 

1769.0 

10 

6746.8 

2886.1 

20 

4086.8 

1279.8 

20 

4836.2 

1768.2 

80 

6768.1 

2807.0 

80 

4049.8 

1286.5    , 

80 

4860.5 

1777.4 

80 

0770.0 

8«08.8 

40 

4061.8 

1296.6    ! 

40 

4864.8 

1786.7 

40 

6706.7 

8480.8 

60 

4074.4 

1800.9    1 

60 

4879.2 

1796.0 

1         60 

6818.6 

8488.8 

jMl 


TABLE  Vt— tANGilNTS  AND  JEXt^RlJALS  TO  A  !•  CURVE. 


Angle. 

Tan- 
gent. 

Ex- 
temal. 

1 
Angle. 

Tan- 
geut. 

1 

i 

Ex- 
tertial. 

1 
Angle. 

Tan- 
gent. 

Ex- 
ternal 

1      A 

T. 

5830.5 

£. 

1 

T. 

E. 

A 

T. 

E. 

dV 

2144.9 

101«»    , 

6950.6 

3278.1  . 

IIP 

8336.7 

4366.1 

10' 

5847.5 

2457.1 

10' 

6971.3 

8291.1 

10' 

8362.7 

4407.6 

20 

5861.6 

.2469.3 

20 

6992.0 

.  aiio.i 

20 

8388.9 

4429.2 

80 

5881.7 

2481.5 

i           30 

7012.7 

3326.1 

30 

8415.1 

4150.9 

40 

5898.8 

2193.8  i 

,           40 

7033.6 

3342.3 

40 

8441.5 

447^2.7 

60 

6916.0 

2506.1  ' 

50 

7054.5 

3358.5  ' 

50 

8468.0 

4191.6 

98 

59S3.2 

2518.5 

;    102 

7075.5 

3374.9 

112 

8494.6 

4516.6 

10 

5950.5 

2531.0 

!            10 

7096.0 

3391.2 

10 

8521.3 

4588.8 

20 

5967.9 

2543  5 

20 

7117.8 

a407.7 

20 

8&48.1 

4561.1 

80     5985.3 

2556.0  1 

i           30  i  7139.0 

*424.3 

30 

8575.0 

4583.4 

40 

6(XW.7 

2568.6 

i            40 

7100,3 

a440.9 

40 

8602.1 

4606.0 

50 

60a).2 

2581.3  ' 

50, 

1 

7181.7 

8457.6 

!            50 

8629.3 

4628.6 

98 

6037.8 

25»4.0  !>  103 

7203.2 

8474.4  ' 

113 

8656  G 

4651.8 

10 

6055.4 

2606.8 

!            JO 

7221.7 

8491.3 

10 

8684.0 

4674.2 

20 

6078.1 

2619.7 

i           20 

?^46.3 

3508.2 

20 

8711.5 

4697.2 

80 

6030.8 

2032. 6 
2645.5  1 

;       80 

72m.O 

3525.2  ; 

30 

8730.2 

4720.8 

40 

6106.6 

1           40 

7289.8 

3542.4 

40 

8767.0 

4748.6 

50 

6126.4 

2058.5  1 

50 

7311.7 

3559.6 

-    50 

8794.9 

4766.9 

W    ^ 

6144.8 

2671.6  1 

104 

7a33.6 

3576.8 

114 

8822.9 

4790.4 

10 

6102.2 

2664.7 

10 

7355.6 

3594.2 

10 

8851.0 

4814.1 

90 

6180.2 

2697.9  , 

20 

7377.8 

aaii.7 

1         5» 

8879.3 

4837.8 

80 

6196.8 

2ni.2 

1            30 

7399.9 

3629.2 

;» 

8907.7 

4861.7 

40 

6216.4 

2?24.5 

40 

7422.2 

3646.8 

!            40 

89:36.3 

4885.7 

50 

6234.6 

2787.9  j 

50 

7441.6 

3664.5  ! 

1      ^ 

8965  0 

4909.9 

9» 

6252.8 

2751.3 

':  105 

7467.0 

8682.3 

116 

8993.8 

4984.1 

10 

6271.1 

27(54.8  ! 

10 

7489.6 

3700.2  1 

10 

9022.7 

4958.6 

20 

6289.4 

2778.3  1 

i            20 

7512.2 

:  3718.2  1 

1            20 

9051.7 

4983.1 

80 

6907.9 

2792.0  ' 

i         ;« 

7534.9 

3786.2  . 

30 

9080.9 

6007.8 

40 

6826.8 

2805.6 

i             40 

7557.7 

3754.4  . 

40 

9110.3 

5032.6 

50 

6344.8 

2819.4  , 

50 

■  7580.5 

377^2.6  . 

50 

9139.8 

.  5057.6 

96 

6868.4 

2833.2  , 

1  106 

7603.5 

8791.0 

116 

9169.4 

5082.7 

10 

«aS2.1 

2817.0  i 

10 

7026.6 

,  8809.1  ! 

10 

9199.1 

5107.9 

20 

6100.8 

2861.0 

20 

7649.7 

1  8827.9 

20 

9229.0 

6133.3 

80 

6419.5 

2875.0 

30 

767-2.9 

3^46.5 

i            30 

92.59.0 

5158.8 

40 

6488.4 

2889.0 

40 

7696.3 

8865.2  ; 

40 

9289.2 

5184.5 

60 

6457.8 

2903.1 

50 

'iV19.7 

,  3884.0  ' 

50 

9319.5 

5210.3 

»7.. 

6476.2 

2917.3  i 

107 

7743.2 

3902.9  ! 

117 

9840.9 

5236.2 

10 

6485.2 

2931.6  1 

10 

7766.6 

3921.9  . 

;        10 

9380.5 

5262.3 

20 

6614.8 

2945.9  . 

20 

7790.5 

3940.9 

20 

9411.3 

6288.6 

80 

6538.4 

2960.3 

30 

7814.3 

8960.1 

30 

9442.2 

5315.0 

40 

6562.6 

2974.7 
2989.2 

40 

7838.1 

3979.4  ' 

40 

9473.2 

5341.5 

60 

6671.9 

50 

7862.1 

'  3998.7 

50 

9504.4 

5368.2 

98 

6591.2 

3003.8 

108 

,  7886.2 

4018.2 

118 

9535.7 

5395.1 

10 

6610.6 

3018.4 

10 

^  7910.4 

4037.8 

10 

9567.2 

&122.1 

20 

6680.1 

3033.1  : 

20 

79*4.6 

4057.4 

20 

9598.9 

5449.2 

80 

6649.6 

8047.9 

30 

7959s0 

4077.2 

30 

9630.7 

5176.5 

40 

6669.2 

3062.8  i 

40 

7983.5 

4097.1 

40 

9662.6 

6501.0 

60 

6688.8 

3077.7  i 

50 

80080 

4117.0 

,           50 

9694.7 

5631.7 

99 

6706.6 

3092.7  : 

i  109 

8982.7 

4137.1 

119 

9727.0 

6559.4 

10 

0728.4 

3107.7  ' 

10 

8057.4 

4157.3 

.     10 

9759.4 

5587.4 

20 

6748.2 

3122.9 

20 

8082.3 

4177.5 

20 

9792.0 

5615.5 

80 

6768.1 

8138.1 

1            30 

8107.3 

4197.9 

30 

9824.8 

5618.8 

40 

6788.1 

8153.3 

1            40 

8132.3 

421S.1 

1            40 

9857.7 

5672.8 

50 

AflaS.2 

3163.7 

oO 

8157  5 

42:».0 

50 

9690.8 

57.0.9 

10®   . 

6828.8 

8184.1 

110 

8182.8 

4259.7 

;      120 

9924.0 

5729.7 

10 

6848.5 

8199.6 

10 

8208.2 

4280.5 

10 

9957.5 

5758.6 

20 

086S.8 

3215.1    : 

20 

82».7 

4301.4 

20 

9991.0 

5787.7 

80 

6869.2 

8230; 8 

30 

8259.3 

4322.4 

30 

10025.0 

6617.0 

40 

6009.6 

8246.5  ; 

40 

8285.0 

4843.6 

40 

10059.0 

5816.5 

60 

0080.1 

ft362.3 

50 

8310.8     4361.8  | 

50 

10098.0 

6676.1 

.:^^^ 


TAfiLfi  Vlt-LOKG  CHORDS. 


1 

Actual 

1 

LON 

a  Chobds. 

:  Degree 
of 

Arc, 
One 

Cfurve. 

Station 

9 

8 

4 

5 

6 

KJ  wcw  VAvr&&« 

Stations. 

Stations. 

Stations. 

Stations. 

Stations. 

©•'10' 

100.000 

■ 

200.000 

299.999 

899  998 

490.906 

500.098 

20 

.000 

199.999 

299.997 

899.992 

499.988 

600.070 

80 

.000 

199.998 

299.992 

399.981 

499.962 

600.038 

40 

.001 

199.  mw 

299.986 

399.966 

499.032 

600.882 

60 

.001 

199.995 

299.979 

899.947 

499.894 

600.815 

1 

100.001 

199.992 

299.970 

899.924 

499.848 

500.783 

^R 

.00:^ 

199.990 

299.ft59 

iJnV  .OVO 

499.798 

699.687     1 

no 

.ooa 

199. 9H6 

2JW.946 

399.865 

499.720 

500.526 

80 

.O0.i 

199.983 

2i»9.932 

899.829 

499.657 

600.401 

i      iX 

.008 

199.979 

299.915 

899.789 

499.577 

600.260     . 

50 

.004 

199.974 

299.898 

399.744 

499.488 

500.105 

1 

2  ^^ 

100.005 

199.970 

299.878 

899.695 

499.891 

698.084 

10 

.000 

199.964 

2i)9.867 

809. (U3 

499.285 

606.756     1 

20 

.007 

191).  95J) 

299.834 

899.586 

400.171 

606.560 

80 

.008 

199.952 

2iK).  810 

899.024 

409.049 

508.880     . 

40 

.oou 

190.946 

299.783 

399.159 

498.918 

606.106 

50 

.010 

19{).939 

299.77)6 

399.389 

498.7ffl 

607.862 

8 

100.011 

199.  a3i 

299. ^26 

899.315 

498.680 

607.604 

10 

.013 

li)9.924 

299.695 

809.237 

498.474 

507.881 

20 

.014 

199.915 

299.  «J2 

399.  IM 

498.809 

607.043 

80 

.015 

199. 9or 

29J).62r 

3iK).068 

498.186 

600.740 

40 

017 

199.898 

299.591 

398.977 

497.065 

600.423 

50 

.019 

199.888 

299.553 

898. 8»>. 

497.786 

600.091 

4 

lOiJ.oao 

199.878 

299.513 

898.782 

497.S66 

605.7-11 

i           10 

.02:3 

19i).868 

299.471 

8JI8.679 

497.860 

605.888 

20 

AUi 

199.857 

299.428 

898.571 

497.146 

606.007 

80 

.<b96 

199.846 

299.383 

398.459 

496.921 

604.617 

40 

.0^38 

199.834 

299.337 

898.343 

406.080 

604.812 

60 

.030 

199.822 

299.289 

89S.233 

406.449 

508.702 

5 

100. 0:« 

199.810 

2i)9.239 

398.099 

«».201 

508.868 

10 

.034 

199.797 

299.187 

897.970 

406.(M4 

602.000 

ao 

.036 

199.783 

299.134 

897.837 

405.078 

502.446 

80 

AW 

19D.770 

2{H).079 

397.700 

405.405 

601.008 

40 

.011 

199.756 

2!K).023 

31>7.559 

495.128 

601.476 

50 

.043 

190.741 

29d.9(>4 

397.413 

404.888 

600.VfV 

6 

100.046 

199.  ?26 

208.904 

397.264 

404.684    , 

600.448 

10 

.048 

199.710 

25W.843 

897.110 

401.227    ' 

6H0.01S 

ao 

.051 

199.695 

298.779 

39(S.952 

493.012 

5W.804 

80 

.a>4 

199.678 

298.714 

896.  ?.X) 

4i)3.688 

688.800 

40 

.056 

199.662 

298. W8 

3i)6.623 

493.267 

n8B.221 

60 

.050 

199.&44 

298.579 

»H5.453 

402.917 

687.628 

7 

100.062 

199.627 

298.509 

896.278 

402.668 

Wr.OBl     i 

10 

.065 

199.609 

298.438 

806.099 

402.812 

680.400 

1       ao 

.068 

199.591 

298.8(;4 

395.916 

401.817 

686.766 

80 

.071 

199.5?2 

298.289 

895.729 

401 .474 

680.116 

40 

.075 

199.563 

298.212 

895.538 

401.008 

681.451 

50 

.078 

199.538 

298.134 

3a5.342 

400.7(M 

668.778 

8 

100.081 

199.513 

29S.054 

895.142 

490.806 

688.061 

10 

.085 

199.492 

297. 9?2 

894.988 

480.000 

6a2.8n 

1           20 

.088 

■    199.471 

2J)7.8H8 

394.731 

480.480 

680.000    1 

80 

.0U2 

199.450 

297.803 

894.518 

480.064 

40 

.0«5 

199.428 

297.716    , 
297.628    ' 

394.302 

488.681 

580.179 

CO 

.009 

199.406 

894.082 

488.196 

670.400 

9 

100.103 

199.883 

297.538 

893.857 

487.740 

678.638 

10 

.107 

199.860 

297.446 

898.689 

487.801 

677.818 

ao 

.111 

199.887 

297.852 

893.806 

486.888 

677.000 

80 

.115 

199.313 

297.257 

893.159 

486.861 

670.888 

40 

.119 

*      199.289 

2J)7.160 

892.918 

485.8K8 

578.800 

60 

.123 

199.264 

2i)7.062 

892.678 

486.806 

674.648 

10 

100.127 

199.280 

296.962 

892.494 

484.900 

878.668 

9&av. 


TaBLB  Vn.-LONO  CHORDS. 


Long  Chords. 

. 

Degree 

of 
Curve. 

7 

8 

9 

10 

11 

18 

^^***  »  ^/« 

Stations. 

Stations. 

Stations. 

1 

Stations. 

Stations. 
1000.05 

Stations. 

0*10 

090.068 

700.089 

809.074 

1 

000.965 

'    1100.04 

90 

600.068 

7U0.090 

800.809 

])00.860 

1000.81 

1    1100.76 

80 

600.808 

700.840 

809. ?» 

])90.686 

1000.58 

1100.46 

40 

000.810 

700.716 

809. 5»1 

090.449 

1000.95 

1100.03 

60 

600.704 

709.556 

809.865 

000.198 

1098.84 

;     1108.49 

1 

600.574 

700.860 

809.086 

008.744 

1008.33 

,     1197.89 

10 

600.490 

700.180 

808.757 

008.900 

1007.72 

1107.04 

90 

600.949 

796.868 

H98.376 

007.768 

1007.09 

1106.13 

80 

600.041 

708.56JJ 

807.045 

997.175 

1006.93 

1105.11 

40 

606.816 

708. 9S» 

807. 4&1 

006.518 

1005.35 

1103.1N3 

50 

696.667 

707.869 

896.081 

095. 7M2 

1004.38 

1109.69 

9 

696.905 

707.444 

K96.849 

994.081 

1008.31 

1101.81 

10 

606.000 

707  000 

895.716 

994.119 

1099.15 

1180.80 

90 

607.680 

706.699 

895.033 

993.173 

1090.00 

1188.18 

80 

007.888 

790. OUH 

8!»4.999 

999.165 

1080.56 

1186.43 

40 

e96.on 

705.450 

893.515 

991.088 

1088.19 

1184.57 

60 

606.581 

704.874 

809.681 

080. 1M3 

1086.60 

1189.50 

8 

606.168 

704.955 

801.798 

988. -^29 

1084.08 

1180.40 

10 

606.781 

708.600 

890.864 

JW7.447 

1083.98 

1178.98 

90 

606.971 

709.011 

889.880 

086.096 

1081.48 

1175.04 

80 

604.787 

709.186 

888.846 

984.677 

1070.59 

1173.40 

40 

604.980 

701.497 

887.763 

983.190 

1077.61 

1170.03 

60 

608.750 

790.689 

886.680 

981.636 

1075.54 

1168.25 

4 

608.106 

789.80;^ 

885.448 

9H0.014 

1073.38 

1165.45 

10 

609.610 

788.080 

881.917 

978. .395 

1071.14 

1169.M 

90 

609.018 
601.806 

788.010 

889.080 

5J76.569 

1068.81 

1150.51 

80 

787.108 

881.606 

974.746 

1066.38 

1156.37 

40 

600.748 

786.140 

880.998 

979.856 

1063.87 

1153.12 

50 

600.070 

7H5.188 

878.800 

5)70.900 

1061.97 

1149.76 

5 

.660.886 

784.101 

877.394 

968.877 

1058.59 

1146.98 

10 

688.070 

783.080 

875.800 

966.788 

1055.81 

1149.69 

90. 

687.080 

781.995 

874.997 

964.634 

1069.95 

1138.90 

80 

687.160 

T80.786 

879.605 

969.415 

1050.01 

1135.18 

40 

686.884 

779.619 

870.036 

960.130 

1046.97 

1131.96 

60 

686.596 

778.406 

869.919 

957.780 

1043.86 

1197.94 

e 

684.746 

777.165 

867.4M 

955.366 

1040.66 

1193.10 

10 

688.809 

775.800 

865.649 

959.888 

1087.37 

1118.86 

90 

688.016 

774.589 

863.789 

950.345 

loai.oi 

1114.51 

80 

689.117 

773.940 

861.875 

W7.730 

1030.55 

1110.05 

40 

661.105 

771.804 

859.999 

M5.060 

1097.09 

1105.40 

50 

680.951 

770.455 

.857.991 

049.337 

1093.40 

1100.83 

^o 

670.^ 
678.»6 

760.014 
767.530 

855.874 
853.780 

989.549 
986.684 

1010.70 
1015.93 

1096.06 
1001.19 

90 

077.984 

766.030 

861.640 

933. 7(» 

1019.07 

1086.99     , 

80 

678.950 

764.490 

849.455 

990.783 

1008.13 

1081.15 

40 

675.104 

769.016 

847.994 

997.741 

1004.11 

1075.08 

60 

674.116 

761.800 

&W.W7 

994.638 

1000.01 

1070.71 

8 

678.015 

759.670 

849.695 

991.474 

995.834 

1065.34 

10 

671.899 

757.000 

840.958 

918.950 

991. 5H0 

1050.88 

90 

670.748 

756.905 

837.845 

914.966 

987.250 

low. 39 

80 

660.581 

754.560 

885.389 

911.693 

989.844 

1048.66 

40 

668.808 

759.709 

839.888 

908.291 

J>78.362 

1049.91 

50 

667.189 

760.008 

830.349 

904.761 

973.806 

1037.06 

9 

666.050 

740.161 

897.754 

,    901.249 

969.175 

10:^1.18 

10 

664.607 

747.900 

895.191 

897.667 

964.471 

1095.11 

90 

668.491 

745.404 

899.445 

,    804.033 

959.694 

1018.99 

80 

689.194 

743.479 

819.?^ 

890. »43 

9&4.844 

1019.79 

40 

660.806 

741.599 

816.965 

886.597 

049.9*^ 

1006.49 

60 

660.466 

780.585 

814.160 

889.795 

944.933 

1000.19 

10 

666.105 

787.516 

811.814 

878.988 

080.871 

003.668 

29i    ^ 


*AfitE  Vlt.-LONa  CHOtlDg. 


ft     ^        1 

1 

Long  Chords. 

__ 

Degree 
of 

Actual 
Arc, 

Curve 

One 

9 

8 

4 

5 

6 

^/ VKA    »  v» 

Station. 

Stations. 

Stations. 

Stations. 

Stations. 

Stations. 

lOoiO' 

100.181 

199.218 

296.860 

892.171 

484.897 

578.818 

20 

.186 

199.187 

296.756 

891.914 

483.886 

571.986 

30 

.140 

199. ISl 

296.651 

891.652 

488.867 

571.087 

40 

.145 

'        199.134 

296.544 

891.887 

482.840 

570.118 

50 

.149 

1        199.107 

1        296.436 

1    891.117 

!    482.305 

560.186 

11 

1     100.154 

199.079 

296.325 

890.843 

i    481.762 

568.245 

10 

1          .158 

199.051 

296.214 

390.565 

i    481.211 

567.898 

20 

.163 

199.023 

296.100 

:    390.284 

1    480.658 

566.884 

30 

.168 

198.994 

295.985 

,    889.996 

1    480.086 

565.848 

40 

.173 

198.964 

i        295.868 

'    389.706 

,    479.511 

!    564.848 

50 

.178 

198.935 

295.750 

389.414 

:    478.929 

568.841 

12 

100.183 

198.904 

i        295.629 

889.116 

478.888 

508.881 

10 

.188 

'        198.874 

1        295.508 

888.814 

4T7.74D 

661.887 

20 

.193 

198.843 

1        295.884 

888.508 

477.185 

SOO.dIO 

30 

.199 

198.811 

295.259 

388.197 

478.581 

660. 1H0 

40 

.204 

198.779 

;        295  182 

387.883 

475.809 

566.107 

50 

.209 

198.747 

295.004 

887.566 

475.870 

567.080 

18 

100.215 

19.i.7l4 

294.874 

887.248 

474.688 

566.981 

10 

220 

198.681 

294.742 

;    386.916 

478.968 

564.800 

20 

236 

198.648 

294.609 

1    386.586 

478.886 

568.684 

30 

232 

198.614 

294.474 

386.252 

472.675 

668.646 

40 

237 

198.579 

294.337 

385.914 

472.007 

651.806 

50 

.^3 

196.544 

294.199 

385.572 

471.882 

560.288 

14 

100.249 

198.509 

294.069 

885.225 

470.649 

540.066 

10 

255 

198.474 

293.918 

i    884.875 

469.958 

547.867 

20 

.261 

198.437 

293.774 

•    384.521 

469.260 

546.666 

30 

.267 

198.401 

293.629 

1    884.168 

468.554 

545.468 

40 

.274 

198.3&4 

293.483 

883.801 

467.840 

544.286 

50 

280 

198.327 

293.385 

1    883.435 

467.119 

548.987 

16 

100.286 

198.289 

298.185 

!    368.065 

466.890 

541.786 

10 

292 

198.251 

298.034 

,    882.691 

465.664 

540.478 

20 

.299 

198.212 

292.881 

'    882.813 

464.911 

580.106 

30 

.306 

198.173 

292.728 

881.981 

464.160 

687.006 

40 

.312 

196.134 

292.570 

i   '881.546 

468.401 

686.606 

50 

.319 

198.094 

292.412 

881.156 

462.686 

686.800 

16 

100.326 

198.054 

292.252 

880.768 

461.868 

688.978 

10 

.333 

138.013 

292.091 

880.366 

461.061 

588.686 

20 

.339 

197.972 

291.928 

379.964 

460.898 

581.387 

30 

.346 

197. 9-30 

291.764 

379.559 

450.496 

680.087 

40 

.a53 

197.888 

291.596 

879.150 

468.606 

588.666 

50 

.361 

197.846 

291.480 

878.787 

457.886 

687.171 

17 

100.368 

197.808 

291.261 

878.820 

457.009 

685.776 

10 

.875 

197.760 

291.090 

877.900 

466.844 

604.800 

20 

.382 

197.716 

290.918 

377.475 

456.418 

688.860 

ao 

.890 

107.672 

290.748 

877.047 

454.574 

681.510 

40 

.397 

107.628 

290.568 

876.615 

468.788 

680.078 

50 

.403 

197.583 

290.890 

876.179 

458.875 

618.085 

18 

100.412 

107.. 538 

290.211 

875.739 

468.015 

517.100 

10 

.420  i 

107.492 

200.031 

875.296 

451.147 

616.066 

20 

.428 

107.446 

289.849    ; 

874.848 

450.873 

514.106 

80 

.436 

107.309    ' 

289.665    1 

374.897 

440.898 

518.009 

40 

.444 

107.3->2 

289.479    : 

873.942 

448.504 

611.100 

,«   ^ 

.452  ; 

107.303 

289.292    ! 

878.483 

447.606 

500.070 

19 

100.460  1 

197.2.>a    '■ 

289.101    1 

878.021 

446.706 

606.189 

10 

.468  • 

197.209 

288.918 

879.554 

446.707 

600.607 

20 

.478  ; 

197.160    1 

288.722    1 

872.084 

444.8B1 

606.00 

80 

.484  ; 

197.111     • 

288.528 

871.610 

448.0B7 

608.479 

40 

.498 

197.068 

28R.833 

871.188 

448.008 

001.906 

^  W 

.601 

197.013 

288.187 

870.668 

448.001 

600.880 

90 

100.510 

196.968 

287.969 

870.167 

441.147 

408.7M 

im 


TABLE  Vn.— LONG  CHORDS. 


Degree 

of 
Corre. 

Long  Chords. 

7 

8 

9 

10 

11 

18 

Statkms. 

Stations. 

Stations. 

Stations. 

Stations. 

Stations. 

10"  10 

666.783 

786.467 

806.426 

875.025 

934.741 

987.105 

90 

666.890 

788.367 

805.495 

871.068 

929.542 

980.478 

80 

663.805 

781.977 
729.187 

802.524 

867.038 

9^4.276 

973.760 

40 

669.460 

799.512 

862.963 

918.943 

966.967 

50 

650.S63 

726.967 

796.458 

858.836 

913.544 

960.093 

11 

649.496 

724.767 

793.364 

854.656 

906.080 

953.141 

10 

647.960 

722.587 

790.230 

850.425 

902.550 

946.112 

90 

646.460 

720.278 

787.056 

846.140 

896.957 

939.007 

80 

644.011 

717.990 

783.843 

841.808 

891.303 

9:^1.828 

40 

643.849 

716.672 

780.590 

837.424 

885.586 

924.575 

50 

641.759 

718.325 

777.298 

832.990 

879.807 

917.250 

It 

640.149 

710.950 

778.968 

828.507 

673.968 

9C9.854 

10 

688.619 

708.546 

770.600 

823.974 

868.070 

902.389 

90 

686.869 

706.118 

767.193 

819.394 

862.113 

894.855 

80 

636.101 

706.653 

763.749 

814.766 

856.099 

887.254 

40 

633.501 

701.164 

760.268 

810.092 

850.028 

879.588 

60 

631.799 

696.647 

756.749 

805.370 

843.900 

871.857 

IS 

680.069 

696.103 

753.194 

800.602 

837.718 

864.063 

10 

698.813 

693.531 

749.603 

795.790 

831.482 

856.906 

90 

696.644 

690.932 

746.976 

790.932 

825.192 

848.293 

80 

694.756 

688.306 

742.313 

786.030 

818.850 

840.318 

40 

699.049 

685.653 

738.616 

781.085 

812.457 

632.286 

50 

691.193 

682.974 

734.883 

776.096 

806.013 

8^.198 

14 

619.978 

660.268 

731.116 

771.066 

799.520 

816.056 

10 

617.413 

677.585 

727.315 

765.993 

792.979 

807.860 

90 

616.630 

674.777 

723.480 

760.879 

786.389 

799.612 

80 

618.698 

671.998 

719.612 

755.725 

779.753 

791.313 

40 

611.706 

669.163 

715.711 

750.531 

773.072 

782.966 

60 

609.760 

666.348 

711.777 

745.297 

766.345 

774.571 

16 

607.819 

663.488 

707.811 

740.024 

759.575 

766.130 

10 

605.836 

660.603 

703.814 

734.714 

752.763 

90 

608.849 

657.693 

699.785 

729.366 

745.908 

80 

601.831 

654.758 

695.725 

723.982 

739.014 

40 

590.801 

661.799 

691.634 

718.561 

732.078 

50 

507.758 

648.817 

687.513 

713. 1(» 

725.104 

16 

596.688 

645.810 

683.362 

707.614 

718.092 

10 

608.606 

642.780 

679.182 

702.088 

711.043 

90 

601.505 

689.727 

674.973 

696.529 

703.959 

80 

589.888 

686.650 

670.735 

690.938 

40 

567.953 

633.550 

666.469 

685.314 

50 

685.101 

630.428 

662.175 

679.659 

17 

582.063 

627.283 

657.854 

673.972 

10 

560.747. 

624.117 

653.506 

668.256 

90 

578.545 

620.928 

649.131 

662.510 

80 

576.896 

617.717 

644.730 

656.735 

40 

574.091 

614.485 

640.304 

650.933 

50 

671.889 

611.232 

635.852 

645.103 

18 

569.571 

607.958 

681.375 

639.245 

10 

567.967 

604.664 

626.874 

90 

564.968 

601.349 

622.349 

80 

569.678 

508.013 

617.801 

40 

560.849 

594.658 

613.229 

50 

567.996 

591.283 

606.635 

19 

656.684 

587.888 

604.018 

10 

668.957 

684.475 

599.379 

90 

660.864 

581.042 

594.720 

80 

648.457 

577.591 

590.039 

40 

546.085 

574.121 

585.339 

60 

648.509 

570.634 

580.618 

• 

20 

641.147 

567.128 

576.8r7 

296 


TABLE  VII.-LONQ  CHORDS. 


Degree 

of 
Curve. 


21» 

23 

2» 

Hi 

26 

27 
28 
29 
SO 

31 » 

a2 

84 
85 
86 
87 
98 

8e 

40 

41» 

42 

4J) 

44 

46 

40 

47 

48 

49 

80« 


Actual 
Arc, 
One 

Station. 


100.502 
100.017 
100.675 
100.785 
100.798 
100.868 
100.981 
101.002 
101.075 
101.162 

101.280 
101.812 
101 .896 
101.482 
101.572 
101.664 
101 .759 
101.857 
101 .967 
102.060 

102.166 
102.275 
102.386 
102.500 
102.017 
102.787 
103. 860 
102.985 
103.114 
108.245 


LoNO  Chords. 


Stations. 


196.651 
196.825 
195.985 
195.630 
195.259 
194.874 
194.474 
194.059 
198.630 
198.186 

192.726 
192.258 
191.704 
191.261 
190.743 
190.211 
189.606 
189.104 
188.528 
18r.939 

187.334 
186.716 
186.064 
186.437 
184.776 
184.101 
183  413 
183.709 
181.993 
181.263 


8 

Stations. 


286.716 
285.437 
284.101 
282.709 
281.262 
279.759 
278.201 
276.689 
274.924 
378.306 

271.488 
369.610 
267.784 
366.808 
363.830 
361.808 
359.727 
367.602 
255. 42>) 
258.209 

250.942 
248.629 
246.271 
243.868 
341  Ail 
388.98-2 
236.400 
284.826 
281.212 
228.558 


4 
Stations. 


367.179 
364.060 
360.810 
357.438 
&53.930 
350.808 
346.556 
342.688 
338.704 
334.607 

880.897 
326.078 
321.664 
817.126 
312.496 
30r.768 
802.946 
298.08a 
298.038 
287.988 

282.786 
277.514 
272.186 
2H6.784 
261 .313 
255.775 
250.178 
244.513 
288.796 
288.026 


5 

Stations. 


436.845 
429.805 
433.063 
416..'»5 
409.819 
402.891 
395.768 
388.428 
380.906 
378.305 

865.838 
857.384 
849.061 
840.739 
832.284 
828.607 
814.866 
806.967 
397.018 
287.989 

378.777 
369.635 
360.223 
260.848 
341 .421 
331.958 
322.448 
312.930 
308.377 
198.838 


6 

Stations. 


488.981 
478.775 
466.370 
457.483 
446.280 
434.837 
428.092 
411.092 
896.846 
886.870 

878.686 
860.806 
847.759 
884.. 566 
821.220 
807.768 
294.222 
880.600 
866.928 
358.209 

289.478 
225.750 
218.045 
196.380 
184.776 
171.8.51 
107.884 
144.612 
181.886 
118.810 


'  > 


0ORfiE(?nONS  poll  atJECHOHD  LBKGTH8.   |  lOB. 


D 

EO 

« 

BD 

10 

» 

SO 

85 

» 

. 

8* 

m 

«08 

.008 

001 

a;= 

M9 

.ai8 

m 

093 

006 

.OM 

MS 

ss 

isrfl 

.885 

198 

099 

.006 

29 

.403 

6 

017 

Ml 

.009 

m 

.013 

008 

31 

:«i 

:S88 

gS6 

m 

aa 

988 

ISO 

» 

xa 

oa4 

isa? 

10° 

MS 

WO 

:oM 

m 

295 

.060 

MB 

85 

303 

1M 

IS 

!sa3 

830 

13 

oei 

»0 

.659 

OSS 

»s 

;oi8 

338 

.m 

:+3B 

3.^B 

184 

.055 

ir« 

104 

IS 

KS 

!483 

JOT 

■ffi-9 

^ 

^ 

*851 

s 

48r 

l^ 

m 

43 

236 

lei 

!ooe 

!s8fl 

480 

,108 

m 

46 

:oeo 

.613 

»8 

i59 

se 

asi 

061 

i.rs4 

ss 

ses 

198 

m 

S75 

m 

:hi 

48 

O'u 

:69B 

573 

m 

:IIl 

187 

)T0 

49 

«• 

838 

sw 

.isa 

1.214 

i™ 

S8 

Ml 

TABLE  yUL-MIQQLB  0RD1NATB9. 


D^ 

13 

3 

4 

3 

« 

can-..      «'»' 

BUCioDS. 

"■'"-■ 

ai-         < 

594 

18^4 

40  431 

70.473 

107.3*4 

149  809 

19081 

4S 

376 

7S.64B 

76.517 

34             f 

1« 

ire 

478 

SI 

47 

788 

SBieao 

I34;a4S 

69! 

3i 

495 

41 

581 

85.437 

358 

a 

tK 

B77 

380 

1.15:990 

sao 

St 

038 

B3.S73 

85 

66 

193 

IB5 

BOB 

734 

» 

309 

m.ens 

W 

37 

681 

101,878 

149.898 

34             7 

4?a 

as 

<» 

196:iI0 

61HJ 

30 

)71 

xa 

109:406 

SC 

335 

S»             i 

387 

3S 

09 

:!33 

110:4S4 

593 

33 

«1 

71 

TS 

m 

041 

3B 

J8I 

74 

647 

las.uoa 

287 

!-i4.937 

43             ^ 

3E 

7! 

71 

1S5 

38 

47            10 

'f 

;? 

8f 

S3B 

•m 

169 

60"          11 

m 

42 

87 

fieo 

TABLE  VIIL-MIDDLE  ORDmATES. 


TABLE  VIU. -MIDDLE  0RDIXA.TE3. 


Degree 

of 
Curve. 

1 

*Z 

8 

4 

1 
8 

6 

Station. 

Stations. 

Stations. 

Statioms. 

Stations. 

Stations. 

0"  i(y 

.086 

.145 

.827 

.682 

.909 

1.800 

20 

.078 

.291 

.654 

1.164 

1.818 

2.618 

80 

.109 

.436 

.982 

1.745 

2.727 

8.026 

40 

.145 

.682 

1.309 

2.327 

3.686 

6.286 

50 

.182 

.727 

1.636 

2.909 

4.545 

6.644 

1 

.218 

.878 

1.963 

3.490 

5.453 

7.868 

10 

.255 

1.018 

2.291 

4.072 

6.862 

0.160 

20 

.291 

1.164 

2.618 

4.654 

7.270 

10.466 

30 

.327 

1.309 

2.945 

5.235 

8.179 

11.775 

40 

.3&4 

1.454 

3.272 

5.816 

9.067 

18.068 

50 

.400 

1.600 

3.599 

6.396 

9.994 

14.860 

2 

.486 

1.745 

3.926 

6.979 

10.902 

16.604 

10 

.473 

1      1.891 

4.258 

7.560 

11.809 

17.000 

20 

.509 

2.036 

4.580 

8.141 

12.716 

18.804 

80 

.545 

2.181 

4.907 

8.722 

13.628 

10.606 

40 

.582 

2.827 

5.234 

9.803 

.    14.529 

20.018 

50 

.618 

2.472 

5.561 

9.883 

15.486 

22.214 

3 

.654 

2.618 

5.888 

10.464 

16.341 

23.516 

10 

.691 

2.763 

6.215 

11.044 

17.246 

24.817 

20 

.727 

2.908 

6.542 

11.624 

18.151 

26.117 

80 

.763 

3.054 

6.868 

12.204 

19.066 

27.416 

40 

.800 

3.199 

7.195 

12.7&4 

19.950 

28.714 

50 

.836 

8.345 

7.522 

13.868 

20.868 

80.018 

4 

.872 

8.490 

7.848 

18.948  ^ 

21.766 

81.806 

10 

.909 

3.635 

8.176 

14.522 

22.668 

82.608 

20 

.945 

3.781 

8.501 

15.101 

28.670 

88.806 

80 

.982 

8.926 

8.828 

15.680 

24.471 

86.180 

40 

1.018 

4.071 

9.154 

16.258 

25.872 

86.480 

60 

1.054 

4.217 

9.480 

16.837 

26.272 

87.770 

6 

1.091 

4.862 

9.807 

17.416 

27.171 

80.060 

10 

1.127 

4.507 

10.133. 

17.992 

28.070 

40.846 

20 

1.164 

4.653 

10.459 

18.570 

28.968 

41.681 

80 

1.200 

4.798 

10.785 

19.147 

29.866 

48.016 

40 

1.287 

4.943 

11.111 

19.734 

80.768 

44.106 

50 

1.278 

5.088 

11.436 

20.801 

81.666 

46.470 

6 

1.809 

5.234 

11.762 

20.877 

82.668 

46.750 

10 

1.346 

5.379 

12.068 

21.458 

88.448 

48.087 

20 

1.882 

5.524 

12.418 

22.029 

84.841 

40.818 

80 

1.418 

5.669 

12.739 

22.604 

86.234 

60.687 

40 

1.455 

5.814 

13.064 

28.179 

86.126 

51.800 

50 

1.491 

6.960 

13.889 

28.754 

87.017 

68.180 

7 

1.528 

6.105 

18.715 

24.828 

87.007 

54.808 

10 

1.5&4 

6.250 

14.040 

24.902 

86.796 

66.606 

20 

1.600 

6.895 

14.865 

25.476 

80.684 

66.881 

80 

1.637 

6.540 

14.689 

26.049 

40.671 

58.108 

40 

1.678 

6.685 

15.014 

26.622 

41.468 

68.464 

50 

1.710 

6.831 

15.339 

27.195 

42.848 

80.718 

8 

1.746 

6.976 

15.663 

27.787 

48.227 

61.000 

10 

1.7J=3 

7.121 

15.988 

28.388 

44.110 

68.888 

20 

1.819 

7.266 

16.312 

28.910 

44.008 

64.475 

80 

1.855 

7.411 

16.636 

29.481 

45.678 

06.784 

40 

1.892 

7.556 

16.960 

80.051 

46.768 

06.078 

50 

1.928 

7.701 

17.284 

80.621 

47.682 

68.818 

9 

1.965 

7.846 

17.608 

81.190 

48.510 

eo.468 

10 

2.001 

7.991 

17.982 

81.759 

40.886 

70.008 

20 

2.037 

8.186 

18.255 

82.828 

60.261 

71.080 

80 

2.074 

8.281 

18.578 

82.806 

51.18S 

78.171 

40 

2.110 

8.426 

18.902 

83.464 

68.006 

74  408 

60 

2.147 

8.571 

19.225 

84.081 

68.880 

78.888 

10 

2.188 

8.716 

19.548 

84.607 

68.780 

70.888 

w  fm^ 


T^xBUE  YnL-MIODLE  OEDIKATSa 


Degree 

1 

7 

8 

• 

10 

1 

11 

IS 

Curve. 

Stations. 

Stations. 

Stations. 

Stations. 

Stations. 

Stations. 

a«  i(/ 

1.782 

2.327 

2.945 

8.686 

4.400 

5.286 

20 

8.563 

4.654 

5.800 

7.272 

8.799 

10.471 

ao 

5.&15 

6.981 

8.835 

10.907 

13.197 

15.704 

40 

7.126 

0.807 

11.778 

14.&40 

17.583 

20.986 

50 

8.907 

11.632 

14.721 

18.173 

21.987 

26.164 

I 

10.687 

13.057 

17.663 

21.808 

26.3i8 

31.888 

10 

12.467 

16.281 

20.603 

^.431 

80.766 

86.607 

ao 

14.216 

18.601 

23.541 

29.067 

85.150 

41.821 

ao 

16.024 

20.925 

26.477 

82.679 

89.580 

47.028 

40 

17.808 

23.216 

20.411 

36.298 

43.905 

52.229 

50 

10.579 

25.564 

82.a43 

39.914 

48.274 

67.422 

9 

21.3S5 

27.881 

35.272 

43.525 

62.687 

62.606 

10 

23.180 

;      80.197 

88.198 

47.131 

56.993 

67.7W) 

so 

24.903 

32.510 

41.121 

!      50.7I« 

61.343 

72.045 

30 

26.676 

34.821 

44.040 

M.330 

65.684 

78.006 

40 

28.447 

37.130 

;      46.956 

57.921 

70.018 

83.240 

50 

80.216 

80.436 

49.868 

61.506 

74.342 

88.370 

8 

31.984 

41.740 
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65.084 

78.657 

93.486 

10 

83.751 

!      44.041 

55.679 

68.656 
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20 

85.516 

46.839 
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108.675 

80 
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40 
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50.926 
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60 
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■ 
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118.841 

it 
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44.812 
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128.864 

20 
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133.847 

ao 
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78.717 
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116.986 

188.810 

40 

40.564 
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81.570 
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148.753 

60 
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66.868 
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125.366 
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20 
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92.911 
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141.903 
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40 
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60 
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177.708 
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20 
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119.596 

150.085 
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10 
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20 

97.208 

1^.911 

157.^4    1 

192.824 
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30 
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40 
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50 
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10 
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TABLE  Vni.-Mn)DLE  ORDINATES. 
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2.329 
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11 
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80 
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10.019 
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87.772 

40 
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62.877 

88.969 

50 

2.584 
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40.795 

68.282 

90.164 

12 

2.620 

10.453 

23.412 

41.865 

64.066 

91.866 

10 

2.657 

10.597 

23.782 

41.914 

64.987 

92.542 

20 

2.693 

10.742 

24.053 

42.478 

65.787 

98.727 

80 

2.730 

10.887 

24.374 

43.031     , 

66.686 

94.906 

40 

2.766 

11.031 

:^.694 

43.588 

67.482 

96.066 

50 

2.803 

11.176 

25.014 

44.145 

68.828 

97.260 

13 

2.839 

11.320 

25.334 

44.701 

69.171 

96.481 

10 

2.870 

11.465 

25.654 

45.256 

70.018      . 

99.696 

20 

2.912 

11.609 

25.974 

45.811 

70.854      1 

100.762 

80 

2. 949 

11.754 

26.293 

46.365 

71.692 

101.922 

40 

2.985 

11.898 

26.612 

46.919 

?2.529 

106.079 

50 

8.022 

12.043 

26.931 

47.472 

73.864 

104.282 

14 

3.058 

12.187 

27.250 

48.024 

74.197 

106.881 

10 

8.095 

12.331 

27.569 

48.575 

75.029 

106.687 

20 

8.131 

12.476 

27.887 

49.126 

75.859 

107.609 

80 

8.168 

12.620 

28.206 

49.676 

76.687 

106.807 

40 

3.204 

12.764 

28.524 

50.225 

77.618 

109.941 

50 

8.241 

12.9G8 

28.841 

50.778 

78.887 

111.071 

16 

8.277 

13.058 

29.159 

51.321 

79.169 

112.197 

10 

8.314 

13.197 

29.476 

51.866 

79.979 

118.819 

20 

3.350 

13.841 

29.794 

52.414 

80.796 

114.486 

80 

8.387 

13.485 

80.111 

52.959 

81.614 

116.668 

40 

3.423 

13.629 

30.427 

53.504 

82.429 

116.668 

50 

3.460 

13.778 

30.744 

54.048 

88.241 

117.766 

16 

8.496 

18.917 

81.060 

64.591 

84.062 

118.870 

10 

8.533 

14.061 

31.376 

66.188 

84.861 

119.907 

20 

3.509 

14.205 

31.692 

65.676 

85.667 

121.061 

80 

3.606 

14.849 

32.006 

66.215 

86.4n 

128.160 

40 

3.643 

14.493 

32.323 

66.765 

87.274 

128.886 

60 

8.679 

14.687 

32.688 

67.294 

88.074 

184.815 

17 

3.716 

14.781 

32.958 

67.882 

88.872 

185.891 

10 

8.752 

14.925 

33.267 

68.869 

89.668 

180.408 

20 

8.789 

15.069 

83.582 

58.906 

90.462 

187.680 

80 

3.825 

15.212 

33.896 

59.441 

91.254 

188.608 

40 

8.862 

15.356 

34.210 

69.976 

92.048 

189.061 

50 

C.899 

15.500 

34.528 

60.510 

j    92.880 

180.^ 

18 

3.935 

15.643 

84.887 

61.042 

98.616 

181.788 

10 

8.972 

15.787 

85.150 

61.574 

94.896 

188.797 

20 

4.006 

15.931 

85.463 

62.106 

95.179 

188.887 

80 

4.045 

16.074 

85.775 

62.686 

95.957 

184.832 

40 

4.081 

16  218 

86.088 

63.165 

96.788 

186.908 

60 

4.118 

16.361 

86.400 

i      63698 

9r.506 

180.988 

19 

4.155 

16.505 

86. n2 

64.221 

96  278 

187.9« 

10 

4.191 

16.648 

1      87.028 

64.747 

99.047 

188.004 

20 

4.228 

16.792 

87.384 

65.278 

99.818 

180.9ns 

80 

4.265 

16  935 

'      87.645 

65.797 

100.677 

140.981 

40 

4.301 

17.078 

37.956 

66.821 

101.889 

141.988 

50 

4.888 

17.222 

88.266 

66.848 

102.096 

148.9SB 

20 

4.874 

17.865 

88.676 

67.865 

ias.865 

148.0W 

800 
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TABLE  XIV.-GHADES  AND  GRADE  ANGLES. 


TABLE  XrV. -GRADES  AND  GRADE  ANGLES. 


Feet 

Feet 

1 
Feet 

per 
Sta- 

Feet per 

Inclina- 

per 

Sta- 

Feet per 

Liclina- 

1  per 

Feet  per 

Inclin- 

MUe. 

tion. 

Mile. 

tion. 

i  Sta- 

Mile. 

ation. 

tion. 

tion. 

tion. 

1 

o     /      ■ 

O       f        » 

i 

0      /      • 

.01 

.528 

21 

.51 

26.928 

17  32 

1.01 

68.828 

84  43 

.02 

1.056 

41 

..52 

27.456 

17  53 

1.02 

68.856 

85  04 

.03 

1.584 

1  02 

.58 

27.984 

18  18 

1.03 

64.884 

85  24 

.04 

2.112 

123 

.54 

28.512 

18  34 

1.04 

64  912 

86  46 

.05 

2.640 

1  43 

.55 

29.040 

18  54 

1.05 

55.440 

86  06 

.06 

3.168 

204 

.56 

29.568 

19  15 

1.06 

65.968 

86  26 

.07 

3.696 

224 

!     .57 

30.096 

19  86 

1.07 

56.496 

86  47 

.08 

4.224 

245 

..58 

30.624 

19  56 

1.08 

67.024 

87  06 

.09 

4.752 

306 

.59 

31.152 

20  17 

1.09 

67.552 

87  28 

.10 

5.280 

326 

.60 

31.680 

20  88 

1.10 

68.060 

87  49 

.11 

5.808 

3  47 

.61 

82.206 

20  58 

1.11 

58.608 

88  09 

.12 

6.336 

408    1 

.62 

82.736 

21  19 

1  1.12 

69.186 

88  80 

.18 

6.864 

428 

'     .63 

83.264 

21  39 

'  1.13 

69.664 

88  51 

.14 

7.392 

4  49 

'     .64 

33.792 

22  00 

1.14 

60.192 

39  11 

.15 

7.920 

509 

1      65 

84.320 

22  21 

1.16 

60.780 

89  82 

.16 

8.448 

5  30 

.06 

34.848 

22  41 

1.16 

61.248 

89  68 

.17 

8.976 

5  51     1 

1     .67 

85.376 

23  02 

1  1.17 

61.776 

40  18 

.18 

9.504 

6  11 

;     .68 

35.904 

23  23 

1.18 

62.804 

40  34 

.19 

10.032 

6  32 

i     .69 

36.432 

23  43 

,  1.19 

62.882 

40  54 

.20 

10.560 

653 

i     .70 

86.960 

24  04 

1  1.20 

68.860 

41  15 

.21 

11.088 

7  13    1 

.71 

87.488 

24  24 

1.21 

68.888 

41  85 

.22 

11.616 

7  84 

.72 

88.016 

24  45 

l.S>2 

64.416 

41  56 

.23 

12.144 

7  54 

.73 

88.544 

25  06 

1.28 

64.944 

42  17 

.24 

12.672 

8  15 

.74 

39.072 

25  26 

1.24 

66.472 

48  86 

.25 

13.200 

886 

.75 

39.600 

25  47 

1.25 

66.000 

48  58 

.26 

13.728 

856    , 

.76 

40.128 

26  08 

1.26 

66.528 

48  19 

.27 

14.256 

9  17    ; 

.77 

40.656 

26  28 

1.27 

67.056 

48  89 

.28 

14.784 

938    1 

.78 

41.184 

26  49 

1.28 

67.584 

44  00 

.29 

15  312 

9  58    1 

.79 

41.712 

27  09 

1.29 

68.112 

44  81 

.30 

15.840 

10  19    1 

.80 

42.240 

27  80 

i.ao 

68.640 

44  41 

.81 

16.368 

10  39 

.81 

42.768 

27  51 

1.81 

69.168 

45  08 

.32 

16.896 

11  00    : 

.82 

48.296 

28  11 

1.82 

69.606 

45  88 

.33 

17.424 

11  21     1 

.83 

43.824 

28  32 

1.88 

70.224 

46  48 

.84 

17.952 

11  41     ' 

.84 

44.352 

28  58 

1.84 

70.758 

46  01 

.35 

18.480 

12  02 

.85 

44.880 

29  13 

1.85 

71.280 

46  1M 

.36 

19.008 

12  23 

.86 

45.408 

29  84 

1.86 

71.808 

46  45 

.37 

19.536 

12  43    i 

.87 

45.936 

29  .54 

1.87 

72.386 

47  06 

.38 

20.064 

13  04 

.88 

46.464 

80  15 

1.38 

78.864 

47  86 

.89 

20.592 

13  24 

.89 

46.9!)2 

30  86    . 

1.89 

78.808 

47  47 

.40 

21.120 

13  4C 

.00 

47.520 

30. '17 

1.40 

78.980 

48  OB 

.41 

21.648 

14  06 

.91 

'    48.048 

81  17 

1.41 

74.448 

48  88 

.42 

22.176 

14  26 

.92 

48.576 

31  38 

,  1.42 

74.978 

48  48 

.43 

22.704 

14  47    ] 

.98 

49.104 

31  58 

1.48 

75.604 

49  08 

.44 

23.232 

15  08    1 

.94 

49.&32 

82  19 

1.44 

76.068 

49  80 

.45 

23.760 

15  28 

.95 

50.160 

82  89 

1.45 

76  560 

49  51 

.46 

24.288 

15  49 

.96 

50.688 

83  00 

1.46 

77.088 

60  11 

.47 

24.816 

16  09 

.97 

51.216 

33  21 

1.47 

77.«16 

60  88 

.48 

25.844 

16  80 

.98 

51.744 

a3  41 

1.48 

78.144 

6058 

.49 

25.872 

16  51 

.99 

52.27S 

84  02 

1.49 

78.«72 

51  IS 

.50 

26.400 

17  11 

1.00 

52.800 

84  28 

1 

1.60 

79.800 

6184 

X 


80o 


N 


TABLE  XIV.— GRADES  AM)  GRADE  ANGLES. 


Feet 

1 

i 

Feet 

1 

1 

Feet 

per  I 
Sta- 

Feet per 

Inclina- 

per 

Sta- 

Feet per 

Tnclina-  i 

Sta- 

Feet per  f 

Tnclina- 

Mile. 

tion. 

MUe.     j 

tion. 

Mile.     1    tion. 

tion. 

i 

tion. 

: 

tion. 

( 

0      /       • 

O       /        ■ 

1    o      /      • 

1.51  1 

79.728 

51  54  1 

2.05 

108.240     1  10  28 

5.10 

£69.280     2  55  10 

1.52 

80.256 

52  15 

2.10 

110.880     1  12  11 

5.20 

374.560     2  58  86 

1..58  ' 

80.784  ' 

52  36 

2.15 

118.520     1  13  54  i 

5.30 

379.840     3  02  09 

1.54 ; 

81.312 

52  56  ; 

2.20 

118.160 

1  15  37 

5.40 

385.120  1  3  05  27 

1.55  ' 

81.840 

53  17 

2.25 

118.800 

1  17  20 

5.50 

290.400  '  3  08  68 

1.56  ; 

82.368  1 

53  37 

2.80 

121.440 

1  19  06 

6.60 

295.680  ,  3  12  19 

1.57 

82.896  ' 

53  68 

2.85 

124.080 

1  20  46 

6.70 

800.960  '  3  16  44 

1.58  i 

83.424 

54  19 

2.40 

126.720 

1  22  29 

6.80 

806.240     3  19  10 

1.59 

83.952 

54.89 

2.45 

129.360 

1  24  12 

5.90 

811.520     3  22  86 

1.60 

84.480 

55  00 

2  50 

132.000     1  25  66 

6.00 

816.800     8  26  01 

1.61 

a5.008 

65  21 

2.56 

134.640  1  1  27  89 

6.10 

822.080     3  29  27 

1.62  , 

85.536 

55  41 

2.60 

137.280     1  29  22 

6.20 

827.860     8  82  52 

1.63 

86. 064 

56  02 

2.65 

139.920  ;  1  31  06 

6.80 

882.640     8  36  18 

1.64 

86.592 

56  22 

2.70 

142.660  1  1  32  48 

6.40 

337.920  !  8  39  43 

1.05 

87.120  , 

56  43 

2.75 

146.200     1  34  81 

6.50 

848.200  ,  3  43  06 

1.66 

87.648 

57  04 

2.80 

147.840  i  1  86  14 

6.60 

348.480  '  3  46  84 

1.67 

88.176 

57  24 

2.85 

150.480  ,  1  37  67 

6.70 

858.760     3  49  59 

l.(W 

88.704 

57  45 

2.90- 

158.120 

1  39  40  . 

6.80 

369.040     8  53  24 

1.69 

89.232 

58  06 

2.95 

155.760 

1  41  28  1 

6.90 

364.820     3  56  50 

1.70 

89.760 

58  26 

3.00 

158.400     1  48  G6 

7. CO 

869.600 

4  00  15 

1.71 

90.288 

58  47 

3.05 

161.040     1  44  49 

7.10 

374.880 

408  40 

1.72 

90.816 

59  07 

3.10 

168.680     1  46  32 

7.20 

380.160 

407  06 

1.73 

91.^44 

59  28 

3.15 

166.820     1  48  16 

7.80 

886.440 

4  10  81 

1.74 

91.872 

59  49 

8.20 

168.960     1  49  68 

7.40 

890.720 

4  18  56 

1.75 

92.400 

1  00  09 

8.25 

171.600 

1  51  41 

7.50 

896.000  1  4  17  21 

1.76 

92.928 

1  00  30 

8.80 

174.240 

1  53  24 

7.60 

401.280 

4  20  46 

1.77 

93.456 

1  00  51  1 

8.85 

176.880 

1  56  07 

7.70 

406.560 

4  24  11 

1.78 

93.984 

1  01  11  ; 

8.40 

179.520 

1  56  50 

7.80 

411.840 

4  27  36 

1.79 

94.512 

1  01  32 

8.45 

182.160 

1  f,8  38 

7.90 

417.120 

4  81  01 

1.80 

95.040 

1  01  52 

8.50 

184.800 

2  00  16 

8.00 

422.400 

4  84  26 

1.81 

95.568 

1  02  13 

1  «.55 

1     187.440 

2  01  59 

8.10 

427.680  1  4  37  51 

1.82 

96.096 

1  02  34 

8.60 

!     190.080  ,  2  08  42 

8.20 

432.960     4  41  16 

1.83 

96.624 

1  02  54 

8.a5 

!     192.720  '  2  06  26 

8.30 

438.240     4  44  41 

1.84 

97.152 

1  03  15 

8.70 

196.860  ;  2  07  06 

8.40 

448.520  ;  4  48  06 

I.a5 

97.680 

1  03  85 

8.75 

196.000     2  06  61 

8.50 

448.800     4  51  30 

1.86 

98.208 

1  03  56 

8.80 

200.640     2  10  84 

8.60 

454. C80  ,  4  54  .55 

1.87 

98.736 

1  04  17 

8.85 

208.280  ,  2  12  17 

8.70 

459.860  :  4  58  20 

1.88 

99.264 

1  04  87 

3.90 

206.920 

2  14  00 

8.80 

1    464.640  i  5  01  44 

1.89 

99.792 

1  04  58 

8.95 

208.660 

2  15  48 

8.90 

1    469.920  ,  5  05  10 

1.90 

100.320 

1  05  19 

4.00 

i     211.200 

2  17  26 

9.00 

475.200  ;  5  08  84 

1.91 

100.848 

1  05  39 

4.10 

'    216.480 

2  20  52 

9.10 

480.480 

5  11  59 

1    ].92 

101.376 

1  06  00 

4.20 

221.760 

2  24  18 

9.20 

486.760 

6  15  23 

1.93 

101.904 

1  06  20 

4.80 

227.040 

227  44 

9  30 

491.040  ;  5  18  48 

1.94 

102.432 

1  06  41 

4.40 

232.820 

2  81  10 

9.40 

496.320 

5  22  12 

1.95 

102.960 

1  07  02 

4.50 

237.600 

2  34  86 

9  50 

601.600 

5  25  37 

1.96 

103.488 

1  07  22 

4.60 

242.880 

2  88  01 

!  9.60 

606.880 

6  29  01 

1.97 

104.016 

1  07  43 

4.70 

248.160 

2  41  27 

9.70 

512.160 

6  82  25 

1.98 

104.544 

1  08  04 

4.80 

258.440 

2  44  68 

9.80 

617  440 

585  50 

1.99 

105.072 

1  08  24 

4.90 

1    258.720 

2  48  19 

9.90 

632.720 

6  89  14 

2.00 

105. COO 

1  08  45 

'                                  1 

6.00 

264.000 

2  51  46  ' 

1 

10.00 

1 

628.000     5  42  38 

1 

m 


TABLE  XV.— FOB  OBTAINING  BAROMETRIC  HEiaHTS  IN  FEBT. 


Barom- 
eter. 

Inches 
=  h. 


WO 

.1 
.2 
.3 
.4 
.5 
.6 
.7 
.8 
.9 

20«.0 

-     .1 
.2 

.3 
.4 
.5 
.tt 

.  t 
.8 
.9 

21'».0 
.1 
.2 
.3 
.4 
.5 
.6 

.8 
.9 

,  22».0 
.1 
.2 
.3 
.4 
.a 
.6 

Ft 
,   I 

.8 
.9 

i    28°.o 
'  .1 

.2 
.3 
.4 
.5 
.6 
.7 

'  .9 


OAo 


0 

.1 

.2 
.3 
.4 
.5 
.« 

.  i 

.8 
.9 


0.00 


10832 
16970 
17107 

i7)m 

17379 
17514 
17W8 
17781 
17914 
18046 

18178 
18308 
18438 
18568 
18697 
18825 
18953 
19080 
19206 
19332 

19457 
19582 
19706 
19829 
19952 
20074 
20196 
20317 
20438 
20558 

20677 
20796 
20914 
21032 
21150 
21266 
21383 
21498 
21614 
21?28 

21843 
21957 
22070 
22183 
22295 
22407 
22518 
i&i629 
22739 
22849 

22959 
23068 
28176 
23S)5 
2a)92 
23500 
2360(( 
23713 
23819 
23924 


0.02 


16860 
16JW7 
171*4 
17270 
17406 
17540 
17674 
17808 
17940 
18072 

18204 
18334 
184&4 
18594 
187211 
18a51 
18978 
19105 
19231 
19357 

19482 
19606 
19730 
19854 

mm 

20098 
20;i20 
20341 
304(i2 
20581 

20701 
20820 
20938 
21056 
21173 
21290 
21406 
21522 
21637 
21751 

21fm 
21979 
220r,2 
22205 
22317 
tH2i) 
225K) 
22(»1 
22761 
22871 

22981 
23090 

2330(> 
23414 
23521 
23628 
237»4 
23840 
23945 


0.04 


16888 
17V25 
17162 
IT^^ 
17433 
17567 
17701 
17834 
17967 
18099 

18230 
18360 
18490 
18620 
18748 
18'r76 
190O4 
19130 
19256 
19382 

19507 
196;31 
19755 
19878 
20001 
20123 
20244 
20365 
20486 
206(X} 

20725 
20(^3 
20962 
21079 
211iK) 
21318 
21429 
21545 
21660 
21774 

21888 
22002 
22115 

22340 
22451 
22562 
22673 
22783 
22893 

23003 
23111 
23220 
23328 
28435 
23542 
23649 
28755 
28861 
23!W6 

W  - 


U.06 


16915 
17052 
17189 
17325 
17460 
17594 
17728 
17861 
17993 
1812S 

18256 
18886 
18516 
18645 
18774 
18902 
19029 
19156 
19282 
19407 

19532 
19656 
19780 
19903 
20025 
20147 
20269 
20889 
20510 
20629 

20748 
20867 
209K-3 
21103 
21220 
21336 
21452 
21568 
216H3 
21797 

21911 
2!iOs!i) 
22138 
22250 
22362 
2*474 
22585 
22695 
22805 
22915 

23l>^4 
23133 
23241 
23349 
23457 
23564 
23670 
23776 
28K82 
23987 


0.06 


16943 
170H0 
1?216 
17852 
17487 
17621 
17755 
17887 


Diff.  per 
.002  in. 


2.8 
2.8 
2.7 
2.7 
2.7 
2.7 
2.7 
2.7 


18020 

2.7 

18151 

2.6 

18282 

2.6 

18113 

2.6 

18642 

2.6 

18671 

2.6 

18799 

2.6 

18927 

2.6 

19054 

2.6 

19181 

2.6 

19807 

2.6 

19182 

2.6 

19557 

2.6 

19681 

2.6 

19604 

2.6 

19027 

2.6 

200GO 

2.6 

201;^ 

2.6 

20298 

2.4 

20418 

2.4 

20R81 

2.4 

20668 

2.4 

207^14 

2.4 

20891 

2.4 

21009 

2.4 

21126  • 

2.4 

21248 

2.S 

21860 

2.S 

21475 

2.S 

21601 

2.S 

21706 

8.S 

21820 

8.8 

2igat 

.8.8 

22C47 

2.8 

22160 

2.8 

222» 

8.8 

22884 

2.2 

22496 

8.2 

22607 

2.2 

22717 

2.8 

22ft37 

8.8 

22987 

8.2 

28016 

8.8 

28156 

8.8 

28268 

8.8 

28S71 

2.8 

28178 

8.8 

2868S 

8.1 

28008 

8.1 

28796 

.  8.1 

28008 

8.1 

24006 

81 

TABLE  XV.-FOB  OBTAINING  BAROMETKtO  fiEIGfiTS  IN  FEET. 


Barom- 

eter. 

luches 

=  h. 

0.00 

0.02 

0.04 

0.06 

0.06 

Diflf.  per 
.002  ia. 

25°.0 

24029 

24060 

24071 

24092 

24113 

2.1 

.1 

24134 

24155 

24176 

24197 

24217 

2.1 

.2 

24238 

24259 

24280 

24301 

24321 

2.1 

.3 

24342 

24363 

24384 

24404 

24425 

2.1 

.4 

24446 

24466 

24487 

24506 

24528 

2.1 

.5 

24549 

24569 

24590 

24610 

24631 

2.1 

.6 

24651 

24672 

24692 

24713 

24733 

2.0 

.7 

24754 

24774 

24794 

24815 

24835 

2.0 

.8 

24855 

24876 

24896 

24916 

24937 
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TABLE  XX-LENGTHS  OB*  GIftCULAft  AttCS ;  RADIUS  =  1. 


Sec-. 

Length. 

Min. 

Length. 

Deg. 

Length. 

Deg. 

Length. 

1 

.0000048 

1 
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1 
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61  i 
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2 
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2 
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2 
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3 
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3 
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4 
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.0055269 

19 

.3816126 

79 

1.8788101 

20 

i  .0000970 

20 

.0058178 

20 

.3490659 

80 

1.3962684 

21 

.0001018 

21 
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89 
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1   30 
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30 
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i  30 
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90 
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31 
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1  81 

.0090175 

31 
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91 
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32 
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1  32 

.0093084 

32 
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J  93 
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33 
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33 
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i  38 
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1  98 
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.0165806 

!  57 

.9948377 

117 

;  2.0420352 

58 

.0002812 

58 

.0168715 

!  58 

i  1.0122910 

1  118 

2.0594885 

59 

.0002860 

59 

.0171624 

1  59 

1  1.0297443 

119 

2.0769418 

60 

1  .0002909 

1  60 

.0174583 

60 

!  1.0471976 

j;  123 

2.0948961 

m 


TABLE  XXI.    M1SUTE8  IN  DECIMALS  OF  A  DEGItlfta. 


0" 


0 

.00000  ■ 

1 

.01(W7  ■   . 

2 

.03:*«      . 

8 

.05000      . 

4 

.0«t)07  .   . 

5 

.0*«:^      . 

6 

.10000      . 

.inMJ7      . 

H 

.1*«:^     . 

» 

.15000      . 

10 

.ltfti(>7      . 

11 

.  1H:«3      . 

1:2 

.'>.IIKK)      . 

18 

.iimr    . 

14 

.«J3:i3  :  . 

15 

.25000  i   . 

Ht 

.2<M5<>7  ■   . 

17 

.aH3:«     . 

IK 

.:WO0O  .  . 

I!) 

.31(«{7  1  . 

•JO 

.83:^3      . 

•il 

.mMX)     . 

•« 

.mmr    . 

AS 

.38:«3  :  . 

.i4 

.400JK)  ■   . 

•r> 

Aimr    . 

•J<{ 

.  13:^:«     . 

.K 

.45iH)0 

•JH 

.4m\7     . 

2» 

.48333      . 

.SO 

..50000      . 

31 

.51067      . 

»;i 

.533:W      . 

33 

.55000      . 

34 

.56(i<)7      . 

85 

.58:333      . 

86 

.60000      . 

87 

.61667      . 

88 

.63333      . 

80 

.(i50l)0 

40 

.6lMki7      . 

41 

.6«Ci33  .   . 

i2 

.70000 

43 

.71')l>7      . 

4t 

.73:iW      . 

45 

.7.'>(X)t> 

Mi 

smu 

47 

1  .78;i33      . 

IS 

.8UH)0      . 

4» 

.8HitJ7 

50 

.sr^iiW      . 

51 

.8.-)<K)0  1    . 

5a 

.8imm;7 

fi8 

.f^m 

51 

.'MMH) 

55 

Mimr 

50 

.\mxi    . 

57 

MTHMH) 

58 

.«M'i«i67 

5» 

.[fiiWi 

10- 


00-278 
01!M4 
0:^)11 
03:^78 
06944 
08611 
10;}78 
11{^4 
1*511 
1.5278 
16944 

,18611 

.ao-^r8 

.21944 

.ii;mi 

.25278 

.26944 

.28611 

.30278 

.31944' 

.33611 

85278 
36944 
38611 
40278 
41944 
4:^51 1 
45278 
4t>944 

m\i 

50278 

51{M-t 
.'>3«ill 
5.5278 
5»!i»4 
5S'J11 
WI278 
61944 

mm 

(r>278 
66944 

fJ8«}ll 
70278 
7194  4 
7:3<511 
75278 
7t;9 1 1 
78611 
80278 
81044 


0 


K5278 
86914 
KSfiU 
lMh>78 
91!U1 

\nn  1 

9.5278 
96914 
9s»ill 

10- 


I 


15' 


.00417 
.02(K3 
.03750 
.05417 
.07083 
.08750 
.10417 
.12l>83 
.13^50 
.1.5417 
.1708;^ 

.187.50 
.20417 
.2208:3 
.23750 
.25417 
.27083 
.28750 
.30417 
.8208:3 
.33750 

.3.5417 
.37083 
.387.50 
.4<U17 
.42083 
.43r50 
.45417 
.47083 
.48750 
.50417 


r  I 


..VJ0fi3 
..53750 
.5r>417 
..57(K3 
.587.50 
.(J0417 
.6-i083 
.63r50 
.6.5417 
.67083 

.r)87.50 
.70117 
.72IK3 
.7:37.")0 
.75417 
.77iw:3 
.  787«"i0 
.8(W17 
.82«W:3 
.8.37.y) 

.85417 
.87<K3 
.8K7.50 
.!H)417 
.92083 
.J«;.50 
.95417 
.97085 


20- 


(M)556 
.02222 
.03889 

05.V)6 
.07222 
.08889 
.  105.5<) 
.12222 
.13889 
.  15.556 


.so- 


lo- 


45' 


50- 


.1 


..S.5.W6 
..S«22 

.;«889 
.405.56 
.42222 
.43889 
.4.55.5(J 
. 47222 
.-48889 
..:>.j556 

..52222 
.53889 
.  55.5.56 

..'58889 
.t)i«.56 
.6-i»22 
.«W889 
.(>.55.5<J 

.♦',8889 
.70.5.5(> 


.18889 
.20556  i 

.23889 
.255.56 
.2?222 
.28889 
.305.56 
.:i2222 
.33889 


!  I 


.7.S889« 
.  7.5.V)6 

.78889 
.K05.V5 

.8;j889 

.K5.\5<i 
.H?222 
.SHMS9 
.90.V)6 
.92222 
.93889 
.JKWWM5 
.1J7222 
.9888() 

"5)" 


.008:33 
.02,J00 
.04167 
.05833 
.07500 
0J»167 
.10833 
.12.500 
.14167 
.15833 
.17500 

.19167 
.20833 
.22500 
.SM167 
.2.5883 
.27500 
.2!»167 
.30833 
.32500 
.a4167 

..S.5833 
.87.")*  W 
..SJ)167 
.40833 
.42500 
.44167 
.4.58:33 
.47500 
.49167 
.50883 

..52.50:) 

.54167 

.,5.58.38 

.57.500 

.,59167 

.(X)888 

.62.500 

.64167 

.658.33  I 

.67500 

.60167 

.70833 

.72500 

.74167 

.75833 

.77500  . 

.79167  i 

.80833 

.82.500 

.84167 

.K5838  I 
.875»)0 
.8J)167 
.IMKtt 
.J»2.'i(K) 
.94167  j 
.t».5833 
.97."i(W  j 

Amur 


30- 


.01111 
.02778 
.04444 
.06111 
.07778 
.09444 
.11111 
.12778 
.14444 
.16111 
.17778 

19444 
.21111 
.22778 
.24^444 
.2(S111 
.27778 
.2!)444 
.:31111 
.32778 
.84444 

.8<U11 
.87778 
.89414 
.41111 
.42778 
.44444 
.46111 
.47778 
.4{m4 
.51111 

..52778 
..54441 
.56111 
.  ."iV  11 8 
..5im4 
.61111 
.62778 
.6-4444 
.66111 
.67778 

.69441 
.71111 
.727;>i 
.74444 
.76111 
. f i778 
.7!)  444 
.81111 
.82778 
.84444 

8i;iii 

.87778 
.8!)  444 
.91111 
.9277« 
.iM444 
.]M>111 

.97rw 

.9U144 
40- 


.01250 
.02917 
.04588 
.061^ 
.1^7917 
.09.)88 
.11250 
.12917 
.14588 
.l(t2.K) 
.17917 

.19588 
.21250 
.22917 
.24588 
.26250 
.27917 
.29588 
.31250 
.82917 
.84588 

.862.'S0 
.87917 
.89588 
.412.'}0 
.42917 
.44588 
.46250 
.47JM7 
.4iKi88 
..512S0 

..^2917 
.51588 
..56250 
.57917 
..59588 
.61250 
.62917 
.(U588 
.66250 
.67917 

.69588 
.71250 
.W017 
.74588 
.TftfSO 

.rn»i7 

.?.)588 
.81250 
.82917 
.K4588 

.8(K»0 

.87917 

.8()5K8 

.91250 

.tW917 

.{M588 

.96:»0  j 

.97917 

.9U5t$8 


?! 

8 

4 
5 


.01889 
.08055 
.04722 
.06889 
.08006 
.0975K 

.11380  •  6 

.18056  ■  7 

.147V2  ;  8 

.16389  >  9 

.1805({  .  10 

.19?^  11 

.21.389  12 

.28ieO  •  18 

.-^722  I  14 

.26889  ■  15 

.28(66  !  16 

.297«3  ,  17 

.81889  '  18 

.88066  19 

Mr22  20 

.86889  21 

.«i066  22 

.89^22  I  28 

.41889  I  24 

.48066  25 

M72i  I  2t\ 

.46880  ;  27 

.48066  I  28 

.49^22  20 

.51880  80 

.5.3056  81 

.54722  I  8E2 

.56880  !  83 

.58056  SI 

.59?tt  as 

.61880  I  86 

.68(KV6  i  87 

M7^  88 

.6(M80  80 

.68066  !  40 


.71889 

.7;J066 

,74722 

.7»aK9 

.7H0r)6 

.7J»?«  ■ 

.81880 

.88056 

MTU  . 


45- 


.86880 
.8WV)6 
.89?«  I 
.91880  i 
.08056  I 
.M7&  : 
.968R0  I 
.08066  I 
.00<^  = 
1^ 

60* 


41 
42 
48 
44 
45 
46 

47  I 

48  j 
40 
50 

51 
52 
68 
51 
55 
66 
57 
68 
60 


.-..»W 


TABLE  XXn.-~lHCH£S  IK  DECnULB  Of  A  TOOT. 


8S00  adsa  4  9"  Mw  I  jR. 


^ 

«-»! 

w  n 

WW. 

<rea,iB-32 

«m 

4Bf 

?  &  S9IW  47»  was 

mm 

ROM 

r9"l8-4 

1     ° 

9 

aao- 

B 

a 

!■ 

0 

0 

w 

— 

'—•        —  "W  — 

No. 

1 
Squares. 

i 

Cubes. 

1 

'       Square 
Roots. 

1  Cube  Roots. 

Reciprocmls. 

1 

1 

!              1 

1.0000000 

1.0000000 

1.000000000 

2 

4 

8 

1.4142136 

1.2599210 

.500UO00OO 

3 

9 

27 

1.7320508 

1.442:;^496 

.388888883 

4 

16 

64 

2.0000000 

1.5874011 

.250000000 

5 

25 

125 

;      2.2360680 

1.7099759 

.200000000 

6 

86 

216 

•      2  4494897 

1.8171206 

^uttMUMAutr' 

1         .lOOoduDoi 

7 

49 

!           343 

2.6457513 

1.9129812 

.14285n43 

8 

64 

512 

2.8284271 

2.0000000 

.125000000 

9 

81 

729 

3.0000000 

2.0800637 

.111111111 

10 

100 

1000 

3.16227?'7 

2.1544347 

.100000000 

11 

121 

1331 

3.3166248 

2.2239801 

.090909091 

12 

144 

1728 

3.4641016 

2.2894286 

:       .088333888 

13 

169 

21J>7 

3.6055513 

1      2.3513347 

.076928077 

.14 

196 

2744 

8.7416574 

2.4101422 

.071428571 

15 

225 

3;i75 

3.8729833 

1      2.4662121 

.066666667 

1« 

256 

409(i 

4.0000000 

2.. 5198421 

.062500000 

17 

289 

4913 

4.12310)6 

2. .5712816 

.058828629 

18 

B2i 

5832 

4.»42tM07 

2.6207414 

.055666656 

19 

361 

6859 

4.3588989 

2.6684016 

.05268l&r9 

20 

400 

8000 

4.4?21860 

2.7144177 

.060000000 

21 

441 

92«il 

4.5825757 

2.7589243 

.047619048 

22 

484 

10648 

4.69041.58 

'      2.8020893 

.015451646 

23 

529 

12167 

i      4.7958815 

2.8438670 
2.8844991 

.048478861 

21 

576 

;        13824 

4.8989795 

.041666607 

25 

625 

15();K> 

5.0000000 

2.JJ24017r 

.040000000 

26 

676 

17576 

!      5.09(K)1{K3 

2.9624960 

.088461588 

27 

729 

19683 

5.1961524 

8.0000000 

.087087087 

28 

781 

21952 

•      5.291.5026 

3.0365889 

.086714286 

29 

8*1 

^389 

5.3851648 

8.0?28168 

.0844827S0 

30 

900 

27000 

.      5.4772256 

8.1072825 

31 

961 

29791 

5.5677644 

3.141.3806 

.082258065 

32 

1021 

32768 

5.6568542 

8.1718021 

.081250000 

33 

1089 

.35937 

5.7445626 

3.2075343 

080808080 

34 

1156 

39304 

5.8309519 

3.2396118 

.029411765 

.35 

1225 

42875 

5.91607JW 

3.2710(J63 

.028671429 

30 

1296 

46656 

O.OOIKXXM) 

3.:30192?2 

.02';V77778 

37 

1369 

50653 

6.0827025 

3.:3:322218 

.027087087 

38 

1444 

r>4872 

6.1t>44140 

3.3619754 

.026815780 

39 

1521 

59:319 

0.2449J)80 

3.3912114 

.026641086 

40 

1600 

&1000 

6.3^5.V>3 

3.4199519 

.026000000 

41 

1681 

68921 

0.4031242 

3.+482172 

.084800944 

42 

17W 

74088 

!      0.4807407 

3.47(50266 

.088800684 

43 

1W9 

79507 

1      0.5574:385 

3.. 5033981 

.088865814 

44 

1936 

85184 

!      0.63:324i)6 

3.. 5303488 

.082737278 

45 

2025 

91125 

6.7082039 

8..Vi68983 

CSS3SSSS2 

4<t 

2116 

J)7336 

6.782:3300 

3.. 5880479 

.021789180 

47 

2209 

10:W23 

6.8.V.«r>40 

8.W188261 

.021876000 

48 

23<U 

110592 

'      0.92820:32 

3.6342411 

.020688888 

49 

2401 

117(W9 

7.0000000 

3.6593057 

.080406168 

50 

2500 

125000 

7.0710078 

3.6840314 

.080000000 

51 

2(K)1 

i:*>t551 

7.1414284 

3.70ft4298 

.010607818 

52 

2704 

14(Mi08 

7.211 102<} 

3. 7^5111 

.010880780 

53 

2809 

148877 

7.2801099 

8.7.562868 

.018807085 

54 

2916 

157464 

7.JW84<i92 

3.7797681 

.018618610 

55 

3025 

160:375 

7.41019a5 

3.8029525 

.018181818 

56 

813(S 

17.5610 

7.483:3148 

8.8258624 

.017857148 

57 

3249 

1851JW 

1       7.W98344 

8.8485011 

.0175488R0 

58 

33(U 

195112 

;      7.01,57731 

8.8708T88 

.017^1870 

59 

3481 

205379 

!      7.(58114.57 

8.8829065 

.016040168 

60 

3600 

216000 

7.7459667 

8.9148678 

MtUUUUUKt 

.uinooDOSi 

61 

3Wl 

22*5981 

7.8102197 

.      8.9364978 

.016808148 

62 

8844 

238328 

'      7.8740071> 

'      8.9578016 

.016180001 

ai6 


CUBE  ROOTS,  AXD  RECIPROCALa 


No.     I  Squares. 


Cubes. 


63    ' 

64 

65 

66 

67 

m    , 

69 

70 
71 
72 

74  , 

75  1 

76  ■'■ 

77  ! 
78 

79  ; 

80  ■ 

81  I 

82  ! 

83  j 

85  i 

86  ' 

87  ! 
88 

89  I 

90  ! 

91  i 

92  I 

93  : 
94 
95 
96 
97 
98 
99 

100 
101 
102 
103 
104 
105 
106 
107 
108 
109 

110 
111 
112 
113 
114 
115 
116 
117 
118 
119 

lao 

121 
162 
123 
124 


3969 
4096 
4225 
4356 
4489 
4624 
4761 

4900 
5041 
51^ 
5:i29 
5476 
5625 
5776 
5929 
6084 
6241 

6400 
6561 
6724 
6889 
7056 
7225 

7:»6 

7569 
7744 
7921 

HlOO 
8281 
H4W 
mi9 
8836 
9025 
9216 
M09 
9604 
9801 

10000 
10201 
104O4 
10609 
10816 
11025 
11236 
11449 
11664 
11881 

12100 
12321 
12544 
12769 
12996 
13225 
13456 
13689 
13924 
14161 

14400 
14641 
14884 
15129 
15376 


250047 
262144 
274625 
287496 
300763 
314432 
328509 

343000 
357911 
373248 
389017 
405224 
421875 
438976 
456533 
474552 
493039 

512000 
531441 
551368 
571787 
592704 
614125 
63605(S 
658503 
681472 
704969 

729000 
753571 
778688 
804357 
8305^4 
857875 
884736 
912673 
941192 
970299 

1000000 
1030301 
1061208 
1092?27 
1124864 
1157625 
1191016 
1225043 
1259712 
1293029 

1331000 
1367631 
1404928 
1442897 
1481544 
1580875 
1560696 
1601613 
1643032 
1685150 

1728000 
1771561 
1815848 
1860867 
1906624 


Square 
icoots. 

Cube  Roots. 

Reciprocals. 

7.9372539 

3.0790571 

.015878016 

8.0000000 

4.0000000 

.015625000 

8.0622577 

4.0207256 

.015384615 

8.1240384 

4.0412401 

.015151515 

8.1853528 

4.0615480 

.014925878 

8.2462113 

4.0616551 

.014705882 

8.3066289 

4.1015661 

.014402754 

8.3666003 

4.1212853 

.014285714 

8.4261498 

4.1406178 

.014064507 

8.4852814 

4.1601676 

.U1(RaKXXW 

1   8.5440037 

4.1793390 

.018696630 

8.6023253 

4.1983364 

.013518514 

8.6602540 

4.2171633 

.013338333 

8.7177979 

4.2358236 

.018157895 

8.7749644 

4.2543210 

.0121,87018 

8.8317609 

4.2726586 

.012820518 

8.8881044 

1   4.2906404 

.012656226 

8.9442719 

4.3088695 

.012500000 

9.0000000 

4.3267487 

.012345670 

9.0553851 

4.3444815 

.012106122 

9.1104336 

,   4.8620707 

.G12048108 

9.1651514 

!   4.3795191 

.011904768 

9.2195445 

■      4.3966296 

.011764706 

9.2736185 

4.4140049 

.011687907 

9.8273791 

4.4310476 

.011404858 

'   9.3808315 

4.4479602 

.011868686 

9.4339811 

4.4647451 

.011886966 

9.4868330 

4.4814047 

.011111111 

i   9.5393920 

4.4979414 

.010969011 

9.5916630 

4.5143574 

.010660666 

0.6436506 

4.5306549 

.010758688 

9.6053597 

4.5468350 

.010636298 

0.7467943 

4.5620026 

.010526816 

9.7079590 

4.5788570 

.010416667 

0.8488578 

4.5947000 

.010300878 

0.8904040 

4.6104363 

.010204068 

0.0498744 

4.6260650 

.010101010 

10.0000000 

4.6415888 

.010000000 

10.0498756 

4.6570005 

.000000990 

10.0995049 

4.6723287 

.009806928 

10.1488916 

4.6875482 

.009706738 

10.1980390 

4.7026604 

.009615885 

10.2469506 

4.7176040 

.009523810 

10.2056301 

4.7326235 

.009433062 

10.3440604 

4.7474504 

.000345704 

10.3923048 

4.7622032 

.00)250250 

10.4403065 

4.7768562 

.000174312 

10.4880S85 

4.7914100 

.009090900 

10.5356538 

4.8058055 

.000009009 

10.5830052 

4.8202&45 

.0080285<1 

10.6301458 

4.8345681 

.006849558 

10.1770788 

4.8488076 

.008771980 

10.7238058 

4.8620442 

.006605652 

10.7703296 

4.8760000 

.006620600 

10.8166588 

4.8000732 

.006547009 

10.8627805 

4.0048681 

.006474576 

10.0067121 

4.0186847 

.006403861 

10.0644512 

4.0324242 

.006888888 

11.00  0000 

4.0460674 

.006264468 

11.0453610 

4.0506757 

.006196^31 

11.0005865 

4.0731806 

.006180061 

11.1355287 

4.0666310 

.006064516 

316 


TABLE  XX]II.-fiQUARES,  CUBES,  SQUARE  ROOTS. 


No. 

Squares. 

Cubes. 

Square 
Roots. 

Cube  Roots. 

Reciprocals. 

125 

15625 

1953125 

11.1808399 

6.0000000 

.006000000 

126 

15876 

2000376 

11.2249722 

6.0182979 

007936608 

127 

16129 

2046383 

11.2694277 

6.0265257 

.007874016 

128    1 

16384 

2097152 

11.3137085 

6.0806842 

.007812500 

129 

16641 

2146689 

11.8678167 

6.0627748 

.007761988 

130 

16900 

2197000 

11.4017J>43 

6.0657970 

.007692806 

131 

17161 

2248091 

11.4455231 

6.0787581 

.007638588 

182 

17424 

2299968 

11.4891253 

6.0916434 

.007575758 

188 

17689 

2352687 

11.5325626 

6.1044687 

.007518797 

184 

17956 

2406104 

11.5758369 

6.1172299 

.007462687 

185 

18225 

2460375 

11.6189500 

5.1299278 

.007407407 

186 

18496 

2515456 

11.66190;^ 

5.1425632 

.00735S941 

187 

18769 

^71353 

11.7046999 

5.1551367 

.007299270 

138 

19044 

2628072 

11.7473401 

6.1676498 

.00T2468T7 

139 

19321 

2685619 

11.7898261 

6.1801015 

.007194245 

140 

19600 

2744000 

11.8821596 

6.1924941 

.007142857 

141 

19881 

2803221 

11.8743421 

6.2048279 

.007092199 

142 

2U164 

2863288 

11.916375;^ 

6.2171084 

.O07O4SS54 

148 

20449 

2924207 

11.9582607 

6.2293215 

.006998007 

144 

20736 

2985984 

12.0000000 

6.2414828 

.006944444 

145 

21025 

8048625 

12.0415W6 

6.2585879 

.006896662 

146 

21316 

8112136 

12.0630460 

6.2656874 

.006640616 

•    147 

21609 

8176528 

12.1248557 

6.2776321 

.00660S721 

148 

21904 

8241792 

12.1655251 

6.2895725 

.006756767 

149 

22201 

8807949 

12.2065556 

6.8014592 

.006711409 

150 

22500 

3875000 

12.;^74487 

5.8182928 

nmuuuuutrr 

.UUwKXlOOf 

151 

22801 

a442951 

12.2882057 

5.8250740 

.006622517 

152 

23104 

8511808 

12.8288280 

6.8868068 

.006678M7 

153 

2^409 

8581577 

12.8693169 

6.8484812 

.006586946 

154 

23716 

8652264 

12.4096786 

5.8601064 

.006498806 

155 

24025 

8723875 

12.4498996 

6.8716854 

.006451618 

156 

24336 

8796416 

12.4809960 

5.8882126 

.00&410»56 

157 

24649 

8869893 

12.5299641 

6  8946907 

.006860427 

158 

^9W 

8944312 

12.5698051 

6.40(>1202 

.006820114 

159 

25281 

4019679 

12.6095202 

6.4175015 

.006260806 

160 

25600 

4096000 

12.&491106 

5.4268863 

.006250000 

161 

25921 

4173281 

12.6885775 

6.4401218 

.000211180 

162 

26244 

4251528 

12.'n279221 

6.4518618 

.006179640 

163 

26569 

4830747 

12.7671453 

6.4625556 

.006184069 

164 

26896 

4410044 

12.8002485 

5.4787087 

.006007661 

165 

27225 

4492125 

12.8452826 

6.4848066 

.006060006 

166 

27556 

4574206 

12.8840987 

5.4956647 

.006024006 

167 

27889 

46574a3 

12.9228480 

5.5068784 

.00598ea»l 

168 

28224 

4741632 

12.9614814 

5.5178484 

.005969881 

169 

28561 

4826809 

13.0000000 

6.6287748 

.000017160 

170 

28900 

4913000 

13.03«Ma48 

5.5896563 

.000888868 

171 

29241 

5000211 

13.0766968 

5.5504991 

.006847068 

172 

29584 

5088448 

13.1148770 

6.5612978 

.006618058 

173 

29929 

51VVV17 

13.15294(U 

6.5720546 

.005780847 

174 

30276 

5268024 

13.1901K)60 

5.582rr02 

.005747196 

175 

30625 

5359375 

13.2287566 

6.5084447 

.005714886 

176 

30976 

5451778 

13.2604992 

6.0040787 

.006681818 

177 

31329 

5545283 

13.3041847 

5.6146?M 

.006649718 

178 

31684 

5639752 

18.341(S641 

6.6252263 

.006617978 

179 

82041 

6785;«9 

13.8790882 

6.6867408 

.006666608 

180 

82400 

6882000 

18.41M079 

5.&462162 

/WTRRRKRII 

.UUOoiXXiaB 

181 

82761 

6929741 

13.45365M0 

6.6566528 

.0066M808 

182 

83124 

6028568 

18.4907876 

6.6670511 

.005494006 

183 

8^489 

6128487 

18.5277493 

6  6774114 

.005464481 

184 

asa56 

6229504 

13.5646600 

6.68TT840 

.006484m 

la-i 

84225 

6a31625 

18.6014705 

6.6960192 

.005406406 

186 

34596 

6484856 

13.6381817 

5.7062675 

.005870BM 

--.w.  - 


CUBE  ROOTS,  AND  RECIPROCALS. 


No. 

! 

Squares. 

Cubes. 

1 

Square 
Roots. 

I 
C*ube  Roots. 

Reciprocals. 

187 

34969 

6539203 

13.6747943 

6.7184791 

.006347604 

188 

85344 

6(W4672 

13.7113092 

5.?286543 

.006819149 

189 

35721 

6751269 

13.7477271 

6.7887986 

.006291006^ 

190  ' 

36100 

6859000 

13.7840488 

5.7488971 

.006268168 

191  i 

36481 

6967871 

13.8202750 

5. 76^0652 

.006285608 

19!ii  ' 

36864 

7077888 

13.8564065 

6.7689982 

.006808888  ' 

193 

37;*49 

7189057 

18.891^4440 

6.7789966 

.005181847 

194 

376Ji6 

7801384 

18.9283883 

5.7889604 

.005154689 

195 

38025 

7414875 

13.964^100 

6.7988900 

.005128806 

:    19(5 

8H416 

7629536 

14.0000000 

6.8087867 

.005108041 

1    197 

88809 

7645373 

14.0356688 

6.8186479 

.005076148 

198 

39204 

7762392 

14.0712473 

5.8284767 

.006050505 

199 

39601 

7880599 

14.1067360 

5.8882TO5 

.005026186 

800 

40000 

8000000 

,   14.1421356 

6.8480355 

.005000000 

201 

40401 

8120601 

14.1774469 

5.8577660 

.004975184 

202 

40804 

8^12408 

14.2126704 

6.8674648 

.004960496 

203 

41209 

836.5427 

14.2478068 

6.8771307 

.004986106 

204 

41616 

8489664 

14.2828569 

6.8867653 

.004901961 

205 

42025 

8615125 

1   14.3178211 

6.8963685 

.004878049 

206 

42436 

8741816 

14.3527001 

6.9059406 

.004864809 

207 

42a49 

886J)74i3 

14.3874946 

6.9154817 

.0048S0918 

20H 

43264 

89i)8912 

14.4222051 

6.9249921 

.004807698 

209 

43681 

9129329 

14.4568328 

5.9844721 

.004784689 

210 

44100 

9261000 

14.4913767 

6.9439220 

.004761905 

211 

44521 

9:^93931 

14.5258390 

6.9533418 

.004788886 

212 

44944 

9528128 

14.5602198 

5.9627820 

.004716981 

213 

45369 

«J6a')97 

14.5945195 

5.9720926 

.001694886 

214 

45796 

9eoa344 

14.6287388 

1   6.9814240 

.004678897 

215 

46225 

9938875 

14.6628788 

5.9907264 

.004651163 

216 

46656 

i0()rr696 

14.6969385 

6.0000000 

.004629680 

217 

47089 

10218313 

14.7309199 

6.00924.'50 

.004608295 

218 

47524 

10360232 

14.7648231 

6.0184617 

.004.'587156 

219 

47961 

10508459 

14.7986486 

6.0276502 

.004666210 

220 

4a400 

10648000 

14.8828970 

6.0868107 

.004546466 

221 

48841 

10798861 

14.8660687 

6.04.59435 

.004524887 

222 

49284 

10941018 

14.8996644 

6.0550489 

.004604605 

223 

.  49729 

11089567 

14.9331845 

:   6.0641270 

.004484801 

224 

50176 

11239424 

14.9666295 

6.073J779 

.004464886 

225 

50625 

11390625 

15.0000000 

i   6.08:^2020 

.004444444 

226 

51076 

11W3176 

15.0332964 

!   6.0911994 

.004424779 

227 

51529 

11697083 

1   16.0865192 

6.1001702 

.004405886 

228 

519R4 

Il852:i52 

15.0996689 

6.1091147 

.004886965 

229 

52441 

12008989 

15.1327460 

6.1180882 

!   .004366812 

230 

52900 

12167000 

16.1657509 

i   6.1269267 

.004347886 

m 

53361 

12826391 

15.1986842 

1   6.1857924 

.004829004 

232 

53824 

1^487168 

15.2315462 

6.1446887 

.004310845 

233 

54289 

12649337 

■   15.2643375 

1   6.1584496 

.004891846 

,    234 

54756 

12812904 

16.2970585 

i   6.1622401 

.004278504 

235 

.55225 

129'ri"8'«5 

16.8297097 

!   6.1710058 

.004255819 

236 

55696 

18144256 

1   15.3622915 

1   6.1797466 

.004887888 

237 

56169 

18812053 

15.8948043 

6.1884628 

.004819409 

238 

56644 

13481 2?4 

15.4272486 

6.1971544 

.004801681 

289 

57121 

18651919 

15.4596248 

6.2058218 

.004184100  . 

240 

57600 

18824000 

15.^9834 

6.8144650 

.004166667 

^1 

58081 

18997521 

15.5841747 

6.2230843 

.004149378 

:W2 

58564 

14172488 

15.5563492 

1   6.2316797 

.004182881 

243 

59049 

14348907 

15.5884573 

6.8402515 

.004116886 

244 

595:36 

145267K4 

15.6204994 

6.2487998 

.004098861 

;    245 

60025 

14706125 

15.6684758 

6.2573248 

.004061688 

246 

60516 

14886936 

15.6848871 

6.2658266 

.004066041 

247 

61009 

16069223 

16.7162836 

6.2748064 

.004048688 

248 

61504 

16252993 

16.7480167 

6.8827613 

.004038868 

aid 


TABLE  XXm.-SQUARES,  CUBES,  SQUARE  ROOTS, 


No. 


249 

250 
251 
252 
253 
254 
255 
256 
257 
258 
259 

2U0 
261 
262 
•268 
261 
265 
266 
267 
268 
269 

270 
271 
272 
273 
274 
275 
276 
277 
278 
279 

280 
281 
282 
283 
284 
285 
286 
287 
288 
289 

200 
291 
292 
2i)3 
2»4 
2{)5 
296 
297 
298 
299 

300 
301 
302 
303 
304 
305 
306 
307 
308 
309 
310 


Squares. 

Cubes. 

62001 

15438249 

62500 

15625000 

6^^001 

15813251 

6;3504 

16003008 

,   64009 

16194277 

64516 

•  16387064 

65025 

16581375 

•   65536 

16777216 

66049 

16974593 

66564 

17173512 

67081 

17:^3979 

Square 
Kioots. 


Cube  Roots. 


67600 

mi'ii 

(>8ti41 
69169 
6iM>96 
70i25 
r07.>6 
71289 
71821 
72361 

?2900 
73411 
739X4 
745i.) 

7.5(J25 
7«J176 
:«J72{) 
77284 
77841 

784(X) 
78961 
79524 
8tK)89 

mm 

81225 

H\:m 

82369 
82944 
8;«21 

84100 
84»>81 
85264 
85849 
mhVJ 
87025 
87016 
88->09 
8SS04 
80401 

mm 

906()l 
91204 
91809 
02416 
9:3025 
93636 
94249 
94864 
95481 
(MilOO 


17576000 
17779581 
17984728 
18191447 
18:399744 
18605H)25 
18821096 
190;3416;3 
192488:3-^ 
19465109 

19<W3000 
19JK)2511 
2012'i<J48 
20:346417 
2a570824 
2071MW75 
21034576 
212539:33 
21 484952 
217176:39 

21052000 
2">188<K41 
22425768 
22<K}5187 
2290<):304 
2:3149125 
2:3:39:J656 

2:3887872 
24137569 

24389000 
24(>42171 
24897088 
25153757 
25412184 
256?2:375 
259:34:3:36 
26U)8073 
2«)4<)a592 
26730899 

27000000 
27270901 
27543608 
27818127 
28094464 
283?2625 
28652616 
28934443 
20218112 
2950:3620 
29791000 


15.7797338 

15.8113883 
15.8429795 
15.8745079 
15.9059737 
15.9373775 
15.9687194 
16.0000000 
16.aJ12195 
16.0623784 
16.0934769 


16 
16 
16 
16 
16 
16 
16 
16 
16 
16 

16 

16 

16, 

16 

16 

16, 

16 

16 

16 

16, 

16.7:3:32005 
16.76:30546 
16.7JW8556 
16.S2260:38 
16.a522t»95 
16.88194:30 
16.0115:345 
16. W 10743 
16.0705627 
17.0000000 


.1245155 
.15541U4 
.1864141 
.2172747 
.2480768 
.2788206 
.3095(Ki4 
.3401:346 
.3707055 
.4012195 

4316767 
4620776 
4924225 
5227116 
5529454 
5831240 
6132477 
64:33170 
673:3320 
70:32931 


!  f^ 


17 
17 
17 
17, 
17. 
17. 
17, 
17, 
17 
17, 

17, 
17, 
17. 
17, 
17. 
17. 
17, 
17. 
17. 
17. 
17. 


0293864 
a587221 
0880075 
1172428 
1464282 
1755640 
20465a5 
2:336879 
26267<>5 
2916165 

3205081 
349:3516 
3781472 
40681>52 
43551458 
46424i)2 
4928557 
5214155 
&199288 
5783958 
6068169 


,7  I 


6.2911946 

6.2996053 
6.3079935 
6.3163596 
6.3247035 
6.3330256 
6.3413257 
6.3496042 
6.3578611 
6.3660968 
6.3748111 

6.3825043 
6.3906765 
6.3988279 
6.4069585 
6.4150687 
6.4231583 
6.4312276 
6.4392767 
6.4473057 
6.4553148 

6.4633041 
6.4712786 
6.4792286 
6.4871541 
6.4950653 
6.6020572 
6.5106300 
6.5186889 
6.5265189 
6.5343a51 

6.5421826 
6.5499116 
6.5576722 
6.56541+4 
6. 5731885 
6.5808143 
6.5885328 
6.5962023 
6.6038545 
6.6114890 

6.6191060 
6.6267054 
6.6ai2874 
6.6418522 
6.&403998 
6.6569302 
6.6&44487 
6.6719408 
6.6704200 
C. 6868831 

6.6943205 
6.7017598 
6. 7091729 
6.716&700 
6.7239508 
6.7818155 
6.7386641 
6.7469967 
6.7588184 
6.7606148 
6.7878905 


Reciprocals. 


.004016064 

.004000000 
.003984064 
.003968254 
.003952569 
.003937008 
.003921669 
.003906250 
.003891051 
.003875969 
.003861004 

.0038461&1 
.008831418 
.008816704 
.003802281 
.003787879 
.008778565 
.008750808 
.008745818 
.008731848 
.008n7472 

.008708704 
.003690087 
.008676471 
.008668004 
.008649685 
.008686864 
.008628186 
.003610108 
.003597182 
.0085842S9 

.008571429 
.003668719 
.008546090 
.008588609 
.008621127 
.008506778 
.003496608 
.008484881 
.OOMTSStt 
.008460806 

.0084488f76 
.008486486 
.008484666 
.OOa41890O 
.008401861 
.008860681 
.0088768» 
.008867008 
.008866ras 
.008844488 

.008888888 
.00682Q60 
.0088118B6 
.006800880 

.008860474 
.00)1878888 
.008867874 
.008857880 
.008840788 


•OOHBBOOd 


319 


CUBE  ROOTS,  AND  RECIPROCALS. 


No. 

Squares. 

Cubes. 

Square 
Roots. 

• 

Cube  Roots. 

Reciprocals. 

811 

96721 

30080231 

17.6351921 

6.7751690 

.003215484 

812 

97344 

80371328 

17.6635217 

6.7824229 

.003205128 

813 

97969 

30664297 

17.6918060 

6.7896613 

.003194888 

314 

98596 

30959144 

l7.T20a451 

6.7968844 

.003184713 

315 

99225 

31255875 

17.7482393 

6.8040921 

.003174603 

316 

99856 

31554496 

17.7763888 

6.8112847 

.003164557 

317 

100489 

81855013 

17.8044938 

6.8184620 

.003154674 

318 

101124 

32157432 

17.8325545 

6.8256242 

.003144654 

319 

101761 

32461759 

17.8605711 

6.8327714 

.003134796 

320 

102400 

32768000 

17.8885438 

6.8399aS7 

.003125000 

321 

103041 

33076161 

17.9164729 

6.8470213 

.003115265 

322 

1013684 

33386248 

17.9443584 

6  8541240 

.003105590 

323 

104329 

33698267 

17.9722008 

6.8612120 

.003095975 

324 

104976 

84012224 

18.0000000 

6.8682855 

.003086420 

325 

105625 

84328125 

18.0277564 

6.8758443 

.003076923 

326 

106276 

84645976 

18.0554701 

6.8823888 

.00;30674a5 

327 

106929 

84965783 

18.0831413 

6.8894188 

.003a58104 

328 

107584 

35287552 

18.1107703 

6.8964345 

.003048;  80 

329 

108241 

35611289 

18.1383571 

6.9034359 

.003039514 

330 

108900 

85937000 

18.1659021 

6.9104232 

.003080303 

331 

109561 

36264691 

18.1934054 

6.9ir3964 

.003021148 

332 

110224 

36594368 

18.2208672 

6.9243556 

.003012048 

333 

110889 

36J26037 

18.2482876 

6.9313008 

.003003003 

334 

111556 

37259704 

18.2756669 

6.9382321 

.002994012 

335 

112225 

37595375 

18.3030052 

6.9451496 

.002985075 

336 

112896 

37933056 

18.3803028 

6.9520538 

.002976190 

337 

113569 

88272758 

18.8575598 

6.9589434 

.002967a59 

338 

114244 

38614472 

18.3847763 

6.9658198 

.002958580 

339 

114921 

38958219 

18.4119526 

6.9726826 

.002949863 

340 

115600 

39804000 

18.4390889 

6.9795321 

.002941176 

311 

116281 

39651821 

18.4661853 

6.9868681 

.002932551 

342 

116964 

40001688 

18.4932420 

6.9931906 

.002923977 

343 

117649 

40353607 

18.5202592 

7.0000000 

.008915452 

344 

118336 

40707584 

18.5472370 

7.0067962 

.002906<)77 

345 

119025 

41063625 

18.5741756 

7  0135791 

.002898551 

34G 

119716 

41421736 

18.6010752 

7.0208490 

.002890173 

347 

120409 

41781923 

18.6279360 

7.0271058 

.002881844 

348 

121104 

42144192 

18.6547581 

7.0338497 

.002873563 

349 

121801 

42508549 

18.6815417 

7.04a'>806 

.002865330 

a^o 

122500 

42875000 

18.7082869 

7.04'?2987 

.00285n43 

a5i 

123201 

4324^3551 

18. 7349940 

7.0540041 

.002849003 

a52 

123904 

43614208 

18.7616630 

7.t)606967 

.002840909 

353 

124609 

43986977 

18.7882942 

7.0678767 

.002832861 

354 

1251316 

44361864 

18.81488rr 

7.0740440 

.002824859 

355 

126025 

44738875 

18.8414437 

7.0806988 

.002816901 

356 

126736 

45118016 

18.8679628 

7.0878411 

.0028085)89 

357 

127449 

4549929:3 

18.8944486 

7.0939709 

.002H01120 

358 

128164 

45882712 

18.9208879 

7.1005885 

.0027932JMi 

359 

128881 
129600 

46268279 

18.9472953 

^  f^          J"!  J^Bft-Tl  J\  Jl  Jt 

7.1071937 

.002785515   , 

360 

46656000 

18.9736660 

7.1137866 

.002imVi8   I 

361 

I30:i2l 

47045881 

19  0000000 

7.1208674 

.002770083   ! 

3«2 

131044 

47437928 

19.0262976 

7.1269860 

.002762431 

363 

131769 

47832147 

19.0525589 

7.1834925 

.002754821 

364 

132496 

48228544 

19.0787840 

7.1400370 

.002747253 

365 

133225 

48627125 

19.1049782 

7.1465695 

.002739^6 

366 

133956 

49027896 

19.13112a5 

7.1530901 

.002782240 

367 

134689 

49430863 

19.15?2441 

7.1595988 

.002724796 

368 

185424 

49836082 

19.1833261 

7.1660957 

.002n7391 

369 

136161 

50243409 

19.2093?27 

7.1725809 

.002710027 

870 

136900 

50653000 

19.23N3841 

7.1790544 

.002702708 

871 

187641 

51064811 

19.2618603 

7.1855162 

.002695418 

3^ 

138884 

51478848 

19.2878015 

7.1919668 

.003688172 

m^     ^ 


No. 

Squares. ! 

1 

• 

Cubes. 

Square   j 

Roots.   1 

1 

Cube  Roots. 

Reciprocals. 

873 

189129 

61895117 

19.8182079 

7.1984050 

.0026^)065 

»74 

189876 

52818624 

19.8390796 

7.2048322 

.002678797 

376 

140625 

52784375 

19.8649167  : 

7.2112479 

.002666667 

376 

141376 

58157376 

19.3907194  1 

7.2176522 

.002660674 

877 

142129 

58582633 

19.4164878  ' 

7.2240450 

.002662520  . 

878 

142884 

64010152 

19.4422221 

7.2304268 

.002646603 

879 

143641 

54439939 

19.4679223  j 

7.23679?2 

.002688622 

880 

144400 

54872000 

19.4935887 

7.2431565 

.002681679 

381 

145161 

55306341 

19.5192213 

7.2496045 

.00261^^2 

382 

145924 

55742968 

19.5448203 

7.2558415 

.002617W1 

383 

146689 

60181887 

19.5703858 

7.2021075 

.002610966 

884 

147456 

5062:^104 

19.5959179 

7.2C848!W 

.002604167   ; 

385 

148225 

57066025 

19.6214109 

7.2747804 

.002597408   ' 

386 

148996 

57512456 

19.0408827  , 

7.2810794 

.002690074 

387 

149709 

57960003 

19.6723156  i 

7.2873017 

.002588979 

888 

150544 

68411072 

19.6977156 

7.2936830 

.002577880 

889 

151321 

68863869 

19.7230829 

7.2998936 

.002670694 

890 

152100 

59319000 

19.74&4177 

7.3061486 

.002564106 

891 

152881 

59770471 

19.7737199 

7.3128828 

.002667646 

392 

153664 

60236288 

19.7989899 

7.8186114 

.002561020 

898 

154449 

60698467 

19.8242276 

7.3248295 

.002644629 

894 

155236 

61162984 

19.8494832 

7.8310869 

.00268H071 

895 

150025 

61629875 

19.8746069 

7.8372839 

.002581646 

896 

150816 

62099186 

19.8997487 

7.8484205 

.00:^526868 

897 

157609 

62570773 

19.9248588 

7.^95966 

.002518892 

898 

158404 

63044792 

19.9499873 

7.8557B24 

.002618668 

899 

159201 

63521199 

19.9749844 

7.8619178 

.002506866 

400 

160000 

64000000 

20.0000000 

7.3680680 

.002600000 

401 

160801 

64481201 

20.0249844 

7.8741979 

.002498766 

402 

161604 

64964808 

20.0499877 

7.8808227 

.0QI»187662 

408 

162409 

65450827 

20.0748599 

7.88&4878 

.002481890 

404 

163216 

65939264 

20.0997512 

7.8926418 

.002476848 

405 

104025 

66430125 

20.1246118 

7.8986863 

.002160186 

406 

164836 

60928416 

20.1494417 

7.404?4W6 

.002468064 

407 

165649 

67419143 

20.1742410 

7.4107950 

.002457008 

408 

1664W 

0791?312 

20.1990099 

7.4108595 

.002450860 

409 

167281 

68417929 

20.2237484 

7.4229142 

.002444068 

410 

168100 

68921000 

20.^81567 

7.4289589 

.002480084 

411 

168921 

69426531 

20.2731849 

7.4*49938 

.002488000 

412 

169744 

69934528 

20.2977831 

7.4410189 

.0024sm64 

418 

170509 

70444997 

20.3224014 

7.4470842 

.002491808 

414 

171306 

7D957944 

20.8409899 

7.4.580899 

.002415460 

415* 

172225 

71473375 

20.3715488 

7.4590859 

.002400680 

416 

173056 

71991296 

20.3960:81 

7.4050223 

.002406646 

417 

178889 

72511713 

20.420577J) 

7.4709991 

.008806968 

418 

174724 

1   73084032 

20.4450483 

7.4709664 

.008808844 

419 

175561 

73560059 

20.4694895 

7.48291^2 

.008886665 

420 

176400 

74088000 

20.4939015 

7.4888^4 

.008880068 

421 

177241 

74618461 

20.5182845 

7.4948118 

.008876807 

422 

178084 

75151448 

20.542()380 

7.6007406 

.002860886 

423 

178029 

•?5686967 

20.5009638 

7.5066607 

.002864066 

424 

179776 

}Q225(m 

20  5912(5aS 

7.6125716 

.008866401 

425 

180625 

70765025 

20.6155281 

7.6184730 

.008898041 

426 

181476 

77308776 

20.6397074 

7.6!^48652 

.008847416 

427 

nmnQ 

778W483 

20.(5689783 

7..')802483 

.008841080 

428 

183184 

78402752 

20.6881609 

7.6861221 

.008886440 

429 

184041 

78953689 

20.712:3152 

7.6419867 

.008881008 

430 

1&4900 

79507000 

20.7:364414 

7.5478428 

.008886661 

431 

185761 

80062991 

20.7(505395 

7.5686888 

.008880186 

432 

186624 

80621568 

20.7*40097 

7.6696263 

.008814815 

488 

187489 

81182737 

20.8086520 

7.6658518 

.008800160 

484 

188356 

81746504 

20.8826667 

7.6711748 

.008804147 

-  m 


CtlBE  ItOOtS,  ASD  RBiCIPROOALg. 


No. 

f 
Squares. 

Cubes. 

Square 
Roots. 

Cube  Boots. 

Reciprocals. 

435 

189225 

82812875 

20.8666586 

7.5769849 

.002298851 

436 

190096 

82881866 

20.8806180 

7.6827865 

.002298678 

487 

190969 

88458153 

20.9045450 

7.5885793 

.0022ci8880 

438 

191844 

»40276?2 

20.9284495 

7.5943633 

.002283106 

439 

192^1 

&4604519 

20.9523268 

7.6001385 

.002277904 

440 

193600 

85184000 

20.9761770 

7.6059049 

.002272727 

441 

194481 

85766121 

21.0000000 

7.6116626 

.002267574 

442 

195364 

86350888 

21.0287960 

7.6174116 

.002262448 

443 

196249 

86938307 

21.0475652 

7.6231519 

.002257836 

444 

197136 

87528384 

21.0713075 

7.6288887 

.002252262 

445 

198025 

88121125 

21.0950281 

7.6346067 

.002247191 

446 

198916 

88n6536 

21.1187121 

7.6408213 

.002242162 

447 

199809 

89814623 

21.1423745 

7.64602?2 

.002237186 

448 

200704 

89915392 

21.1660105 

7.6517JM7 

.002282143 

449 

201601 

90518849 

21.1896201 

7.6574183 

.002227171 

450 

202500 

91125000 

21.2132034 
21.2867606 

7.6680943 

.002:^2222 

451 

20;i401 

91733851 

7.6687665 

.002217295 

452 

204304 

9234M08 

21.2602916 

7.6744303 

.002212389 

458 

205209 

92959677 

21.2837967 

7.6800857 

.002207506 

454 

206116 

935766&4 

21.30^758 

7.6857828 

.002202643 

455 

207025 

94196375 

21.a807290 

7.6913717 

.002197802 

456 

207936 

94818816 

21.3541665 

7.6970023 

.002192982 

457 

208849 

96448993 

21.3775583 

7.7026246 

.002188184 

458 

209764 

96071912 

21.4009846 

7.7082388 

.002183406 

459 

210681 

96702579 

21.424285;^ 

7.7138448 

.002178649 

460 

211600 

97336000 

21.4476106 

7.7194426 

.002178918 

461 

212521 

97972181 

21.4709106 

7.7250325 

.002169197 

462 

213444 

98611128 

21.4941858 

7.7806141 

.002164502 

463 

214369 

99252847 

21.5174348 

7.7861877 

.002159827 

464 

215296 

99897344 

21.5406592 

7.7417532 

.002155172 

465 

216225 

100544625 

21.5638587 

7.7478109 

.0021.50588 

466 

217156 

101194696 

21.5870331 

7.7528606 

.002145923 

467 

218089 

101847563 

21.6101828 

7.7584023 

.002141828 

468 

219024 

102503232 

21.6383077 

7.7639361 

.002136752 

469 

219961 

103161709 

21.6564078 

7.7694620 

.002182196 

470 

220900 

103823000 

21.6794834 

7.7749801 

.002127660 

471 

221&41 

104487111 

21.7025844 

7.7804904 

.002123142 

4?2 

222784 

105154048 

21.7255610 

7.7859928 

.002118W4 

473 

223729 

105823817 

21.7485632 

7.7914875 

.002114165 

474 

224676 

106496424 

21.7715411 

7.7969745 

.002109705 

475 

225625 

107171875 

21.7944947 

7!8079254 

.002105268 

476 

226576 

107850176 

21.8174212 

.002100840 

477 

227529 

108531883 

21.8403297 

7.8138892 

.002096486 

478 

228484 

109215352 

21  8632111 

7.818*456 

.002092050 

479 

229441 

109902289 

21.8860686 

7.8242942 

.002087683 

480 

230400 

110592000 

21.9089023 

7.8297353 

.002086883 

481 

231361 

111284641 

21.9317122 

7.8a51688 

.  .002079002 

482 

232324 

111980168 

21.9544984 

7.8405949 

.002074689 

488 

233289 

112678587 

21. 977^2610 

7.8460134 

.002070398 

484 

234256 

113379904 

22.0000000 

7.8514244 

.002066116 

485 

235225 

114084125 

22.0227155 

7.8568281 

.002061856 

486 

236196 

114791256 

22.0454077 

7.8622242 

.002057613 

487 

237169 

115501303 

22.06807^5 

7.8676130 

.002053888 

488 

238144 

116214272 

22.0907220 

7.8729944 

.002049180 

489 

239121 

116930169 

22.11.38444 

7  8783684 

.002044990 

490 

240100 

117649000 

22.1.359436 

7.8837352 

.002040816 

491 

241081 

118870771 

22.1585198 

7.8890946 

.002a36660 

492 

242064 

119095488 

22.1810730 

7.8944468 

.002082520 

498 

243049 

119883157 

22.2036033 

7.8997917 

.002028898 

494 

244036 

120558784 

22.2261108 

7.9051294 

.002024291 

495 

245025 

121287875 

22.2485A55 

7.9104699 

.002020202 

496 

246016 

122023936 

22.27ia575 

7.9157832 

.002016129 

d2\ 


TABLE  mU.-SQUARES,  CUBES,  SQUARE  ROOTS. 


1 

'      Xo. 

1 

Squares. 

i      Cubes. 

Square 
Hoots. 

Cube  Roots. 

Recfprocals. 

497 

247009 

122763473 

22.2934968 

7.92109W 

.0020120^ 

4as 

248004 

123505992 

22.3159136 

7.9264085 

.002008082 

4i)9 

249001 

124251499 

22.3383079 

7.9317104 

.002004008 

500 

250000 

125000000 

22.3606798 

7.9370053 

.002000000 

601 

251001 

125751501 

22.:3830293 

7.9422931 

.001996006 

502 

252  04 

126506008 

22.4053565 

7.9475739 

.001992U8S 

503 

253009 

12?263527 

22.4276615 

7.9528477 

.001968072 

,     mi 

254016 

128024064 

22.4499443 

7.9581144 

.001964127 

•       505 

255025 

128787(J25 

22.4?22051 

7.9633743 

.001980198 

506 

256a36 

129554216 

22.4944438 

7.9686271 

.001976285 

507 

257049 

130323843 

22.5166605 

7.97387^1 

.001972887 

508 

258064 

131096512 

22.5388553 

7.9791122 

.001968504 

509 

259081 

131872229 

22.5610283 

7.9818444 

.001964687 

510 

260100 

132651000 

22.5831796 

7.9895697 

.001960784 

511 

261121 

133432831 

22.6053091 

7.9947^3 

.001956947 

512 

262144 

1*4217728 

22.6274170 

8.0000000 

.001958125 

513 

263169 

135005697 

22.6195033 

8.0052049 

.001949818 

514 

264196 

135796744 

22.6715681 

8.0104082 

.001945625 

515 

2Jk3225 

136590875 

22.6936114 

8.0155946 

.001941748 

516 

266256 

137388096 

22.715<i:334 

8.0207794 

.0019879K4 

517 

26?28» 

138188413 

22.7:37(5.340 

8.025JI574 

.001984286 

518 

268:^24 

1389918;« 

22.75(H)i:34 

8.0311287 

.001980502 

519 

269^361 

139798:359 

22.7815n5 

8.0362985 

.00192(J7>a 

520 

270400 

140608000 

22.803.50a5 

8.0414515 

.001923077 

521 

271441 

141420761 

22.82.54344 

8.046(5030 

.00191$)886 

522 

272484 

142236(W8 

22.W7:3193 

8.0517479 

.001915709 

523 

27:i)29 

14305.5()(J7 

2ii.mmm 

8.0568862 

.001912016 

524 

274576 

1438-/78^ 

22.8910463 

8.0620180 

.001908807 

525 

2751)25 

iy7<m25 

22.9128785 

8.0671432 

.001904768 

526 

27W)76 

145.5:31576 

22.9:i4()899 

8.0722620 

.wmnui 

527 

277729 

14<}36:318.3 

22.9.5()480(i 

8.0?r3743 

.001897888 

538 

278784 

147197952 

22.978250() 

8.0H24800 

.001898089 

529 

279841 

1480:35889 

23.(XXXXK)0 

8.08757^W 

.001890650 

530 

280000 

148877000 

23.0217289 

8.0926728 

.0018607118 

531 

281{H)1 

149721291 

23.04*4:372 

8.09'/V589 

.001888880 

532 

28.i()24 

1.5(K)687C»8 

2:^.0651252 

8.1028890 

.001879090 

533 

284089 

151419437 

2:3.0867928 

8.1079128 

.001676178 

5*4 

285156 

1522?3304 

23.1084400 

8.1129803 

.00187^9660 

535 

286225 

1.53130:375 

23.1:300(570 

8.1180414 

.001860160 

536 

287296 

1.539(K)6,5(5 

23.1516738 

8.1280962 

.0016A56n 

537 

288369 

1.548.541.53 

23.1732(505 

8.1281447 

.001662107 

538 

289444 

1557208^2 

2:3.1948270 

8.1881870 

.001656786 

539 

290521 

1.5651X)819 

23.2163735 

8.1882280 

.001660866 

5<0 

291(K)0 

l.)74<MO00 

23.2379001 

8.1482529 

.001851858 

541 

2i)2(Wl 

158:310421 

2:3.2.5{)4067 

8.1482765 

.001618480 

542 

2937(U 

159220088 

23.2808935 

8.1.532989 

.001610016 

513 

294H49 

16v  ia3(X)7 

23.:3023604 

8. 1588051 

.001611081 

514 

2959:^i 

1(J0989I84 

23.3238(>76 

8.1(58:3102 

.OOlR8H0r> 

545 

2{)7<)25 

161878<«>5 

23.*462351 

8.1688092 

.0018»1668 

546 

298116 

1(52771 :33«J 

23.3(566129 

8.1738020 

.001881504 

547 

2992<)9 

163(M)7:323 

2:3.3880311 

8.1782888 

.0(n8a81&l 

548 

3(X):3<)4 

l(>4,56<i.592 

23.4(K)3JH>8 

8.1832695 

.00tt&1616 

549 

301401 

165469149 

2:3.4307490 

8.1882441 

.a)1881404 

550 

802500 

1C>6375000 

2:3. '4520^88 

8.19^127 

.001818168 

551 

WSi'm 

167284151 

23.4733892 

8.1981758 

.001814688 

552 

3<U7(V4 

IfWliMWXW 

2:3.494(5802 

8.2081819 

.001611fiM 

553 

30.5809 

169112377 

23.515*520 

8.2UWMS 

.001606818 

554 

30<}916 

1700:31464 

23.5:372046 

8.2iaQBn 

.001606054 

555 

;i08025 

170953875 

23..-)584380 

8.2179657 

.001601608 

;        556 

:^09i:^6 

,     171879<il6 

23.57SW522 

8.228806S 

.001796561 

1       557 

310249 

;     172808693 

23.600W74 

8.8878854 

.OOlTKOn 

558 

8113IU 

1     173741112 

23.6:^20286 

8.88Sf7468 

.001798115 

\   y 


.o'4^ 


CUBE  BOOTS,  AND  RECIPROCALS. 


No. 

Squares. 

Cubes. 

Square 
Koots. 

Cube  Roots. 

Reciprocals. 

669 

812481 

174676879 

23.6431808 

8.2376614 

001788909 

660 

313600 

175616000 

23  6643191 

8.2425706 

.001785714 

661 

314721 

176558481 

23.6854386 

8.2474740 

.001782581 

562 

315844 

177504328 

23.7066392 

8.2623716 

001779369 

663 

316969 

178453547 

23.7276210 

8.2572633 

.001776199 

564 

318096 

179406144 

23.7486842 

8.2621492 

.001773050 

565 

319225 

180362125 

23.7697286 

8.2670294 

.001769912 

566 

320356 

181321496 

23.7907645 

8.2719039 

.001766784 

567 

321489 

182284263 

23.8117618 

8.2767726 

.001763668 

668 

322624 

183250432 

23.8327506 

8.2816355 

.001760563 

569 

323761 

184220000 

2b. 8537209 

8.2864928 

.001757469 

570 

324900 

1&5193000 

23.8746728 

8.2913444 

.001 764386 

571 

326041 

186169411 

23.8956063 

8.2961903 

.001751313 

572 

327184 

187149248 

23.9166215 

8.8010304 

.001748252 

573 

328;i29 

188132517 

23.9374184 

8.3058651 

.001745201 

574 

329476 

189119224 

23.9582971 

8.3106941 

.001742160 

575 

330625 

190109375 

23.9791576 

8.3155175 

.0017139130 

576 

331776 

191102976 

24.0000000 

8.3208363 

.001736111 

577 

332929 

192100033 

24.020824^5 

8.8251476 

.001788102 

678 

3134084 

193100552 

24.0416306 

8.3299642 

.001780104 

579 

335241 

194104539 

24.0624188 

8.3347653 

.001727116 

580 

336400 

195112000 

24.0a31891 

8.8896609 

.001724188 

581 

337561 

196122941 

24.1039416 

8.8443410 

.001721170 

582 

338724 

197137368 

a4. 1246762 

8.8491256 

.001718213 

5a3 

339889 

198165287 

24.1453929 

8.3539047 

.001715266 

584 

341056 

199176704 

24.1660919 

8.3586784 

.001712329 

5a5 

342225 

200201625 

24.1867732 

8.8684466 

.001709402 

586 

^3396 

201230056 

24.2074869 

8.3682095 

001706486 

587 

.344569 

202262003 

24.2280829 

8.8729668 

.001703678 

588 

345744 

203297472 

24.2487113 

8.3777188 

.001700680 

589 

346921 

204336469 

24.2693222 

8.3824653 

.001697793 

590 

348100 

205379000 

24.2899156 

8.3872065 

.001694915 

591 

349281 

206425071 

24.3104916 

8.8919423 

.001692047 

592 

350464 

207474688 

24.3810501 

8.3966729 

.001689189 

593 

a51649 

208527857 

24.3516913 

8.4018981 

.001686341 

594 

352836 

2095S4584 

24.3721162 

8.4061-180 

.001683602 

595 

354025 

210644875 

24.3926218 

8.4108326 

001680672 

596 

355216 

211708736 

24.4131112 

8.4155419 

.001677862 

597 

356409 

212776173 

24.4336834 

8.4202460 

.001676042 

598 

a57604 

213847192 

24.4540886 

8.4249448 

.001672241 

599 

358801 

214921799 

24.4744765 

8.4296383 

.001669449 

600 

360000 

216000000 

24.4948974 

8.4348267 

.001666667 

601 

361201 

217081801 

24.6153013 

8.4890098 

.001668894 

602 

362404 

218167208 

24.6366883 

8.4436877 

.001661130 

603 

363609 

219256227 

24.5560583 

8.4483605 

.001668875 

604 

364816 

220348864 

24.5764116 

8.4630281 

.001C56629 

605 

366025 

221445125 

24.6967478 

8.4676906 

.001652893 

606 

367236 

222546016 

24.6170673 

8.4623479 

.001650165 

607 

368449 

223648643 

24.6373/00 

8.4670601 

.001647446 

608 

369664 

224766712 

24.6576560 

8.4716471 

.001644737 

609 

370881 

226866629 

24.6779254 

8.4762892 

.001642036 

610 

372100 

226981000 

24.6981781 

8.4809261 

.001639344 

611 

873;i21 

228099131 

24.7184142 

8.4856679 

.001686661 

612 

374644 

229220928 

24.7386838 

8.4901848 

.001633987 

613 

876769 

230346397 

24.7588368 

8.4948065 

001631321 

614 

876996 

231476644 

24.7790234 

8.4994233 

.001628664 

615 

378225 

232608376 

24.7991936 

8.5040860 

.001626016 

616 

379456 

233744896 

24.8193473 

8.6086417 

.001623377 

617 

380689 

234886113 

24.8394847 

8.5182435 

.00162C746 

618 

381924 

236029032 

24.8596058 

8.5178403 

.001618128 

619 

383161 

237176669 

24.8797106 

8.6224321 

.001616509 

620 

384400 

238328000 

24.8997992 

8.5270189 

.001612903 

824 


TABLE  XXin.-  Sgl'ARKS.  CUBES,  SQUAR^E  ROOTS, 


No.    .  Squares. ,      Cubes. 


Square 
Koots. 


Cube  Boots.  ■  Reciprocals. 


621 

eon 

624 
626 
626 
637 
628 
629 

630 
631 
632 
633 
634 
635 
686 
637 
688 
639 

640 
641 
612 

im 

644 
645 
646 
M7 
648 
649 

650 
(r)l 
652 
658 
(i&4 
655 
656 
657 
(k58 
((59 

({60 

m\ 

662 
663 
664 
iWi 
666 
667 
668 

(m 

670 
671 
672 
673 
(J74 
675 
678 
677 
678 
679 

680 
681 
682 


885641 
886884 
888129 
889376 
890626 
891876 
893129 
894384 
895(>11 

896900 
898161 
899424 
4iK)689 
401956 
403225 
4041i)6 
405769 
407044 
408321 

409600 
410881 
4121(V4 
413449 
414736 
416025 
4171316 
418609 
4199(U 
421201 

422500 
42;M)1 
425104 
426409 
42771(5 
4291)25 
480:i3(i 
431(>49 
432964 
4iJ4281 

435(K)0 

■mmi 

488244 
439.'>((9 
44()8{)() 
44222") 
443.->56 
444889 
446224 
447561 

418900 
450241 
451584 
45292J) 
454276 
455625 
456976 
458329 
45JH584 
461041 

462400 
463701 
465121 


239483061 
210641848 
241804867 
242970624 
244140625 
1^45814876 
1^46491883 
JM7678152 
248858189 

250047000 
251289591 
252435968 
258686137 
254t^l04 
256047875    i 
257259456 
258474853    ! 
2596940?2    ' 
260917119    ! 

262144000    ' 

263374721 

264609288 

265847r07 

267089J)K4 

268a36125 

2695861:^) 

270840023 

272097792 

278859449 

27462501)0 
275894451 
277167808 
278445077 
279?262(il 
281011375  . 
282600416 
28:i59;«lW 
I  284890312 
:    286191179 

287496000 
■  288804781 
290117528 
2914;M247 
292754914 
294079625 
29;'V40«2{Ki 
296744  W(W 
298077632 
2994183(K) 

I     800763000 
302111711 

304821217 
806182024 
807546875 
808915776  ; 
810288733 
811665752  , 
813046839    I 

314432000    ' 

315821211 

3172145(>8 


IM.  9198716 
24.9399278 
^.9599679 
IM.  9799920 
26.0000000 
25.0199920 
25.0399681 
25.0599282 
25.07987!W 

25.0998008 
25.11W184 
25.1396102 
25.1594913 
25.179356(i 
25.1992063 
25.2190404 
25.2388589 
25.2586619 
25.2784493 

85.2982213 
25.3179778 
25.3377189 
25.3574447 
25.3771551 
25.3968502 
25.4165301 
25.43(il947 
25.455H441 
25.4754784 

25.4950976 
25.6147016 
25. 5^42907 
25.5588(W7 
25.5784237 
25.5929678 
25.6124969 
25.6320112 
26.6515107 
25.6709953 

25.6904652 
25.70J)9203 
25.7293607 
25.74878(>4 
26.7681975 
25.7876939 
25.8069758 
25.82(»4:31 
25.K456960 
25.8650*43 

25.HR43582 
25.903(i(ir7 
25.5W2J)()28 
25.9422135 
25.9(515100 
25.9807621 
26.0000000 
26.019aJ37 
26.08K4831 
26.0576284 

26.0768096 
26.0950767 
26.1151297 


8.6816009 
8.6361780 
8.5407501 
8.6463173 
8.6498797 
8.:>6448?2 
8.5589899 
8.6635877 
8.5680807 

8.5786189 
8.5771623 
8.5816809 
8.5862047 
8. 590^38 
8.6952380 
8.6997476 
8.6042525 
8.6087626 
8.6132480 

8.6177888 
8.6222248 
8.6267063 
8.6811880 
8.6856551 
8.&401226 
8.6445865 
8.6490487 
8.6584974 
8.6579465 

8.6623911 
8.6668810 
8.6n2665 
8.6756974 
8.6801287 
8.6(^45456 
8.6889680 
8.6983759 
8.6977848 
8.7021882 


8. 
8. 
8. 
8. 
8. 
8. 
8. 
8. 
8. 
8. 

8. 

8 

8 

8 

8 

8 

8. 

8. 

8. 

8. 


7065877 
7109827 
71587*4 
n975fl6 
7241414 
7«J5187 
7828918 
787^«04 
416246 
450646 

750*401 
7546013 
7590388 
7688809 
7677102 
7720682 
68880 
7807084 
7«a806 
788*166 


R.TOMSOS 
8.7079870 
8.8088781 


.001610806 
.001607717 
.001605186 
.001602504 
.001600000 
.001697444 
.001694806 
.001692867 
.001689685 

.001687808 
.001684786 
.001682278 
.001570770 
.001577887 
.001574808 
.0016?8a87 
.001660600 
.001567896 
.0016*4045 

.001668600 
.001660002 
.001667682 
.001666810 
.001650796 
.001560888 
.001M7968 
.001649505 
.001548810 
.001640688 

.001686408 
.001680006 
.001688742 
.001681804 
.0016eii0068 
.001500718 
.001604800 

.ooi6ta9ro 

.001610797 
.001517461 

.001516168 
.001518600 
.001510674 
.001506800 
.OO16O0QM 
.001506:«» 
.001601508 
.001400880 
.001497006 
.00l4Of7tR 

.001408687 
.001400018 
.001488006 
.001469664 
.001488660 
.001461461 
.001478800 
.00147n05 
.001474880 
.OOMTSTM 

.001470686 
.001406488 
.001400870 
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CUBE  kOOtS,  AND  RECIPROCALS. 


No. 

Squares. 

1 
1 

Cubes. 

683 

466489 

318611987 

esi 

467856 

320013504 

685 

469225 

321419125 

686 

470596 

322828856 

687 

471969 

824242708 

688 

473344 

325660672 

680 

474?21 

827082769 

690 

476100 

828509000 

691 

477481 

829989371 

69d 

4788W 

831378888 

693 

480249 

832812557 

694 

481636 

834255384 

695 

483025 

335702375 

696 

4ft4416 

887153536 

697 

485809 

838608873 

698 

48?-J04 

840068392 

699 

488601 

841582099 

TW 

490000 

848000000 

701 

491401 

344472101 

702 

492804 

»4594*408 

703 

494209 

347428927 

704 

495616 

348913664 

705 

497025 

350402625 

706 

49*436 

351895816 

707 

499849 

358393^48 

708 

501264 

354894912 

709 

502681 

85^00829 

710 

504100 

357911000 

711 

505521 

359425481 

712 

506944 

860944128 

713 

508369 

362467097 

714 

509796 

868994344 

715 

511225 

865525875 

716 

512656 

367061696 

717 

514069 

368601813 

718 

615524 

870146232 

719 

616961 

871694959  1 

720 

51&400 

373248000 

721 

519^1 

374805361 

722 

5212W 

876367048 

723 

622729 

877983067 

ra4 

524176 

879503424 

725 

625625 

381078125 

726 

527076 

882657176 

727 

528529 

884240588 

728 

5299*4 

385828352 

729 

631441 

387420489 

730 

532900 

389017000 

731 

^34361 

890617891 

732 

535824 

892223168 

733 

537289 

398882837 

734 

538756 

395446904 

735 

540225 

397065375 

736 

M1696 

398688256 

737 

543169 

400315553 

738 

644644 

401947272 

789 

&46121 

40358^419 

740 

547600 

405224000 

741 

649081 

406869021 

742 

650564 

408518488 

743 

652049 

410172407 

744 

553636 

411830784 

Square 

Roots. 


26.1842867 
26.1588987 
26.1725047 
26.1916017 
26.2106848 
26.2297541 
26.2488095 

26.2678511 
26.2868789 
26.3068929 
26.8248982 
26.3488797 
26.3628527 
26.3818119 
26.4007576 
26.4196896 
26.4886081 

26.4575181 
26.4764046 
26.4952826 
26.5141472 
26.5829983 
26.5518861 
26.5706605 
26.5894716 
26.6082694 
^  6270589 

26.6468252 
26.6645833 
26.6888281 
26.7020598 
26.7207784 
26.7994839 
26.7581763 
26.7768557 
26.7955220 
26.8141754 

26.8328157 
26.8514432 
26.8700577 
26.8886598 
26.9072481 
26.9258240 
26.9443872 
28.9629375 
28.9814761 
27.0000000 

27.0185122 
27.0870117 
27.0554985 
27.0789727 
27.0924*44 
27.1108834 
27.1293199 
27.1477439 
27.1661554 
27.1845544 

27.2029410 
27.2213152 
27.2896769 
27.2580263 
27.2763634 


Cube  Roots. 


8.8065722 
8.8108681 
8.8151598 
8.8194474 
8.8287807 
8.8280099 
8.8822850 

8.8885569 
8.8406227 
8.8450864 
8.8493440 
8.8635986 
8.8578489 
8.8620952 
8.8668375 
8.8705757 
8.8748099 

8.-8790400 
8.8832661 
8.8874882 
8.8917063 
8.8959204 
8.9001804 
8.9043866 
8.9085387 
8.9127369 
8.91693U 

8.9211214 
8.9253078 
8.9294902 
8.9836687 
8.9378483 
8.9420140 
8.9461809 
8.9503438 
8.9545029 
8.9586581 

8.9628095 
8.9669570 
8.9711007 
8.9752406 
8.9798766 
8.9885089 
8.9876378 
8.9917620 
8.9958829 
9.0000000 

9.0041134 
9.0082229 
9.0128288 
9.0164309 
9.0205293 
9.0246289 
9.028n49 
9.0828021 
9.0868857 
9.0409655 

9.0450419 
9.0491142 
9.0631881 
9.0672482 
9.0813098 


Reciprocals. 


.001464129 
.001461968 
.001459664 
.001457726 
.001455804 
.001453488 
.001451379 

.001449276 
.001447178 
.001446087 
.001448001 
.001440923 
.001488849 
.001436782 
.001484720 
.001432685 
.001430616 

.001428571 
.001426684 
.001424601 
.001422476 
.001420466 
.001418440 
.001416481 
.001414427 
.001412429 
.001410487 

.001408461 
.001406470 
.001404494 
.001402525 
.001400680 
.001398601 
.001396848 
.001394700 
.001392758 
.001390621 

.001388889 
.001388983 
.001386042 
.001388126 
.001381215 
.001379810 
.001377410 
.001375616 
.001373626 
.001371742 

.001369883 
.001867969 
.001366120 
.001364268 
.001862898 
.001880644 
.001358898 
.001358862 
.001356014 
.001353180 

.001351861 
.001349626 
.001347709 
.001846606 
.001344068 
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TABLE  XXm.— SQUARES,  CUBES,  SQUARE  HOOTS. 


No. 

Squares. 

Cubes. 

745 

555025 

413493625 

746 

556516 

415160936 

747 

558009 

416832723 

748 

559504 

418508992 

749 

561001 

420189749 

750 

562500 

421875000 

751 

564001 

423564751 

752 

565504 

425259008 

758 

507009 

426957777 

754 

568516 

428661064 

755 

570025 

430368875 

756 

571536 

432081216 

757 

57:W49 

438798093 

758 

574564 

435519512 

759 

576081 

437245479 

760 

57r600 

438976000 

761 

579121 

440711081 

762 

580644 

44;J450?28 

763 

582169 

444194947 

764 

58:^J96 

445943744 

765 

585225 

447697125 

766 

586756 

449455096 

767 

588289 

451217663 

768 

589824 

452984832 

769 

591361 

454756609 

770 

592900 

456533000 

771 

594441 

458314011 

772 

595984 

460099648 

773 

597529 

461889917 

774 

599076 

463684824 

775 

600625 

465484375 

776 

602176 

467288576 

777 

603729 

469097433 

778 

6052S4 

470910952 

7r9 

606841 

472?29139 

780 

608400 

474552000 

781 

609961 

476379541 

782 

611524 

478211768 

783 

613089 

480048687 

784 

614()56 

481890304 

785 

616225 

483736625 

786 

61V'«1I6 

485587656 

787 

619369 

487443403 

788 

620944 

4893013872 

789 

622521 

491169069 

790 

624100 

4930:39000 

7})1 

625(J81 

494913671 

792 

62?264 

496793088 

793 

628849 

49867?257 

7W 

ti30436 

500566184 

795 

6;i2025 

502459875 

796 

633616 

504358336 

797 

()352(n) 

50(;261573 

798 

636804 

5081(59592 

799 

638401 

510082399 

800 

640000 

519000000 

801 

641601 

613922401 

802 

&43204 

515ai9608 

808 

644809 

517781627 

804 

646416 

519718464 

805 

648025 

621660125 

806 

649636 

623606616 

Square 
Ruots. 


27.2946881 
27.3130006 
27.3313007 
27.3495887 
27.3678644 

27.3861279 
27.4043792 
27.4226184 
27.4408455 
27.4590604 
27.4772633 
27.4954542 
27.5136330 
27.5317998 
27.5499546 

27.5680975 
27.5862284 
27.604*475 
27.62.4546 
27.6405499 
27.6586334 
27.6767050 
27.6947648 
27.7128129 
27.7808492 

27.7488739 
27.7668868 
27.7848880 
27.8028775 
27.8208555 
27.8388218 
27.8567766 
27.8747197 
27.8926514 
27.9105715 

27.9284801 
27.9463772 
27.9642629 
27. 98213^2 
28.0000000 
28.0178515 
28.0356915 
28.0535203 
28.0713377 
28.0891438 

28.1069386 
28.124T222 
28.1424946 
28.1602557 
28.1780056 
28.1957444 
28.2134?20 
28.2811884 
28.^4885)38 
28.2665881 

28.2W2712 
28.3019434 
28.319(5045 
28.3372546 
28.a''>48i)38 
28.3?25219 
,    28.3901391 

327 


Cube  Roots. 


Reciprocals. 


9.0658677 
9.0694220 
9.0734726 
9.0775197 
9.0615631 

9.0656030 
9.0896392 
9.0986719 
9.0977010 
9.101?265 
9.1057485 
9.1097669 
9.1187818 
9.1177931 
9.1218010 

9.1258058 
9.1298061 
9.1338034 
9.1377971 
9.1417874 
9.1457742 
9.1497676 
9.1537375 
9.1677139 
9.1616869 

9.1656565 
9.1696225 
9.1785852 
9.1775445 
9.1815008 
9.1864627 
9.1894018 
9.1988474 
9.1972897 
9.2012286 

9.2051641 
9.2090962 
9.2130250 
9.2169505 
9.220er26 
9.2247914 
9.2287068 
9.2826189 
9.2865277 
0.2404888 

9.2448365 
9.2482844 
9.2621800 
9.2660224 
9.2699114 
9.2687973 
9.2676796 
9.2716692 
9.2754862 
9.2798061 

9.28817Tr  ' 

9.2870440  , 

9.2900072 

9.2047671 

9.2960280 

9.8004775 

0.8068»78 


I 


.001342282 
.001810488 
.001838688 
.001886806 
.001886118 

.001888888 
.0(1881666 
.001820787 
.001326021 
.001326260 
.001324608 
.001322761 
.001821004 
.001810261 
.001317628 

.001816780 
.001814060 
.001812386 
.001810616 
.001806001 
.001807100 
.001806468 
.001808781 
.001802068 
.001800800 

.0012067m 
.001207017 
.001206887 
.001208661 
.001201000 
.001200828 
.001288600 
.001287001 
.001266847 
.001268007 

.001280061 
.001280410 
.001278772 
.001277180 
.001275610 
.00127S685 
.001272266 
.001270648 
.001260086 
.001267487 

.001265828 
.001264288 
.001208096 
.001261004 
.00126M46 
.001267602 
.001260881 
.001254706 
.001258188 
.001261601 

.001280000 
.001248180 
.001210888 
.001246880 
.001248m 


.0012«W0 


CUBE  BOOTS,  AND  RECIPROCALS. 


No. 

Squares. 

Cubes. 

Square 
Boots. 

Cube  Roots. 

Reciprocals. 

807 

651249 

525557943 

28.4077454 

9.3101750 

.001239157 

808 

652864 

527514112 

28.4253408 

9.3140190 

.001237624 

809 

654481 

529475129 

28.4429253 

9.3178599 

.001236094 

810 

656100 

531441000 

28.4604989 

9.3216975 

.001234668 

811 

657721 

533411731 

28.4780617 

9.3255320 

.001233046 

813 

659344 

535387328 

28.4956137 

9.3293634 

.001231527 

813 

660969 

537367797 

28.5181549 

9.3331916 

.001230012 

814 

662596 

539353144 

28.5306852 

9.3370167 

.001228501 

815 

664225 

541343375 

28.5482048 

9.3406386 

.001226994 

816 

665856 

543338496 

28.5657137 

9.3446575 

.001225490 

817 

667489 

545338513 

28.5832119 

9.3484731 

.001223990 

818 

6691^ 

547343432 

28.6006993 

9.3522857 

.001222494 

819 

670761 

549353259 

28.6181760 

9.3E60952 

.001221001 

820 

672400 

551368000 

28.6356421 

9.3599016 

.001219512 

821 

674041 

553:387661 

28.6530976 

9.3637049 

.001218027 

822 

675684 

555412248 

28.670&424 

9.3675051 

.001216545 

823 

677329 

557441767 

28.6879766 

9.3713022 

.001215067 

824 

678976 

559476224 

28.7054002 

9.3750963 

.001213592 

825 

'680625 

561515625 

28.7228132 

9.3788873 

.001212121 

826 

682276 

563559976 

28.7402157 

9.3826752 

.001210654 

827 

683929 

565609283 

28.7576077 

9.3864600 

.001209190 

828 

685584 

567663552 

28.7749891 

9.3902419 

.001207729 

829 

687241 

569?22789 

28.7923601 

9.3940206 

.001206273 

830 

688900 

571787000 

28.8097206 

9.3977964 

.001204819 

831 

690561 

573856191 

28.8270706 

9.4015691 

.001208369 

832 

692224 

575930368 

28.8444102 

9.4053387 

.001201923 

833 

693889 

578009537 

28.8617394 

9.4091054 

.001200480 

&34 

695556 

580093704 

28.8790582 

9.4128690 

.001199041 

835 

697225 

582182875 

28.8963666 

9.4166297 

.001197605 

836 

698896 

584277056 

28.9136646 

9.4203873 

.001196172 

837 

700569 

586376253 

28.9309523 

9.4241420 

.001194743 

838 

702244 

588480472 

28.9482297 

9.4278936 

.001193317 

839 

703921 

590589719 

28.9654967 

9.4316423 

.001191895 

840 

705600 

592704000 

28.9827585 

9.4353880 

.001190476 

841 

707281 

594823321 

29.0000000 

9.4391307 

.001189061 

&42 

708964 

596947688 

29.0172363 

9.4428704 

.001187648 

843 

710649 

599077107 

29.0344623 

9.4466072 

.001186240 

844 

712336 

601211584 

29.0516781 

9.4503^110 

.001184834 

845 

714025 

603351125 

29.0688837 

9.4,'>40719 

.001183432 

846 

715716 

605495736 

29.0860791 

9.4577999 

.001182033 

mr 

717409 

607645423 

29.1032644 

9.4615249 

.001180638 

848 

719104 

609800192 

29.1204396 

9.4652470 

.001179245 

849 

720801 

611960049 

29.1376046 

9.4689661 

.001177856 

850 

722500 

614125000 

29.1547595 

9.4726824 

.001176471 

851 

724201 

616295051 

29.1719043 

9.4763957 

.001175088 

852 

725904 

618470208 

29.189a390 

9.4801061 

.001173709 

853 

727609 

620a50477 

29.2061637 

9.4a38l36 

.001172333 

854 

729316 

622835864 

29.2232784 

9.4875182 

.001170960 

855 

731025 

625026375 

29.2403830 

9.4912200 

.001169591 

856 

7327*36 

627222016 

29.2574777 

9.4949188 

.001168224 

857 

734449 

629422793 

29.2745623 

9.4986147 

.001166861 

858 

736164 

631628712 

29.2916370 

9.5023078 

.001165501 

859 

737881 

6338397; 9 

29.8087018 

9.5059980 

.001164144 

860 

739600 

636056000 

29.3257566 

9.5096854 

.001162791 

861 

741321 

638277381 

29.3428015 

9.5133699 

.001161440 

862 

743044 

640503928 

29.3598365 

9.5170515 

.001160093 

863 

744769 

642735647 

29.3768616 

9.5207303 

.001158749 

864 

746496 

644972544 

29.3938769 

9.5244063 

.001157407 

865 

748225 

647214625 

29.4108823 

9.5280794 

.001156069 

866 

749956 

649461896 

29.4278779  j 

9.5317497 

.001154734 

867 

751689 

651714363 

29.4448637 

9.5354172 

.001153403 

868 

75*424 

653972032 

29.4618397 

9.5390618 

.001152074 

336 


TABLE  XZIII.-SQUA]         CUBES,  SQUARE  BOOTS^ 


910 
911 
912 
913 
914 
915 
916 
917 
918 
919 

9^^ 
921 
922 
928 
921 
925 
926 
927 
5«H 
909 
990 


No. 

1 
Squares.  ' 

Cubes. 

869 

755161 

656234909 

870 

756900 

658503000 

871 

758W1 

660776311 

8ra 

7603*4 

663054H48 

878 

762129 

665;«8617 

874 

763876 

667627624 

875 

765625 

669921875 

876 

767376 

672221376 

877 

769129 

674526133 

878 

770884 

676836152 

879 

77T2641 

679151439 

880 

77+400 

681472000 

881 

776161 

683797*41 

882 

rrvftw 

686128968 

883 

779689 

68*465;W7 

8W 

781456 

690807104 

885 

.   78:*225 

693154125 

886 

7W996 

69550&156 

887 

'   786769 

69:8(>4103 

8H8 

788r>44 

700227072 

889 

790321 

7025951369 

890 

792100 

704969000 

891 

793881 

707;i47J)71 

892 

795664 

709732288 

898 

797449 

712121957 

894 

Tmrzm 

714516984 

895 

801025 

716917:^5 

896 

802816 

719323136 

897 

804609 

TO1734278 

898 

80<}4OI 

724150792 

899 

806201 

?265?2699 

900 

810000 

729000000 

901 

811801 

731432701 

902 

813604 

733870806 

903 

815409 

736314:327 

904 

81?216 

788763264 

905 

81fXl25 

741217625 

906 

820836 

743677416 

907 

822<«9 

746142648 

908 

8:^44♦M 

748618312 

909 

826281 

751089429 

Square 
Roots. 


Cube  Roots.   Reciprocals. 


828100 
829{)21 
831744 
mVM9 
835;3{K5 
837225 
83JK>56 
*40889 
W2724 
W4561 

W6400 
a48241 
a'KX)84 
851929 
853776 
K55625 
857476 
*">{>:«{> 
8()118t 
863041 
8(V4SK)0 


75a571000 
756058031 
75K550528 
76104K497 
763551944 
76<J()60875 
768575296 
771095213 
773<)20632 
776151559 

778(>88000 
7K1229i)61 
783777448 
7fMm(m7 
788889024 
7914.W125 
794022776 
7!)6,5J)7«83 
799178752 
80l7<i5()H9 
804357lK)0 


29.4788059 

29.4957624 
29.5127091 
29.5296461 
29.5465734 
29.5634910 
29.5803989 
29.5972iyr2 
29.6141858 
29.6310648 
29.6479342 

29.6W7939 
29.6816442 
29.6964848 
29.7153159 
29.7:321375 
29.7489496 
29.76,57521 
29.7825452 
29.7993289 
29.8161030 

29.8328678 
29.8496231 
29.866:3690 
29.8831056 
29.8998328 
29.9165506 
29.9332591 
29.9499583 
29.9666481 
29.9833287 

30.0000000 
30.0166620 
30.033:3148 
30.0499564 
30.0665928 
30.0832179 
30.0998:339 
80.1164407 
30.13:30383 
30.1496269 

30.1662063 
30.1827765 

ao.mmrr 

30.2158899 
30.2324329 
30.24896<^ 
30.2654919 
30.2820079 
30.2985148 
30.3150128 

30.. 331 5018 
30.3479818 
30.8644,529 
30.88091.51 
30. 8973688 
80.4138127 
80.4,302481 
30. 44(56747 
.30.46:3(K)24 
80.4795018 
80.4959014 


9.5427437 

9.5464027 
9.5500589 
9.5537128 
9.5578630 
9.5610108 
9.5646.559 
9. .5682982 
9.5719377 
9.5756746 
9.5792085 

9.5828897 
9.5864682 
9.5900939 
9.59:37109 
9.5978878 
9.6009548 
9.6045696 
9.6061817 
9.6117911 
9.61.58977 

9.6190017 
9.6226090 
9.6262016 
9.6297975 
9.6338907 
9.6869812 
9.6406690 
9.6441.542 
9.6477867 
9.6618166 

9.6.548988 
9.6584(»4 
9.6620408 
9.66.56096 
9.6691762 
9.6727408 
9.6768017 
9.679«J04 
9.6834166 
9.6869701 

9.6906211 
9.6940((94 
9.6976151 
9.7011.588 
9.7046989 
9.70»2869 
9.71177« 
9.7158051 
9.7188354 
9.7228681 

9.72.58888 
9.7294109 
9.7829309 
9.73(M484 
9.7899684 
9.7484738 
9.7460867 
9.75(V499a 
9.7589979 
9.7576008 
9.7610001 


.001150748 

.001149426 
.001148106 
.001146789 
.001145476 
.001144166 
.001142867 
.001141668 
.001140261 
.001138962 
.001137666 

.001136364 
.001185074 
.001188787 
.001182808 
.001181282 
.001129944 
.001128668 
.001127806 
.001126196 
.001124869 

.001128606 
.001122834 
.001121078 
.001110881 
.001118668 
.001117818 
.001116071 
.001114887 
.001118686 
.001118847 

.001111111 
.001109678 
.001108647 
.001107480 
.001106106 
.001104978 
.001106788 
.001108686 
.001101888 
.001100110 

.001006001 
.001007005 
.001006401 
.001006800 
.001094008 
.001090806 
.001091708 
.001000818 
.001080885 
.001088180 

.001086067 
.001086778 
.001084600 
.001088488 
.001060881 
.001081061 
.001070014 
OOlOmMO 
.001077886 
.001075488 
.001078880 


m 


CUBE  BOOTS,  AND  RECIPROCALS. 


Ko. 

Squares. 

Cubes. 

081 

866761 

806954491 

932 

868624 

809557568 

933 

870489 

812166237 

934 

872356 

814780504 

935 

874225 

817400375 

936 

876096 

820025856 

937 

877969 

822656958 

938 

879844 

825293672 

939 

881721 

827936019 

Square 
Roots. 


940 
941 
942 
943 
944 
945 
946 
947 
948 
949 

950 
951 
952 
953 
954 
955 
956 
967 
958 
959 

960 
961 
962 
963 
964 
965 
966 
967 
968 
969 

970 
971 
972 
973 
974 
975 
976 
977 
978 
979 

980 
981 
982 
983 
984 
986 
986 
987 
988 
989 

990 
991 
992 


883600 
885481 
887364 
889249 
891136 
893025 
894916 
896809 
898704 
900601 

902500 
904401 
906304 
908209 
910116 
912025 
913936 
915849 
917764 
919681 

921600 
923521 
925444 
927369 
929296 
931226 
933156 
935089 
937024 
938961 

940900 
942841 
944784 
946729 
948676 
950625 
952576 
954529 
956484 
958441 

960400 
962361 
964324 
966289 
968256 
970226 
972196 
974169 
976144 
978121 

980100 
982081 
984064 


830584000 
833237621 
835896888 
838561807 
841232384 
843908625 
846590536 
849278128 
851971392 
854670349 

857375000 
860085351 
862801408 
865523177 
868250664 
870983876 
873722816 
876467493 
879217912 
881974079 

884736000 
887503681 
890277128 
893056347 
695841344 
898632125 
901428696 
904231063 
907039232 
909853209 

912673000 
915498611 
918330048 
921167317 
924010124 
926859375 
929714176 
982574838 
985441352 
938313739 

941192000 
944076141 
946966168 
949862087 
952763904 
955671626 
958585256 
961504808 
964430272 
967361669 

970299000 
978242271 
976191488 


30.5122926 
30.5286750 
30.6450487 
80.5614136 
80.5777697 
80.6941171 
80.6104557 
30.6267857 
30.6431069 

80.6594194 
80.6757233 
80.6920186 
80.7083051 
20.7245830 
30.7408528 
30.7571130 
30.7733651 
30.7896086 
30.805&436 

80.8220700 
80.8382879 
80.8544972 
80.8706981 
30.8868904 
80.9030748 
80.9192497 
80.9354166 
80.9515751 
30.9677251 

80.9838668 
81.0000000 
81.0161248 
81.0322418 
81.0483494 
81.0644491 
81.0805405 
81.0966236 
81.1126984 
31.1287648 

81.1448230 
31.1608729 
31.1769146 
31.1929479 
81.2089731 
81.2249900 
31.2409987 
81.2569992 
31.2729916 
31.2889757 

81.8049517 
81.3209195 
81.8368792 
81.3528308 
81.3687743 
31.3847097 
31.4006369 
31.4165561 
81.4324678 
31.4483704 

31. 4^42654 
81 .4801525 
81.4960316 


Cube  Roots. 


1 


9.7644974 
9.7679922 
9.7714846 
9.7749743 
9.7784616 
9.7819466 
9.7854288 
9.7889087 
9.7923861 

9.7958611 
9.7993336 
9.8028036 
9.8062711 
9.8097862 
9.8131989 
9.8166591 
9.8201169 
9.82a5728 
9.8270252 

9.8304757 
9.8339288 
9.8373696 
9.&408127 
9.8442536 
9.8476920 
9.8611280 
9.8545617 
9.8579929 
9.8614218 

9.8648488 
9.8682724 
9.8716941 
9.8751135 
9.8785306 
9.8819451 
9.8853574 
9.8887673 
9.8921749 
9.8955801 

9.8989830 
9.9028836 
9.9057817 
9.9091776 
9.9125712 
9.9159624 
9.9193518 
9.9227379 
9.9261222 
9.9295042 

9.9328839 
9.9362618 
9.9396368 
9.9430092 
9.9468797 
9.9497479 
9.9531138 
9.9564776 
9.9598889 
9.9631981 

9.9665549 
9.9699096 
9.9732619 


Reciprocals. 


.001074114 
.001072961 
.001071811 
.001070664 
.001069619 
.001068876 
.001067286 
.001066096 
.001064963 

.001063880 
.001062699 
.001061671 
.001060446 
.001059822 
.001058201 
.001057082 
.001055966 
.001054862 
.001053741 

.001052632 
.001051526 
.001050420 
.001049318 
.001048218 
.001047120 
.001046026 
.001044932 
.001043841 
.C01042753 

.001041667 
.001040588 
.001039601 
.001038422 
.001037344 
.001036269 
.001036197 
.001034126 
.001033068 
.001031992 

.001030928 
.001029866 
.00102^807 
.001027749 
.001026694 
.001025641 
.001024590 
.001023641 
.001022496 
.001021450 

.001020406 
.001019868 
.001018880 
.001017294 
.001016260 
.001015228 
.001014199 
.001018171 
.001012146 
.001011122 

.001010101 
.001009062 
.001006066 


TABLE  XXm.~SQUARES,  CUBES,  ETC. 


No. 

Squares. 

Cubes. 

Square 
Roots. 

Cube  Roots. 

Reciprocals. 

993 

986049 

979146657 

31.5119025 

9.9766120 

.001007049 

994 

988036 

982107784 

31.5277655 

9.9799599 

.001006086 

995 

990025 

985074875 

31.5436206 

9.9833055    ( 

.001005025 

996 

992016 

988047936 

31.55JU677 

9.9866488    j 

.001004016 

997 

994()09 

991026973 

31.5753068 

9.9899900 

.001008009 

998 
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31.6:«5840 
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1015075125 
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31.7490157 
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.0009900990 

1011 
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10.039tU10 
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31.8276609 

10.0431469 
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1014 
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31.84*^56 

10.0464506 

.0009601988 
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10.0497521 

.000966iB17 
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31.9217794 
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1061208000 
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TABLE  XXTV. — LOGARlTttMS   OF  KtJMBEBi. 


No.  100  L.  000.] 


[No.  109  L.  040. 


N.  '     0 


8 


100  :  000000  I  0434 

1  i   4321  4751 

2  i   8600  '  9026 


3  '  012837  ;  3259 

4  ,   7033  7451 


5  021189  I  1603 

6  5306  5715 

7  I   9384  '  9789 


0668 
6181 
9451 


1301 
5609 
9876 


3680 
7868 


4100 
8284 


6 


6 


8  »    i  Diflf. 


1734 
6038 


8  033424 

9  I      7426 
i  04 


2016 
6125 

0195 
4227 
8223 


0300 
4521 
8700 


2428  2841 


6533 

0600 
4628 
8620 


6942 


!                1 

2598 
6894 

1 

2166  1 
6466 

3029 
7321  1 

0724 
4940 

9116     ; 

1147 
5360 
9532 

1570  1 
5779  1 
9947 

1  3252  1 
i  7350 

3664 

'rr57 

4075  i 

8164  i 

1 

3461  3891 

7748  I  8174 


1993  I  2415 
6197  I  6616 


0361  0775 
4486  4896 
8571  8978 


1004 
5029 
9017 


1408  !  1812 
5430  5830 
9414  ,  9811 


2216  ; 
6230  I 


2619  I  3021 
6629  .  7028 


0207  i  0602     0998 


Proportional  Parts. 


432 

428 

424 
420 

416 
412     \ 
408 

404 
400 

397 


Diff. 

1 

2 

8 

4 

5 

6 

7 

8 

9 
890.6 

434 

43.4 

86.8 

130.2 

173.6 

217.0  1 

260.4  ; 

303.8 

847.2 

433 

43.3 

86.6 

129.9 

173.2 

216.5  1 

259.8  j 

803.1 

846.4 

889.7 

432 

43.2 

86.4 

129.6 

172.8 

216.0  1 

259.2 

802.4 

845.6 

388.8 

431 

43.1 

86.2 

129.3 

172.4 

215.5 

258.6  ! 

301.7 

844.8 

887.9 

430    1 

43.0 

86.0 

129.0 

172.0 

215.0 

258.0 

301.0 

844.0 

387.0 

429     1 

42.9 

85.8 

128.7 

171.6 

214.5  1 

257.4 

300.3 

343.2 

386.1 

428 

42.8 

85.6 

128.4 

171.2 

214.0 

256.8 

299.6 

842.4 

885.2 

427 

42.7 

85.4 

128.1 

170.8 

218.5 

256.2 

298.9 

841.6 

384.3 

426 

42.6 

85.2 

127.8 

170.4 

213.0 

255.6 

298.2 

840.8 

383.4 

425 

42.5 

85.0 

127.5 

170.0 

212.5 

255.0 

297.5 

340.0 

382.5 

4^ 

42.4 

84.8 

127.2 

169.6 

212.0 

254.4 

296.8 

339.2 

381.6 

423 

42.3 

84.6 

126.9 

169.2 

211.5 

253.8 

296.1 

338.4 

880.7 

422 

42.2 

84.4 

126.6 

168.8 

211.0 

258.2 

295.4 

337.6 

379.8 

421 

42.1 

84.2 

126.3. 

168.4 

210.5 

252.6 

294.7 

386.8 

378.9 

420 

42.0 

84.0 

126.0 

168.0 

210.0 

252.0 

294.0 

336.0 

378.0 

419 

41.9 

83.8 

125.7 

167.6 

209.5 

251.4 

293.3 

835.2 

377.1 

418 

41.8 

83.6 

125.4 

167.2 

209.0 

250.8 

292.6 

384.4 

376.2 

417 

41.7 

83.4 

125.1 

166.8 

208.5 

250.2 

291.9 

838.6 

375.8 

416 

41.6 

83.2 

124.8 

166.4 

208.0 

249.6 

291.2 

332.8 

374.4 

415 

41.5 

83.0 

124.5 

166.0 

207.5 

249.0 

290.5 

332.0 

378.5 

414 

41.4 

82.8 

124.2 

165.6 

207.0 

248.4 

289.8 

331.2 

372.6 

413 

41.3 

82.6 

123.9 

165.2 

206.5 

247.8 

289.1 

330.4 

871.7 

412 

41.2 

82.4 

123.6 

164.8 

206.0 

247.2 

288.4 

829.6 

870.8 

411 

41.1 

82.2 

123.3 

164.4 

205.5 

246.6 

287.7 

328.8 

869.9 

410 

41.0 

82.0 

123.0 

164.0 

205.0 

246.0 

287.0 

328.0 

369.0 

409 

40.9 

81.8 

122.7 

163.6 

204.5 

245.4 

286.3 

827.2 

368.1 

408 

40.8 

81.6 

122.4 

163.2 

204.0 

244.8 

285.6 

326.4 

;  367.2 

407 

40.7 

81.4 

122.1 

162.8 

203.5 

244.2 

284.9 

325.6 

366.3 

406 

,  40.6 

81.2 

121.8 

162.4 

203.0 

243  6 

284.2 

824.8 

365.4  1 

405 

40.5 

81.0 

121.5 

162.0 

202.5 

243.0 

288.5 

324.0 

1  364.6 

404 

40.4 

80.8 

121.2 

161.6 

202.0 

242.4 

282.8 

328.2 

863.6 

403 

40.3 

80.6 

120.9 

161.2 

201.5 

241.8 

282.1 

822.4 

862.7 

402 

40.2 

80.4 

120.6 

160.8 

201.0 

241  2 

281.4 

321.6 

i  861.8 
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40.1 

80.2 

120.3 

160.4 

200.5 

240.6 

280.7 

320.8 

i  860.9 

400 

40.0 

800 

120.0 

160.0 

200.0 

240.0 

280.0 

320.0 

860.0 

399 

39.9 

79.8 

119.7 

159.6 

199.5 

239.4 

279.8 

819.2 

859.1 

398 

39.8 

79.6 

119.4 

159.2 

199.0 

238.8 

278.6 

318.4 

a58.2 

397 

39.7 

79.4 

119.1 

158.8 

198.5 

238.2 

277.9 

817.6 

857.8 

396 

39.6 

79.2 

118.8 

158.4 

198.0 

237.6 

277.2 

816.8 

856.4 

395 

39.5 

79.0 

118.5 

158.0 

197.5 

237.0 

276.5 

816  0 

855.5 

333 


TABLE  Xxrv.— LOG. 


Of  KtniBBBC. 
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1 
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TABLE  XXIV. — LOGARITHM 8  OF  NCSfBEHB. 


No.  lao  U  era,)                                                                                 [No.  134  L,  180.  1 

N,        0      1     1         a    1     3 
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1 
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SI 
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333    !  33,3 
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99 

m 
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ne 
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1 
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is 

130 
189 
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0 

j 
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1 
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1 
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84 
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83 

83 

S3 
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1 
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1 
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«j 
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seo 

8^ 

311 

1 

3H 
81] 

an 

307 
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•      TABLE  XX  TV. — L0GAT?1THM8   OF  KtJMBERfi. 


f' 


No.  135  L.  130.] 


LNo.  149  L.  175. 


N. 


1:35  I  1303»i 

6  I      3539 

7  ,      6721 

8  !      9879 


9     143015 


140 
1 


6128 
9219 


2  I  ir)22H8 

3      5im 

4  j      8362 


5 
6 

i 

8 
9 


16136H 
4353 
7317 

170262 
318<i 


Diflf. 


201 
201) 
2«0 
2«ft 
287 
286 


'  20.1 
2J».0 

I  28. 11 

!  28.8 
2H.7 

i  28.6 


8 


6 


8    !     0    IDiiT. 


0655 

385« 
7U;37 

05»77 
4177 
7:i>4 

1298 
44)N$ 
7671 

1619 
4814 
7987 

11W9 
5133 
8;i03 

2260 
&J51 

8618 

2580 
57(}9 
Sim 

01  w 
3327 

6438 
ft-)27 
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3639 

6748 
9835 

2iK)0 
5!M3 
8JHi5 
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4947 
7JKW 
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7058 
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1450 
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&>10  ! 
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9567.; 
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3815 

;  68r.2 
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2863 
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0168 
3161 
61.'M 
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4424 
7457 
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0»{9 
»460 
6430 
I«80 
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44)50 
7613 

2.564 
5.->41 
K497 

2900 
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2389 
6507 
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95&4 
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'  8608     8911  ;      309 
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1726  I  2019     2:^1 
4641      4032     5222 
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1  4728 
■  7759 

07(W 
3758 
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5512 
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5082  i 
8061  I 

1068  ■■ 

7022 
9968  ' 

28a'S 
6802 


807 
305 
803 

801 
209 
297 
805 

29S 
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l*R<)Pt>RTioNAL  Parts. 
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32.1 
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320 

32.  (» 

61.0 
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31.9 

63.8 
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;  31.8 

(W.6 

317 

:  31.7 

(S3. 4 
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,  31.6 

(53.2 

815 

31.5 

(W.O 
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31.4 

(52.8 

313 

31.3 

(52.6 

312 

31.2 

62.4 

311 

31.1 

62.2 

810 

i  31.0 

(52.0 

809 

:io.9 

(51.8 

808 

;i0.8 

61.6 

807 

ai.7 

(51.4 

306 

m.i) 

61.2 

805 

i  80.5 

61.0 

304 

1  30.4 

60.8 

3<13 

30.3 

60.6 

302 

80.2 

(50.4 

301 

30.1 

60.2 

m) 

.•J).0 

(50.0 

2i«> 

2t».9 

50. « 

2SW 

29.8 

50.6 

2<)7 

20.7 

50.4 

29<» 

20.6 

.50.2 

2i»5 

■  29.5 

.50.0 

204 

20. 1 

5S.8 

«« 

20.3 

58. 6 

202 

20.2 

.58.1 

.58.2 
58.0 
57.8 
57.6 
57.4 
57.2 


3 

06.3 
9(5.0 
05.7 
05.4 
05.1 
04.8 
01.5 
01.2 
JKl.O 
1W.6 

(W.3 
SM.O 
JfcJ.7 
02.4 
IW.l 
01.8 
01.5 
01.2 
J>0.0 
IK).  6 

00.3 
00.0 
80.7 
89.4 
89.1 
88.8 
88.5 
88.2 
87.0 
87.6 

87.3 
87.0 
86.7 
86.4 

m.i* 

85.8 


128.4 
128.0 
127.6 
127.2 
12(5.8 
126.4 
12(5.0 
125.6 
125.2 
124.8 

124.4 
VM.O 
12:J.6 
123.2 
122.8 
122.4 
122.0 
121.6 
121.2 
120.8 

120.4 
120.0 
110.6 
119.2 
118.8 
118.4 
118.0 
117.6 
117.2 
116.8 

116.4 
116.0 
115.6 
115.2 
114.8 
114.4 


5 


1(50.5 
1(50.0 
159.5 
1.59.0 
158.5 
1.58.0 
1.57.5 
157.0 
15(5.5 
156.0 

155.5 
155.0 
154.5 
154.0 
153.5 
153.0 
152.5 
152.0 
151.5 
151.0 

150.5 
150.0 
140.5 
110.0 
148.5 
148.0 
147.5 
147.0 
146.5 
14(5.0 

145.5 
145.0 
144.5 
144.0 
143.5 
148.0 


iJtt.e 

IJW.O 

101.4 

1JM).8 
100.2 
18i».6 
189.0 
188.4 
187.8 
187.2 

186.6 
186.0 
185.4 
1K4.8 
1W.8 
183.6 
183.0 
182.4 
181.8 
181.2 

180.6 
180.0 
179.4 
178.8 
178.2 
177.6 
177.0 
176.4 
175.8 
175.2 

174.6 
174.0 
173.4 
1T)S.8 
l?d.2 
171.0 


224.7 
2ISM.0 
223.3 
222.6 
221.9 
221.2 
220.5 
210,8 
210.1 
218.4 

217.7 
217.0 
216.8 
215.6 
214.9 
214.8 
818.5 
818.8 
212.1 
211.4 

210.7 
810.0 
809.8 
208.6 
807.9 
207.2 
206.5 
205.8 
205.1 
2 '4.4 

808.7 
908.O 
802.8 
801.6 
800.9 
800.8 


256.8 
256.0 
265.2 
254.4 
258.6 
852. R 
852.0 
251.2 
850.4 
819.6 

848.8 
848.0 
iU7.2 
810.4 
»15  6 
8U.8 
8U.0 
SM8.8 
812.4 
341. U 

940.8 
810.0 
8S9.8 
888.4 
887.6 
88B.8 
886.0 
385.2 
884.4 
.0 


888.9 
888.0 
887.1 
886.8 
885.8 
881.4 
2^.5 
8»i.6 
281.7 
2^«.8 

879.9 
879.0 
818.1 
877.3 
875.8 
875.4 
274.5 

871.8 

SfTO.O 
870.0 
809.1 
86K.8 
807.8 
8UB.4 
805.5 
804.6 
868.7 
308.8 


388.8 

881.9 

8ftt.O 

351.0 

881.3 

900.1 

380.4 

350.8 

880.0 

9B6.S 

838.8 

857.4 

83o 


TABLE  XXTV. — ^LOGABITHMS  OF  KUMBERi. 


No.  160  L.  176.] 

[No.  109  ] 

L280. 
Diff. 

N. 
150 

0 

12         8 

1 

!    * 

1 

6 

7 

8 

0 

176091 

6381     6o70  !  6959     7248 

7536 

7826 

8113 

8401 

8689 

289 

1 

8977 

o»ifti      o»;v>      ftK3" 

. 

1 

-    0126 
0     2986 

'  0413 

0699 

nooA 

1272  1  1568 
4123     4407 

287 
285 

2     181844  ; 

2129     2415     270 

1  3270 

3665     8839 

3 

4691  : 

4975     5259  i  5542  |  5825 

1  6108 

6391      6674 

6966     7289 

2t-3 

A 

-r^oi   . 

7803      8084  '  836^      Mftl7 

8928 

9209      9490 

9771 

. 

'  nft«ii 

281 
279 

5  '  190.332 

0612     0892     117 

1      1451 

1730  ' 

2010  1  2289 

2567     2846 

6  1      3125 

3403     3681      3959     4237 

,  4514  ; 

4792  I  5069 

5846     5628 

278 

7  '      5900 

6176  1  6453  :  6729     7005 

1    7281 

7556     7832 

8107     8382 

276 

8         8(357 

HQ32  .  <)206      Q481      orrfVi 

1 

1 

ii  0029  1 
!    2761 

0803     0577 
3033     3306 

0850     1124 
3577     3848 

274 
27^2 

9 

201397 

1670 

1943  !  2216  i  2488 

160 

4120 

4391     4663  '  4934     5204 

:  6475 

5746     6016 

6286     6556 

271 

1 

6826 

7096     7365  :  7634     7904 

i  8173  ; 

»441  1  8710 

8979     9247 

2G9 

2 

9515 

9783 

'            1 

1 

,  0051  ,  0319  :  0686 
2454     2?20  ;  2986  ,  3252 

;  0853  ! 
3518 

1121      1388 
3788  i  4049 

1654     1921 
4814     45';  9 

267 

266 

3 

212188 

4 

4844 

5109 

5373     5638     5902 

6166 

6430  :  6694 

6957  .  7221 

264 

5 

74&4 

7747 

8010     8273     8636 

8798 

9060  j  9828 

ft585     9846 

262 
261 

6 

220108 

0370     0631 

0892     1153 

,  1414 

1676     1936 

2196     2456 

2716 

2976 

3236 

3496  ;  3756 

!  4015 

4274     4588 

4792  ;  5C51 

259 

8 

5309 

5568 

6826 

6084  1  6342 

6600 

6858     7115 

7872     7030 

258 

9 

7887 
23  • 

H144      A400 

iltiK'7        ttQ19 

9170 

r        ! 

9426     9682 

0038  ' 

1 

i  0198 

256 

P] 

ElOPORTIC 
4 

)NAL  Pa 
5 

RTS. 

8 

1 
9 

Diff.  ■      1 

2 

8 

6 

1 

7      ! 

285    i  28.5 

57.0 

85.5 

1 

114.0 

142.6 

171.0 

199.5       228.0 

;  256.5 

284       28.4 

56.8    }    85.2 

113.6 

142.0 

170.4 

198.8       227.2 

i  255.6 

283       28.3 

56.6    1    84.9 

113.2 

141.6 

169.8 

198.1       226.4 

254.7 

282    .  28.2 

56.4         84.6 

112.8 

141.0 

169.2 

197.4  i    226.6 

;  253.8 

281       28.1 

56.2         &4.3 

112  4 

140.6 

168.6 

196.7       224.8 

252.9 

280     ;  28.0 

.56.0         84.0 

112.0 

140.0 

168.0 

196.0       234.0 

252.0 

279       27.9 

55.8    i    83.7 

111.6 

139.6 

167.4 

195.8       228.2 

251.1 

278       27.8 

55.6 

83.4 

111.2 

139.0 

166.8 

194.6  ;    222.4 

250:2 

277 

27.7 

55.4 

83.1 

110.8 

138.6 

166.2 

198.9       221.6 

i  249.8 

276       27.6 

55.2    i    82.8 

110.4 

138.0- 

166.6 

193.2  ,    220.8 

;  248.4 

275       27.5 

56.0 

82.6 

110.0 

137.5 

165.0 

192.5  t    220.0 

'  2^7.6 

274       27.4 

54.8 

82.2 

109.6 

187.0 

164.4 

191.8       219.2 

1  246.6 

273    1  27.8 

54.6 

81.9 

109.2 

136.6 

168.8 

191.1       218.4 

246.7 

272    !  27.2 

64.4 

81.6 

108.8 

186.0 

168.2 

190.4       217.6 

244.8 

271     :  27.1 

64.2 

81.3 

108.4 

136.6 

262.6 

189.7  ;    216.8 

248.9 

270    1  27.0 

54.0 

81.0 

108.0 

135.0 

162.0 

189.0       216.0 

248.0 

2t)9       26.9 

53.8 

80.7 

107.6 

134.6 

161.4 

188.3       215.2 

242.1 

268    1  26.8 

53.6 

80.4 

107.2  1 

184.0 

■■     160.8  !     187.6       214.4 

;  241.2 

267       26.7 

63.4 

80.1 

106.8 

133.5 

160.2  '■    186.9       218.6 

!  240.8 

266    1  26.6 

63.2 

79.8 

106.4  . 

133.0 

159.6  •     186.2       212.8 

;  239.4 

265 

26.5 

63.0 

79.5 

106.0 

132.6 

159.0 

185.5       212.0 

;  238.6 

264       26.4 

52.8 

79.2 

105.6 

132.0 

158.4 

184.8       211.2 

237.6 

2C>8       26.8 

52.6 

78.9 

105.2  j 

131.6 

157.8 

184.1       210.4 

;  236.7 

262       26.2 

52.4 

78.6 

104.8 

131.0 

157.2 

183.4       209.6 

1  286.8 

261       26.1 

62.2 

78.3 

104.4 

130.6 

156.6 

18^.7       208.8 

i  284.9 

2m       26.0 

52.0 

78.0 

104.0 

130.0 

:     156.0 

182.0       208.0 

'  284.0 

259       25.9 

51.8 

77.7 

103.6 

129.5 

1     155.4  !     181.3       207.2 

283.1 

258       25.8 

51.6         77.4 

103.2 

129.0 

154.8       180.6       206.4 

232.2 

257       25.7 

51.4         77.1 

102.8  1 

128.5 

154.2  i     179.9       205.6 

281.8 

256     ,  25.6 

;    51.2         76.8 

10).4  , 

128.0 

158.6  j     179.2      «04.8 

280.4 

1    256     1  25.5 

1    51.0         76.5 

102.0 

l!t7.5 

.168.0       178.5  \    204.0 

229.6 

__ — . 

386 


TABLE   XXTV. — LOGARITHMS   OF  NUMBERS. 


No. 

170  L.  230.] 

[N 

0.  189  L.  278. 

N. 

170 
1 
2 
3 

0 

1      1 
1 

8 

8 

1 

4 

i    6 

6 

7 

8 

1 
9 

Diff. 

230449 
2996 
5528 
8046 

0704 
8250 

■  5781 
8297 

0930 
3504 
6033 
8&48 

1215 
3757 
6285 
8799 

1470 
4011 
6537 
9049 

,  1724 
4264 
6789 

,  9299 

1979 
4517 
7041 
9550 

2234 

■  4770 
7^^92 
9800 

2293 
47?2 
?237 

9687 

2488 
5023 
7544 

2742 
6276 
7795 

255 
253 
262     : 

0050 
2541 
5019 
7482 
9932 

2368 
4790 

7198 
9594 

0800 
2790 
6266 
7788 

0176 
2610 
6031 

7480 
9883 

.    250 
249 

246 

'    245 

242 

28S) 

4 
5 

6 

r» 
1 

240M9 
3038 
5513 
79r3 

0799 
3286 
5759 
8219 

1048 
85:i4 

6006 
8464 

12(»7 
3782 
6252 
870'J 

1546 
4030 
6499 
8954 

1795 
4277 
6745 
9198 

2044 

4,525 

■  6991 

9443 

8 
9 

IHO 
1 

250420 
2853 

5273 
7079 

3096 

5514 
7918 

0908 
3338 

5755 
81.58 

1151 
3580 

5996  , 
83JW 

0787 
31(J2  i 
5525 

7875 

1395  , 

3822  ! 
1 
6237 
86;i7 

1638 
4064 

6477 

8877 

1881 
4306 

6718 
9116 

2125 
4518 

6958 
9355 

2 
3 
4 
5 
G 

260071 
2451 
4818 
71?2 
9513 

ftilO 
2688 
5054 
7406 
9746 

0I>48  , 
2925  , 
5290 
7W1 
9980 

1025 
3399 
5761 

8110  ' 

1 

1263 
3636 
59% 
8344 

1501 
887:^ 
6232 

8578 

1739  1 
4109  : 
(5467 
8812  1 

1976 
4346 
6702 
9046 

2214 
4682 
6987 
9279 

288 
237 
285     ' 

0213  , 
2.538 
4850  , 
7151  ' 

044(5 
2770 
5081 

0679 
3001 
5:^11 
7609 

0912 

82:w 

5542 
7838 

1144 
3461 
5772 

8067 

1377 
8696 
6002 
8296 

1609 
8927 
6282 
8625 

288     j 
282    : 
230     j 
220 

7 

8 
9 

271K42 
4158 
64(52 

2074  . 
4389  . 
66{)2 

2306  ' 

4620 

61te>l 

Proportional  Parts. 


Diflf. 

1 

2 

8 

4 

6 

6 

7 

8 

9 

255 

25.5 

51.0 

76.5 

102.0" 

127.5 

158.0 

178.6 

20i.O 

829.5 

254 

25.4 

50.8 

76.2 

101.6 

127.0 

152.4 

177.8 

906.8 

2^.6 

25S 

25.3 

50.6 

75.9 

101.2 

126.5 

151.8 

177.1 

202.4 

2^.7 

252 

25.2 

50.4 

75.6 

1(K>.8 

126.0 

151.2 

176.4 

201.6 

286.8 

i&l 

25.1 

50.2 

75.3 

100.4 

125.5 

150.6 

175.7 

200.8 

225.9 

2.50 

25  0 

5«J.O 

75.0 

100.0 

125.0 

150.0 

175.0 

200.0 

225.0 

249 

24.9 

49.8 

74.7 

99.0 

124.5 

149.4 

174.8 

190.2 

281.1 

248 

24.8 

49.6 

74.4 

99.2 

124.0 

148.8 

178.6 

108.4 

288.8 

247 

24.7 

49.4 

74.1 

JW.8 

123.5 

148.2 

1?2.9 

107.6 

as.s 

246 

24.6 

49.2 

73.8 

JW.4 

123.0 

147.6  1 

1?2.2 

10B.8 

an.4 

245 

24.5 

49.0 

73.5 

98.0 

122.5 

147.0 

171.5 

196.0 

!»).5 

244 

24.4 

48.8 

7:^.2 

97.6 

122.0 

146.4 

170.8 

103.2 

210.0 

21:^ 

24.3 

48.6 

W.9 

97.2 

121.5 

145.8 

170.1 

194.4 

81H.7 

242 

24.2 

•48.4 

72.6 

iK5.8 

121.0 

145.2 

l(5i).4 

108.6 

817.8 

241 

24.1 

48.2 

72.3 

•K5.4 

120.5 

144.6 

168.7 

192.8 

816.0 

240 

24.0 

4«.0 

72  A) 

JK5.0 

120.0 

144.0 

1(58.0 

102.0 

816.0 

239 

23.9 

47.8 

71.7 

95.6 

119.5 

1W.4 

167.8 

191.2 

^16.1 

238 

23.8 

47.6 

71.1 

95.2 

119.0 

142.8 

16(5.6 

100.4 

814.8 

2:^7 

23.7 

47.4 

71.1 

iM.8 

118.5 

142.2 

165.9 

18U.« 

818.8 

236 

2:^.6 

47.2 

70.8 

t^l.4 

118.0 

141.6 

165.2 

188.8 

818.4 

235 

2:^.5 

47.0 

70.5 

IH.O 

117.5 

141.0 

164.3 

188.0 

811.5 

2*4 

23.4 

4(5.8 

70.2 

93.6 

117.0 

140.4 

163.8 

187.3 

810.6 

238 

23.8 

46.6 

(5]).  9 

93.2 

116.5 

l:W.8 

168.1 

186.4 

800.7 

2:« 

23.2 

40.4 

69.6 

92.8 

116.0 

139.2 

162.4 

185.6 

80B.R 

2:« 

2:^.1 

46.2 

(59.3 

JW.4 

115.5 

i:J8.6 

161.7 

181.8 

807.9 

230 

2:10 

46.0 

69.0 

92.0 

115.0 

rw.o 

161.0 

181.0 

807.O 

229 

22.9 

45.8 

(58.7 

91.6 

114.5 

137.4 

J60.8 

183.8 

806.1 

228 

22.8 

45.6 

68.4 

91.2 

114.0 

136.8 

150.6 

188.4 

806.8 

227 

22.7 

45.4 

(58.1 

90.8 

113.5 

136.2 

158.9 

181.6 

804.1 

226 

22.6 

45.2 

(57.8 

{M).l 

113.0 

185.6 

168  2 

180.8 

aOB.4 

6iSi 


TASLE  3EXIV. — LOGABITHMB  C 


No. 

90  L.  318,] 

[No.  ZUl^tBS. 

N. 

0 

1 

a  1    « 

* 

fi    :     8          7 

gsiiJM30 

068T 

mn 

i 

0578 

a 
s 

9814 

838 
337 

asi 

890035  joasr 

ffilE 

O180 
2B09 

TIW 

a»TB 

61i33 
8930 

1 

«3I 

5TK7 

4H83 
7)30 

Km 

3804 
I1U07 

iii*' 

0378 
3547 

S 

7W6 

I 

301030 
9630 

i 

1484 

seaj 

JBS4 

I 

8181 

iSJS 

SIST  1  8351 
2389  |S«00 
M68e     88W 

s 

sis 

Toas  1  TaB 
<m    W17 

i 

6 

3867 

s 

(Bra 

Brao 

real 

3938 

siu 

=,. 

"s 

03M 

aw6 

osea 

S8S9    3048 

S  s 

iS5B 

Mlfl 
T56B 

HOin 

15»8 

1S05 

4077 
81S1 

30C 

4 

0008 

Wll 

B03 

330411  1  ini7 

mi<j 

loaa    i^t 

1437    luao 

iKsa 

0         112  9 

115  0 

IT 

138.0 

47 

« 

TABLE  XXIV. — L0OABlTI£Ma  OF  MUUBEBI, 


Ko.2(5L.a3a.]                                                                                   [NaSS9U380.  j 

N. 

.    1  . 

8 

« 

'ih 

.  i .  1 

.|.W 

7 

333438  1  2040 

2843 

a 

i 

3248 

a 

5158 

B«40  1  SasO     4061  1  42B3      W« 
5058  Vw     BUSO     ftj«      201 
7i;5U  1  7bfi8  1  8098     8207      200 

330 
\ 
8 

0012 
2021 

om; 

337: 
43UI 

312t 

co^ 

1917 
380( 

9101 

8091 

8B8( 

08*1 
2817 

i 

1039 

B881) 

1387  I.  1435 
3312  1    S109 
5178  1  6374 

1..32      ,830  j^i^,    1^ 
3U0a  1  a<02  1  8099  ■  4190       197 

Ti 

8«17l!8 

54i« 
73o0 

37108N 

5577 
8398 
88 

S;S!s;k  s  3  s  si!s 

441)3  i  4085    4870  :l  9008     ruHO     51S2  |  5018     B834       19« 
6408  ,  0590  1  oniO    I  09M1     7inj     7303  ,  TSM  i  7r44       191 
8810  .  8900  1  8090    !  eWH6     0070  1  IWOO     W50  1  9048       190 

j  021S  :"3iw"r0^,."0W3"   OKS  j'lior.  1350  "iot"     )8B 
2105,  2291  ■  3*83';  3071     385B  '  3M8  '  3230     B1S4       1B8 

'  3988     4170  1  4303  ''  4551     4739  '  4920  |  5113  '  5301       188 
98U3     13019     U23G  i    0423     6010  1  OTKB  i  6283     7189  '    187 

iTOoj^slmol      «»7     8.^1  8099  !»«5     9080!    m 

1437  '  1022     ISOO  1    l»!ll  '  S175     2300     3544     2SW       ItU 
.  &U0  1  3461  '  8017  '    3831     401G  ,  4198     43t«t  [  4965      Iftl 

5115     ^M     ,->lKI    '  5I1S4     rvtlO  ,  003S     0212     sgM       183 
1  fliH2     7m     7300   1  7188     TOTO     7H52     SOM  i  8210  1    18J 
'  8701  .  8943  L  0131      0300     9187     9606     9849  , 

Pro 

POBTION*L  P 
4       ■        5 

•^ 

-■  "h 

8     ! 

0 

7 

8 

• 

sia 

190 

190 

103 

IBO 
189 

188 

1 

181 

!!0,2 
SOI 

|s 

18.5 

SI 

Is 

40 

S 

80 
39 
30 
39 
39 
38 
38 

8N 
88 

ar 

37 
37 

37 
30 
30 

1 

Si's  j  S'  i 

w:a  j  77:6       m%\  111 

B7.9        77,3          90, (i       115 
57,8    ;    70,8          00,0      115 
57.3    !    7K,4          K.i:    114 

57.0  73,0    j      fl.-.,Oi    11; 

soil       7S.3  <     alio  1    lli 

50.1  74,8    .      03,5       112 
53,8    1    74,4    ■      U3,0  1    111 
BB,5    '    74,0          9S,S  1    111 
59,3        7».0          02.0  {    III 

51,8    '    72.4          911.5       1(* 

m:7    7i:«     f»:s ;  loi 

4 

S 

0 

8 

'. 

0 

i 

11 

1 

139 
139 

1 

131 
18( 

m 

VJf 

•s 

ISC 

I 

s 

i5u,a 

|: 

im: 
1S2: 

1 

148: 

is- 

;»: 

17>, 

g: 

176 
l^B, 

I 

1 
1 
S: 

1 

91: 

TASLB  SXTf. — LOGASrrmiS  OP  NUMBBBa. 


No.M»L.380.] 

IN 

0.289 

^431. 

V 

j^Ia 

«   1    S 

4 

e 

«     1      ,     ]      8    j     B     iDilt. 

310 

380311     089:1 

"ocra" 

o;s4 

0B84 

,115 

1296 

147B     lfi6a 

1837 

181 

SUIT     B197 

3917 

30*7 

3277     ai5U 

861H 

3H1S    seus 

417-1 

4S33 

mi 

0070    ii!49 

B43S 

17« 

<il4S 

M99 

067J 

OHse    tOsl 

1 

raw     T568 

iiivo  1  9m 

774B 

B^ 

B27B 

8450 

86M    S811 

sam 

178 

UOS    t6& 

1S88 

1404 

IWl 

1817 

1H98 

£iafl     £315 

80)8 

3234 

MOO 

3S75 

mms    4101 

4e7T 

41Ii3  1  4«i! 

5836 

ooaB 

OIW    flSTl 

sua 

OS 

em 

7071 

7S« 

7766 

ar-J 

WW  1  8IH 

ffm 

SSOB 

em 

9151  ■  9338 

9501 

173 

iW-4     WM7 

(1030 

oite 

0365 

afia 

xm 

t!605 

jr77r 

!»1B 

a  '     aiei  :  aaaa 

44fW 

4        4831  '  rOK 

S17fi 

'kit 

6868 

6039 

6  1     &WU  1  «no 

fWil 

TOai 

raai 

7d01 

7561 

7731 

sns 

S087 

9257 

W2«      9595 

D764 

169 

— . —  <mi 

Oi71 

0777  1  0910 

1114    J2fe 

8     411«iO     17M8 

iie« 

aaas 

mi    seao 

tim   am 

313a 

m 

9      am   m7 

41S7 

4039 

aw        4I>J3     51-10 

6307 

5171 

5641 

6808 

rtUI 

(1308 

0B73 

7ia» 

Tsoa 

7J7a 

7638 

TWM 

7970 

8135 

eaoi    mr 

0131 

oaaa 

0151 

061(1 

0781 

osia 

1110 

ICTS 

1439 

iBsa 

aom 

S4M 

3734 

BB18 

8083 

B574 

4392 

4565 

4H83  ,  OMS 

58B0 

6033'  tflBfl 

0836 

SBOH 

7Hi! 

73*4 

7486 

7648,7811 

T1»73 

S7(B 

BaiB|  1MS9 

m 

0763]  9014 

1107a 

own    0720 

08«  1  loia 

1303 

PttOPOBTlONAL  PiBTS. 


Diir. 

1 

« 

1    '' 

s     1    9 

170 

(M 

0        61 

0        UK 

IM 

9        6( 

S        8j 

33 

2        49 

i    S 

4        ^ 

S    'S 

s  a 

ilfl 

18,1 

S        61 

4        80 

a     ija 

7       188,8 

TABLE  XXIV. — ^LOGARITHMS  OF  NUMBERS. 


No.  270  L.  431.] 


[No.  299  L.  476. 


N. 


270 
1 
2 
8 
4 
5 

6 
7 
8 
9 

280 
1 

2 
8 

4 
5 
6 

7 
8 

9 

290 
1 
2 
3 
4 
5 

6 
7 

8 
9 


431364 
2969 
4569 
6163 
7751 
9333 


440909 
2480 
4045 
5604 

7158 
8706 


460249 
1786 
8318 
4845 
6366 
7882 
9392 


460898 

2898 
3893 
6383 
6868 
8817 
9622 


471292 
2756 
4216 
5671 


Diff. 


161 

!  16.1 

160 

1  16.0 

159 

15.9 

1.58 

■  15.8 

157 

15.7 

l.^ 

15.6 

155 

;'  15.5 

154 

15.4 

1.53 

15.3 

152 

15.2 

151 

■  15.1 

1525 
3130 


2 


8 


1685 
8290 


1846 
84.50 


4729  4888  5048 

6322 

7909 

9491 


1066 
2637 
4201 


&481  6640 
8067  8226 
9648  j  9606  i  9964 


2007 
3610 
5207 
6799 


5760  6915 


7313 
8861 


1224 
2793 
4357 


7468 
9015 


0403 
1940 
8471 
4997 
6518 
8033 
9548 


1048 

2548 
4042 
5532 
7016 
8495 
9969 


0557 
2093 
8624 
5150 
6670 
8184 
9694 


1438 
2903 
4362 
6816 


1198 

2697 
4191 
6680 
7164 
8643 


0116 
1585 
3049 
4506 
6962 


1381  1538 
2950  I  3106 
4513  4669 
6071  6226 

7628  7778 
9170  ,  9324 


2167 
3770 
5367 
6957 
8542 

I  0122 


« 

7 

2328 

2488 

39;i0 

4090 

5526 

5685 

7116 

7275 

8701 

8859 

1695 
3263 

4825 


0279 
1852 
^19 
4981 


0711  I 

2247  ! 

3777 

5302 

6821 

8336 

9845 


1348 

2847 
4340 
5829 
7312 
8790 


0865 
2400 
3930 
5454 
6973 
8487 
9995 


6382 

6537 

7933 

8088 

9478 

9638 

1018 

1172 

2553 

2706 

4082 

42a5 

6606 

57.58 

7125 

7276 

8638 

8789 

0437 
2009 
3576 
6137 
6692 

8242 

9787 


,  1326 

'  2850 

4887 

5910 

i  7428 

8940 


1499 

2997 
4490 
5977 
7460 
8938 


0263 
1732 
3195 
4653 
6107 


0410 
1878 
8341 
47J»9 
6252 


0146  '  0296  0447 
1649  '  1799  I  1948 


8146 
4639 
6126 
7608 
9085 


8296  3445 
4788  .  4936 


6274 
7756 
9233 


0557 
2025 


0704 

2171 


3487  '  3633 
4944  .5090 


6423 
7904 
9380 


0651 
2318 
3779 
6285 


6:«7  6542  6(»7 


8 

9 

Liflf. 

2649 

2809 

161 

4249 

4409 

160 

58M 

6004 

159 

7433 

7592 

150 

9017 

9175 

158 

0594  I  0752 

2166  :  232!) 

3732  3889 

5293  ,  6449 

6848  7U03 


158 
157 
157 
156 
155 


0597  ,  0748   161 


2096  2248 

a594  8744 

.5085  52!M 

6571  I  6719 

8052  I  8200 

9527  •  '9675 


0996 

1146 

2464 

9S10 

8925 

40n 

6881 

5626 

6882 

6976 

150 

150 
149 
149 
148 
148 

147 
146 
146 
146 
145 


Proportional  Parts. 


2      i       8 


5 


8 


82.2 

48.3 

32.0 

48.0 

31.8 

47.7 

81.6 

47.4 

31.4 

47.1 

31.2 

46.8 

31.0 

46.5 

30.8 

4<i.2 

80.6 

45.9 

30.4 

45.6 

30.2 

45.3 

150 
149 
148 
147 
146 
145 
144 
143 
142 
141 
140 


15.0 
14.9 
14.8 
14.7 
14.6 
14.5 
14.4 
14.3 
14.2 
14.1 
14.0 


30.0 
29.8 
29.6 
29.4 
29.2 
2{).0 
28.8 
28.6 
28.4 
28.2 
28.0 


45.0 
44.7 
44.4 
44.1 
48.8 
4:^.5 
48.2 
42.9 
42.6 
42.8 
42.0 


64.4 
&4.0 
63.6 
68.2 
62.8 
62.4 
62.0 
61.6 
61.2 
60. K 
60.4 

60.0 
59.6 
59.2 

.58.8 

r>8.4 

58.0 
57.6 
57.2 

m.s 

56.0 


80.5 
80.0 
79.5 
79.0 
W.S 
W.O 
77.5 
77.0 
76.5 
76.0 

75.0 
74.5 
74.0 
78.5 
7:^.0 
72.5 
72.0 
71.5 
71.0 
70.5 
70.0 


9 


96.6 

112.7 

96.0 

112.0 

95.4 

111.8 

94.8 

110.6 

94.2 

10S).9 

93.6 

109.2 

93.0 

106.6 

5W.4 

107.8 

91.8 

107.1 

91.2 

106.4 

90.6 

105.7 

90.0 
89.4 
88.8 
88.2 
87.6 
87.0 
86.4 
a5.8 
a5.2 
84.6 
84.0 


106.0 

104.8 

108.6 

102.9 

102.8 

101.6 

100.8 

100.1 

99.4 

96.7 

98.0  I 


128.8 
126.0 
127.8 
126.4 
185.6 
181.8 
184.0 
188.8 
128.4 
181.6 
180.8 

180.0 
119.2 
118.4 
117.6 
116.8 
116.0 
115.8 
114.4 
118.6 
112.8 
112.0 


144.9 
144.0 
148.1 
142.8 
141.8 
140.4 
189.6 
188.6 
187.7 
186.8 
186.9 

185.0 
184.1 
188.8 
188.8 
181.4 
180.5 
189.6 
188.7 
187.8 
180.9 
185.0 


Hl^ 


TABLE  XXIV.— 

i.OG.<niTinfs  OF 

NDMBEM 

So.  900  L.  4TT.1 

[Ko.  889  L.  Ml. 

N 

a 

4 

G         8 

3     ]      8    j     9       Dlff. 

TTOO 

^iSr  Toea 

8133  i  8278     8422  '     145 

. 

SM^ 

m 

9a*7     1M31 

[1675  1  9719  1  9888       144 

^ 

oflS" 

0T25      0869 

IHTili^" 

1299  ,    144 

*r 

JO 

iTO 

!iis9    aaog 

2588 

« 

35W      p» 

381S 

401S 

■1157       143 

fOl      «4 

45H5 

TOT 

osa 

6U 

1147 

8866 

3H 

380 

508 

jm     TMBIi 

sm 

8889 

8410       141 

96^ 

mij 

9677 

9818       141 

009A 

Ofttil      0801 

863 

84, 

TW 

19^ 

3341 

2481 

26!n       140 

■^ 

-900 

a)40 

1179 

JH19 

»16g  '  sow 

3737 

mi 

ffl 

«eo 

*4B0     49M!» 

51!M 

6267 
6658 

Ijl 

206 

■344 

T4Si 

TOa     7T59 

80S6 

'»M8 

^ 

wea 

8999  |m3T 

iB73 

wia 

'^ 

"*'     "^^ 

991!i3 

"o^ 

liraT 

0374  1  (Sll 

"cms' 

"otS" 

"^"l    137 

M»W(  ,  1196 

1333 

1470 

'  1T4I  1  1880 

3017 

S437  !  85«4 

2R)7 

3109  ,  3840 

83^ 

8618 

3866  ■    188 

44T1     4007 

4878 

50(4       186 

MM     B28tt 

MSI 

BSBT 

^m 

5R«     6964 

6099 

6370  ;    186 

OBOfi 

TOM 

7181  1  TS16 

7451    rase 

7721  1    185 

8799  i  S9B4 

9066       136 

iW 

9337 

MTI 

MOB 

9740 

™.|-S- 

lii"^ 

"0^.  m 

1750      m 

^S4 

»>18     2951 

3218 

33S1 

am 

8617 

8750 

988S     4016 

4548     4881 

5T41  \    188 

,  waa    0668 

6W  1  6932 

vminas 

tm 

TSBS 

rm 

1  7855     TOW 

8119     K61 

330 

8T77 

89nft 

»040 

:  91T1     9308 

9)84  ;  9568 

9607       131 

00!» 

llSil 

0353 

(nm  1  06IS 

■ffi45  {mm 

leim 

1SS9 

ITOal  19S! 

2058     2183 

2314  :    131 

8090     33^ 

3S6fl  1  8488 

8618  1    131 

sere 

4188 

49)8 

4396  1  45:ie 

4015      leo 

SIT* 

fiSOl 

W34 

6563 

5693     6«SS 

mi  1  608! 

6210       120 

<a» 

BIBB     O.'JBS 

8858 

8085  1  TIU 

TTOl       l-M 

7BM 

801« 

nana    hso 

0072       Kf 

asiaiii    iisisjjmw 

itwj  i  on  a 

1  0810    oora 

10911      12^ 

>?^l..l.'* 

Propobtio 

NAL  Parts. 

1 

DIB 

■  1    1 

a'   1 

|.    4 

_J_V! 

7 

^_\_^_ 

«».G        B3 

]»< 

6ft. 0       fa 

ge 

• 

IS 

is:? 

arr 

68.5        BSa    :    9B 

9 

109.6     128:8 

18.8 

El 

8    1    MA 

5     .     108.0      121.6 

13 

i3:S 

a 

8    !    40 

3        53:8 

67;o    ;    Ml 

8        107.2     120.6 

13.8 

e      3i 

fl        58.2 

9 

13.2       S) 

«6:o    '    79 

3        » 

65.5        TS 

7        10l!8  '  117:9 

19> 

i3;o !   a 

0         S9 

0      m.o 

en.o   ;   73 

i 

9 

0        IW.O  1  117.0 

li.a  '  85 

8        8t 

7    ,    51.6 

3        lOe.2'  116.1 

B4.0    1    76.8        89 

6    1  .102.4  1  115.2 

n: 

1  Li'-  1    23 

1    1    % 

1  ,  soIh 

63.5    [76.2,88 

9    1     iOl.B  1  114.8 

TABT.E    XXTV. — LOOARTTirMR   O^   Nr>rtTERS. 


■Xa 


N. 


»40  L.  531.1 


1 
2 
3 
4 
5 
6 

7 
8 

350 
1 
2 
3 
4 

5 
6 

7 
8 
9 

360 
1 
2 
3 

4 
5 
6 
7 
8 
9 

870 
1 

2 
3 
4 

5 
6 

7 
8 
9 


531479 
2754 
402($ 
5294 
6558 
7819 
9076 


■  1607 
288.2 
:  4153 
I  5421 
'  6685 
'  7945 
I  9202 


540329  .  0455 
1579  1704 
2825  2950 

4068  4192 
5307  5431 


6543 
7775 
9003 


6666 
7898 
9126 


550228  0351 
1450  !  1572 
2668  2790 
8883  ;  4004 
6094  5215 


6303 
7507 
8709 
9907 


561101 
2293 
8181 
4666 
5S48 
7026 

8202 
9374 


&428 

7627 
8H29 


570543 
1709 
287^2 
4031 
5188 
6341 
7492 
8639 


0660 
1825 
2988 
4147 
6303 
0457 
7607 
8754 


I  1734 
3009 
4280 

,  5547 

'  6811 
8071 

•  9327 

0580 
1829  ■ 
8074 

4316 
6555 
6789 
8U21 
9249 

W78 
1694 
2911 
4126 
6886 

6544 
7748 
8948 


0026 
1221 
2412 
8600 
4784 
5966 
7144 

8319 
9491 


0146 
IM) 
2531 
3718 
4908 
60K4 
?262 

^436 


0776 
1942 
8101 
4203 
5419 
6572 
7722 
8868 


8 


4440 
5678 
6913 
8144 
9871 


0595 
1816 
8088 
4247 
5157 

6664 
7868 
9068 


0265 
1459 
2650 
3837 
5021 
6202 
7879 

8554 
9725 


n 


1862 

1990 

3136 

32&4 

4407 

4534 

5674 

6800 

6987 

7063 

8197 

8322 

9152 

9578 

0705 

0830 

1953 

20™ 

8199 

3323 

2117 
3391 
4661 
5927 
7189 
8418 
9703 

0955 
2203 
3447 

4564  ,  4688 
5802  <  5925 
7036  I!  7159 
8267  8389 
9494   9616 


0385 
1578 
2769 
3955 
5189 
6320 
7497 

86n 
9K42 


0898 

1010 

1128 

2058 

2174 

2291 

8220 

8336 

8452 

4379 

4494 

.  4610 

6534 

5650 

5765 

6687 

6802  , 

6917 

7836 

7951  1 

'  8066 

Sim 

9097 

9212 

2245 
3518 
4787 
6058 
7315 
8574 
9829 

1080 
2327 
3571 

4812 
6049 
7^82 
8512 
9739 


0717 

0)i^ 

um 

2060 

3155 

,  8276 

4368 

4489 

6578 

5699 

6785 

6905 

7988 

8106 

9188 

i  9»iH 

0504 
1698 
2887 
4074 
5257 
6437 
7614 

8788 
9959  I 


0962 
2181 
3398 
4610 
5820 

7026 
8228 
9428 


1M7 
3006 
4192 
5376 
6555 
7732 

8905 


LXo.  879  L.  679. 
8    0   Diff. 


2372 

3(>45 

4914 

6180 

7441  , 

8699  t 

9954 

1205 
2452 
8096 

4936 
6172 
7405 
86:i'> 
9861 


10»4 
23U8 
3519 
4781 
5940 

n46 
8349 
9648 


2500 
3772 
6041 
6306 
7567 
8iii5  , 

0079 
1330 
2576 
3820 

6060  ' 

6296 

7529 

8758 

9964 


2627 

8899  . 
5167 

6482  I 

7098  ' 

8951  i 

0204  ! 
1451  i 
2701 
d»H 

5183 
<M19 
7662 
8881 


1206 
IM25 
9M0 
4852 

6061 

72167 
8469 
9667 


0106 
1828 
8547 
8768 
4978 
6182 

7887 
8689 
9787 


0743 

0868 

1986 

2065 

3125 

8»14 

4311 

4429 

6494 

6612 

6673 

6791 

7849 

7907 

902:) 

9140 

008S 
2174 


4548 
5780 


8084 
9S57 


0076 

0198 

1243 

1359 

JM07 

2528 

35G8 

3664 

4?26 

4K41 

6880 
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9M64I 

682880 

3S 

.M4968 

M    i' 

6654S3 

.897689 

:331W0     SO 

S.870S98 

44:231 

43  .':o 
43.45 

48.18 
42^67 

999S24 

44.88 
44.80  . 

If 

11.329130.  19    1 

41 

.OTanw  . 

999518  1 

.326137  ;  18    1 

4t 

999612 

.323761  '  17 

44 

:8?wofl 

903500  ' 

■10    , 

.a2IU«     18 

« 

.661048 

199500 

(81.H1 

.3104.16     15 

47 

ioWKS 

99W9S 
I9114H7 

186784 

48 

.fl88H8H 

ss 

,10 

189381 

Si 'I 

SU  : 

,608998 

I»H4<I9 

Bl 

.896IM3 

4i:ii8 1 

41  !4.^  i 

40:i>7 
4o:!»      „; 

196463 

42.27 
42.03 
41  7fl 

1.309919       9    i 

58  1 

!t01IW9  I 

09490  1 

M' 

.totml 

904431 

tM846 

:2953m  ;    6    1 

as 

:  0  !| 

tin40. 

si 

40.40 

.202860      a    1 

'maoia 

S7  ! 

711B07, 

7I8KU  1 

14.W1 

,285468      2 

ns 

.aKS028       1 

TO    8 

716800  ; 

■    ' 

^-r.  1 

Of. 

D.  r.  ||  a 

laog.  ■ 

D.  1-,  . 

Tang.     ,    ' 

8« 


TABLE  Xrr. — ^LOGABITHMIC  BLNES, 


176* 


Sine. 


.1  '  |i  I  I 

D.  r.  ,|  Cosine.  ,  D.  1".  ||    Tang.    |  D.  r.  |  Cotang.   .   ' 

'I 


0     8.718800 


1 
2 
3 
4 

.> 

0 

7 

8  ! 
9 
10  ! 

11 
12 
18 
14 
15 
16 
17 
18 
19 
20 

21 
22 
23 
24 
25 
26 
27 
28 
29 
30 

81 
32 
38 
34 
35 
36 
87 
38 
89 
40 

41 
42  I 

48  I 
44  ' 
45 
46 
47 
48 

49  ' 
50 

61 

52 

.53  I 

M  I 

55 

56 

57 

58 

59 

GO 


8. 


.?21204 
.?*«95 
.?259?^ 
.?28337 
.r:W688 
.r^J3027 
.735354 
.787607 
.789969 
.742259 

744586 
.746802 
.749055 
.751297 
.753528 
.755747 
.757955 
.760151 
.762887 
.7W511 

8.766675 
.768828 

..770970 
.773101 
.77522:^ 
.777883 
.779434 
.781524 
.788605 
.785675 

8.787736 
.789787  i 
.791828  ! 
.793859 
.75)5881 
.7J»7894 
.7998J>7 
.801892  ' 
.80887(J 
.805852 

8.807819 
.809777 
.811?26 
.813667 
.8155iK) 
.817522 
.8194:% 
.821^13 
.82:»iO 
.825130 

8.827011 
.8288W 
.830749 
.882(M)7 
.834456 
.83(l«)7 
.8381:30 
.839956 

.wirr4 

8.H435K5 


40.07 
39.86 
39.62 
39.42 
39.18 
38.98 
:38.78 
;«..55 
38.37 
38.17 
37.95 

at  .  n 

37.55 
37.:37 
37.18 
36.S)8 
36.80 
:%.60 
36.43 
36.23 
36.07 

35.88 
85.70 
85. .52 
85.37 
35.17 
35.08 
ai.83 
»4.68 
34.50 
ai.35 

84.18 
81.02 
38.85 
33.70 
33.55 
:j3.88 
33.25 
83.07 
:)2.93 
:«.78 

82.68 
32.48 
32.85 
32.20 
82.05 
81.90 
31.78 
31.62 
:«.50 
31.35 

81.22 
31.08 
30.97 
:W.82 
30.tJ8 
30.55 
30.13 
30.30 
30.18 


9.999401 
.999396 

.999381 
.999378 
.999371 

Mmm4 

.JMW350 
.995)813 
.999336 

9.999329 
.999322 
.91)9315 
.999308 

Amm\ 

.999294 
.999287 
.999279 
Am/372 
.i)992(i5 

9.999257 
.999250 
.995)242 
.999235 
.995)227 
.999220 
.5)95)212 
.5)95)205 
.995)197 
.5)99189 

9.999181 
.999174 
.  995)1  W 
.999158 
.999150 
.5)95)142 
.5)5)9131 
.5)5)5)12(> 
.5)5)5)118 
.999110 

9.999102 

.5)95)086 
.999077 
.5)99069 
.5)95)0<)1 
.995)053 

AKmm 

.99903<> 
.5)5)9027 

9.995)019 
.5)95)010 
.995)0(« 
.5K)81K»3 
.i)U85iK4 
.5M)H5)76 
.5K)H5)67 
.5)5)K5»58 
.5«)»!)r.O 

9.5)9H5)-n 


.10 
.12 
.12 
.10 
.12 
.12 
.12 
.12 
.12 
.12 
.12 

.12 
.12 
.12 
,12 
.12 
.12 
.13 
.12 
.12 
.13 

.12 
.13 
.12 
.13 
.12 
.13 
.12 
.13 
.13 
,18 

.12 
.13 
.13 
.13 
.13 
.13 
.13 
.13 
.13 
.13 

.13 
.13 
.15 
.13 
.13 
.13 
.15 
.13 
.15 
.13 

,15 

,13 

.15 

,15 

13 

,15 

15 

,13 

15 


8.719396 
.721806 
.724204 
.?26588 
.728959 
.731317 
.733663 
.TSSmi 
.788317 
.74062JJ 
.742922 

8.745207 
.747479 
.749740 
.751989 
.754227 
.756458 
.758668 
.7W)87X» 
.7<a0(i5 
.765246 

8.767417 
.769578 
.771727 
.773866 
.775995 
.778114 
.780222 
.782830 
.784408 
.78(M86 

8.788554 
.790613 
.75)2«J2 
.75M701 
.75)0781 
.75)8?. 52 
.  HI  HOW 
.8»127«5 
.804758 
.800742 

8.808717 
.810(JK3 
.812(U1 
.814585) 
.81(1529 
.81K4<il 
.»i0384 
.822298 
.8242(V) 
.826103 

8.8275)92 
.825)874 
.8:^1748 
.K33618 
.835471 
.837321 
.889163 
.K40998 
.K42825 

8.M4(U4 


40.17 
39.97 
39.78 
39.52 
39.80 
89.10 
38.88 
88.68 
88.48 
88.27 
38.08 

37.87 
37.68 
37.48 
37.30 
37.10 
36.92 
36.73 
36.55 
36.35 
36.18 

36.02 
35.82 
85.65 
.35.48 
:».32 
35.18 
34.97 
»4.80 
:i4.6S 
34.47 

34.32 
84.15 
38.98 
33.88 
33.68 
33.52 
88.37 
33.27 
33.07 
32.92 

32.77 
32.63 
32.47 
82.88 
32.20 
32.05 
81.90 
81.78 
31.63 
81.48 

31.87 
31.23 
81.08 
80.5)7 
30.83 
30.70 
30.58 
80.4» 
80.82 


11.280604  ,  60  I 

.278194  59 

.275796  .58 

.27JM12  57  , 

.271041  56  : 

.268688  56 

.266887  .54 

.264004  58 

.261683  52 

.259874  .51 

.257078  .  50 

11.254793  49 
.252521  48 
.250260  47 
.:»48011  46 
.^5778  45 
.248647  •  44 
.SM1882  48 
.289128  i  42 
.286886  I  41 
.2^4754  40 


11.282688 
.280422 
.22(«78 
.2261»4 
.224006 
.221886 
.219778 
.217680  : 
.216602  ; 
.218614  i 

11.211446 
.209887 
.207888  ; 
.206299  ' 
.208269 
.201»I8 
.199887 
.197^236 
.ll»5i^  < 
.198268  , 

11.191288 
.189817 
.187850 
.186411 
.188471  I 
.181630  ! 
.170616 

.irm» 

.175796 
.178807 

11.172006 
.17tM26 
.166252 
.166887 
.164520 
.162070 
.160687 
.160002 
.157175  I 

11.156856 


I 


80 
86 
87 
86 
86 
84 
88 
82 
81 
80 

20 

26 

)r7 

26 
26 

28 
28 
21 
90 

10 
18 
17 
16 
15 
14 
18 
12 
11 
10 

0 
8 
7 
6 
5 
4 
< 
S 
1 
0 


(!<)sine.  .  D  1" 


Sine.  I 


98< 


4* 


COSIKES,  TANGSNTS,  AKD   COTANGENTS. 


0 
1 
2 

3 
4 
5 
6 

7 

8 

9 

10 

11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

21 
22 
23 
24 
25 
26 
27 
28 
29 
30 

31 
32 
33 
34 
35 
36 
37 
38 
39 
40 


Sine. 


D.  r 


8.843585 
.846387 
.847183 
.848971 
.850751 
.852525 
.854291 
.856049 
.857801 
.859546 
.861283 

8.863014 
.864738 
.866455 
.868165 
.869868 
.871565 
.873255 
.874938 
.876615 
.878285 

8.879^9 
.881607 
.883258 
.884903 
.886542 
.888174 
.889801 
.891421 
.893035 
.894643 

8.896246 
.897»12 
.899432 
.901017 
.902596 
.904169 
.9057;^ 
.907297 
.908853 
.910404 


41 

8.911949 

42 

.913488 

43 

.916022 

44 

.916650 

45 

.918073 

46 

.919591 

47 

.921103 

48 

.922610 

49 

.924112 

50 

.925609 

51 

8.927100 

52 

.928587 

53 

.930068 

54 

.931544 

55 

.9.33015 

56 

.9:^4481 

57 

.9a5942 

58 

.9373«8 

59 

.938850 

60 

8.940296 

Cosine. 


80.03 
29.93 
29.80 
29.67 
29.57 
29.43 
29.30 
29.20 
29.08 
28.95 
28.85 

28.73 
28.62 
28.50 
28.38 
28.28 
28.17 
28.05 
27.95 
27.88 
27.73 

27.63 
27.52 
27.42 
27.32 
27.20 
27.12 
27.00 
26.90 
26.80 
26.72 

26.60  i' 

26.50 

26.42 

26.32 

26.22 

26.12 

26.02 

25.93 

25.85 

25.75 

25.65 
26.57 
25.47    ; 

25.38 
25.30  , 
25.20  j 

25.12  1 1 
25.08  ;! 
24.95 

24.85 

24.78  ! 

24.68 

24.60 

24.52 

24.43 

24  35 

24.27 

24.20 

24.10 


9.998941 
.998982 
.996923 
.998914 
.996905 
.998896 
.998887 

.998869 
.998860 
.996851 

9.996841 
.996832 
.998823 
.998813 
.998804 
.998795 
.998785 
.998776 
.996766 
.998757 

9.996747 
.998738 

.998718 

.998708' 

.996699 

.998689 

.998679 

.998669 

.998659 

9.998649 
.998639 
.996629 
.998619 
.996609 
.998599 
.996589 
.998578 
.996568 
.996568 

9.996548 
.998587 
.996527 
.996516 
.998506 
.998495 
.9984a5 
.998474 
.996464 
.998453 

9.998442 
.998431 
.998421 
.996410 
.998399 
.998388 
.998377 
.996366 
.996355 

9.998344 


D.  r. 


.16 
.15 
.15 
.15 
.15 
.15 
.15 
.16 
.15 
.15 
.17 

.15 
.15 
.17 
.15 
.15 
.17 
.15 
.17 
.15 
.17 

.15 

.17 

.17 

.17 

.15 

.17 

.17 

.17 

AT 

.17 

.17 
.17 
.17 
.17 
.17 
.17 
.18 
.17 
.17 
.17 

.18 
.17 
.18 
.17 
.18 
.17 
.18 
.17 
.18 
.18 

.18 
.17 
.18 
.18 
.18 
.18 
.18 
.18 
.18 


Tang.       D.  1'. 


Cotang. 


Cosine.     D.  1".    ,    Sine.        D.  1".  i    Cotang.  ,  D.  1".       Tang.     I   ' 


8.844644 
.846465 
.848260 
.850057 
.861846 
.863628 
.866403 
.867171 
.868932 
.860686 
.862433 

8.864173 
.865906 
.867682 
.869351 
.8n064 
.872770 
.874469 
.876162 
.877849 
.879529 

8.881202 
.882869 
.864630 
.886185 
.887883 
.889476 
.891112 
.892742 
.894366 
.896984 

8.897696 
.899203 
.900803 
.902898 
.903987 
.906570 
.907147 
.906719 
.910285 
.911846 

8.913401 
.914951 
.916495 
.918034 
.919668 
.921096 
.922619 
.924136 
.925649 
.927156 

8.928658 
.930155 
.931647 
.983184 
.934616 
.936098 
.937565 
.989032 
.940494 

8.941962 


I 


80.18 
80.08 
29.95 
29.82 
29.70 
29.58 
89.47 
29.86 
29.23 
29.12 
29.00 

28.88 
28.77 
28.65 
28.56 
28.43 
28.32 
28.22 
28.12 
28.00 
27.88 

27.78 
27.68 
27.58 
27.47 
27.88 
27.27 
27.17 
27.07 
26.97 
26.87 


11.155856 
.168646 
.161740 
.149948 
.148164 
.146372 
.144597  I  64 
.142829  i  68 
.141068  52 
.189814  61 


ff  I 


60 
69 
68 
67 
56 
56 


.187567 


50 


11.185827  49 

.134094  48 

182868  47 

.130649  i  46 

.128986  I  46 

.127280  44 

.125531  i  48 

.128838  42 

.122151  41 


.120471 


40 


26.78 
26.67  I 
26.58 
26.48 
26.38  j 
26.28 
26.20  I 
26.10  i 
26.02  ! 
25.92  ; 

26.88  I 
26.73  I 
25.63  ; 
25.57  1 
26.47  I 
25.88  I 
26.28 
26.22 
25.12  I 
25.08  I 

24.95 
24.87 
24.78 
24.70 
24.62 
24.53 
24.45 
24.37 
24.30 


11.118796  39 
.117181  88 
.116470-  87 
.113815  86 
.112167  35 
.110524  I  84 
.108888  I  88 
.107258  I  82 
.106684  I  81 
.104016  ,  80 

11.102404  29 
.100797  28 
.099197  27 
.097602  26 
.096018  25 
.094430  24 
.092853  23 
.091281  I  22 
.089715  ,  21 
.068154  i  20 


11.086599 

19 

.065049 

18 

.063505 

17 

.061966 

16 

.060482 

15 

.078904 

14 

.077881 

18 

.075864 

12 

.074351 

11 

.072644 

10 

11.071842 
.069845 
.068353 
.066866 
.065884 
.063907 
.062435 
.060968 
.059506 

11.058048 


9 

8 
7 
6 

6 

/ 

8 
2 
1 
0 


W 


363 


8i' 


TABLE  XKV.— LOOARITHMIC  fllNKS, 


e* 


COSINES,  TANGENTS,  AND  COTANGENTS. 


173' 


/ 

Sine. 

0 

9.019235 

1 

.020435 

2 

.021632 

3 

.022825 

4 

.024016 

5 

.025203 

6 

.026386 

7 

.027567  1 

8 

.028744 

9 

.029918 

10 

.031089 

11 

9.032257 

12 

.033421 

13 

.0134582 

14 

.035741 

15 

.0136896 

IG 

.038048 

17 

.039197 

18 

.040^42 

19 

.041485 

20 

.042625 

21 

9.04:3762 

22 

.044895 

23 

.046026 

24 

.047154 

25 

.048279 

26 

.049400 

27 

.050519 

28 

.051635 

29 

.052749 

30 

.053859 

31 

9.054966 

32 

.056071 

33 

.057172 

a4 

.058271 

35 

.059367 

36 

.060460 

37 

.061551 

38 

.062639 

39 

.063724 

40 

.064806 

41 

9.065885 

42 

.066962 

43 

.068036 

44 

.069107 

45 

.070176 

46 

.071242 

47 

.072306 

48 

.073366 

49 

.074424 

50 

.075480 

61 

9.076533 

52 

.077583 

53 

.078631 

54 

.079676 

55 

.080719 

56 

.081759 

57 

.082797 

58 

.083832 

59 

.0W864 

60 

9.085894 

7.50 
7.47 
7.42 

7.38 

7. as 

7.80 
7.25 
7.20 
7.17 


D.  r. 


20.00 
9.95 
9.88 
9.85 
9.78 
9.72 
9.68 
9.62 
9.57 
9  52 
9.47 

9.40 
9.35 
9.32 
9.25 
9.20 
9.15 
9.08 
9.05 
9.00 
8.95 

8.88 
8.85 
8.80 
8.75 
8.68 
8.65 
8.60 
8.57 
8.50 
8.46 

8.42 
8.36 
8.32 
8.27 
8.22 
8.18 
8.13 
8.08 
8.03 
7.98 

7.95. 

7.90 

7.85 

7.82 

7.77 

7.73 

7.67 

7.63 

7.60 

7.55 


Cosine. 


I' 


9.997614 
.997601 
.997588 
.997574 
.997561 
.997547 
.997534 
.997520 
.997507 
.907493 
.997480 

9.997466 
.997452 
.997439 
.997425 
.997411 
.997397 
.9973aS 
.997369 
.997355 
.997»« 

9.997327 
.997313 
.997299 
.997285 
.997271 
.99725r 
.997242 
.997228 
.99?214 
.997199 

9.997185 
.997170 
.997156 
.997141 
.997127 
.997112 
.997098 
.997083 
.997068 
.997053 

9.997039 
.997024 
.99T009 
.996994 
.996979 
.996964 
.996949 
.996934 
.996919 
.996904 

9.996889 
.996874 
.996858 
.996843 
.996828 
.996812 
.996797 
.996782 
.996766 

9.996751 


Cosine.  I  D.  1". 


Sine. 


D.r 


Tang.    I  D.  1'.  I   Cotang. 


.22 
.22 
.2:3 

!23 
.22 
.2:3 
.22 
.23 
.22 
.23 

.23 

!23 
.23 
.23 
.23 
.23 
.23 
.23 
.23 

.23 
.23 
.23 
.23 
.23 
.25 
.23 
.23 
.25 
.23 

.25 
.23 
.25 
.23 
.25 
.23 
.25 
.25 
.25 
.23 

.25 
.25 
.25 
.25 
.25 
.25 
.25 
.25 
.25 
.25 

.25 
.27 
.25 
.27 
.27 
.25 
.25 
.27 
.25 


96' 


D.  1'. 


865 


9.021620 
.0228*4 
.024044 
.025251 
.026455 
.027655 
.028a'S2 
.030046 
.031237 
.032425 
.033609  I 

9.034791  1 
.035969  , 
.037144  I 
.038316  , 
.039485  ' 
.040651  I 
.041813 
.042973  I 
.044130  ' 
.045284  ; 

9.046434 
.047582 
.048727 
.049669 
.051008 
.052144 
.053277 
.054407 
.055535 
.056659 

9.057781 
.058900 
.060016 
.061130 
.062240 
.063348 
.064453 
.065556 
.066655 
.067752 

9.068846 
.069938 
.071027 
.072113 
.073197 
.074278 
.075356 
.076432 
.077505 
.078576 

9.079644 
.080710 
.081773 
.082838 
.083891 
.084947 
.086000 
.087050 
.088098 

9.089144 


20.23 

20.17 

20.12 

20.07 

20.00 

9.95 

9.90 

9.85 

9.80 

9.73 

9.70 

9.63 
9.58 
9.53 
9.48 
9.43 
9.37 
9.33 
9.28 
9.23 
9.17 

9.13 
9.08 
9.03 
8.98 
8.93 
8.88 
883 
8.80 
8.73 
8.70 

8.65 
8.60 
8.57 
8.50 
8.47 
8.42 
8.38 
8.32 
8.28 
8.25 

8.20 
8.15 
8.10 
8.07 
8.02 
7.97 
7.93 
7.88 
7.85 
7.80 

7.77 
7.72 
7.67 
7.63 
7.60 
7.55 
7.50 
7.47 
7.43 


10.978380 
.977166 
.975956 
.974749 
.973545 
.972:345 
.971148 
.969954 
.968763 
.967575 
.966391 

10.965209 
.904031 
.962856 
.961684 
.960515 
.959349 
.958187 
.957027 
.955870 
.954716 

10.953566 
.952418 
.951273 
.950131 
.948992 
.947656 
.946723 
.945593 
.944465 
.943^41 

10.942219 
.941100 
.939984 
.938870 
.937760 
.936652 
.935547 
.9S4444 
.93a345 
.932248 

10.931154 
.930062 
.928973 
.927887 
.926803 
.925722 
.924644 
.923568 
.92^95 
.921424 

10.920356 
.919290 
.918227 
.917167 
.916109 
.915053 
.914000 
.912950 
.911902 

10.910856 


Cotang.  I  D.  1*.  [     Tang. 
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TABLE  XXV.-LOGARITHMIG  SIN! 


in* 


0 

1 

2 
3 
4 
5 
ti 
7 
8 
9 
10 

11 
12 
13 
14 
15 
10 
17 
18 
19 
20 

21 
22 
23 
iU 
25 
2(5 
27 
28 
20 
30 

31 
82 
33 
34 
a") 

37 
38 
39 
40 

41 
42 
43 
44 
45 
46 
47 
48 
49 
50 

51 
52 
5:^ 
54 
55 
5(5 
57 
58 
59 
60 


Sine. 


D.  r. 


9.085894 
.08(5922 
.087947 
.088970 
.  0891)90 
.0tU008 
.0920-^4 
.09;i037 
.094047 
.09505(5 
.09(5002 

9.0970(55 
.098000 
.099005 
.1000(52 
.101050 
.102048 
.103037 
.104025 
.105010 
.105992 

9.106973 
.107951 
.108927 

.mmi 

.110873 
.111W2 
.112809 
.113774 
.114737 
.115698 

9.116656 
.117613 
.lia5(57 
.119519 
.120469 
.121417 
.122302 
.123306 
.124248 
.125187 

9.126125 
.1270(50 
.12799:d 
.128926 
.129854 
.130781 
.131706 
.132('k30 
.13*551 
.134470 

9.ia5387  j 
.i;i(5303  ! 
.13?216  I 
.138128  I 
.139037  I 
.135K144  ' 
.1 4(H50  ; 
.1417.^4 
.142(555 

3.143555 


Cosine.  I  D.  1'. 


17.13 
17.08 
17.05 
17.00 
16.97 
16.93 
16.88 
16.83 
10.82 
10.77 
10.72 

16.68 
16.05 
16.62 
10.57 
10.53 
10.48 
16.47 
16.42 
16.37 
16.35 

16.30 
10.27 
10.23 
10.20 
10.15 
10.12 
10.08 
16.05 
16.02 
15.97 

15.  a5 
15.90 
15.87 
15.83 
15.80 
15.75 
15.73 
15.70 
15.65 
15.63 

15.58 
15.55 
15.53 
15.48 
15.46 
15.42 
15.40 
15.  &5 
15.32 
15.28 

16.27 
15.22 
15.20 
15.15 
15.12 
15.10 
15.07 
16.02 
16.00 


Cosine.  I  D.  1'. 


9.996751 
.996735 
.996?20 
.996704 
.996088 
.99607:3 
.990657 
.996041 
.990025 
.990010 
.9965i)4 

9.996578 
.996562 
.996546 
.9i)6530 
.996514 
.99(>198 
.990482 
.99(54(55 
.996449 
.9964:^3 

9.996417 
.9904(X) 
.990384 
.9JH5308 
.996351 
.996335 
.996318 
.996302 
.996285 
.996269 

9.996252 
.996235 
.996219 
.996202 
.996185 
.996168 
.996151 
.996134 
.9iK5117 
.996100 

9.996083 
.996066 
.996049 
.996032 
.996015 
.995998 
.995980 
.995903 
.995940 
.995928 

d. 995911 
.995894 
.995870 
.99.5859 
.995W1 
.995823 
.995806 
.996788 
.995771 

9.995768 


7  I 
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Sine.  I  D.  1'. 
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.27 

.27 

.25 

.27' 

.27 

.27 
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.27 

.27 
.27 
.27 
.27 
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.28 
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.28 
.28 
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.30 
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.80 
.80 
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.28 
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Tang. 


9.069144 
.090187 
.091228 
.092206 
.093302 
.094336 
.095367 
.096395 
.097422 
.098446 
.099408 


9 


100487 
.101504 
.102519 
.10a532 
.104542 
.405550 
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.1075i":9 
.108560 
.109559 

9.1105.56 
.111551 
.112613 
.113533 
.114521 
.116507 
.116491 
.117472 
.118452 
.119429 

9.120401 
.121377 
.122*48 
.123317 
.124284 
.125249 
.126211 
.1271?2 
.128130 
.129087 

9.130041 
.130994 
.131944 
.132898 
.133889 
.134784 
.185726 
.186667 
.187606 
.188642 

9.189476 
.140409 
.141&40 
.142269 
.148196 
.144121 
.146044 
.146066 
.146886 

9.147808 


D.  1'.  I  Cotang.  I   ' 


88 
86 
80 
27 
28 
18 
13 
12 
07 
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.48 
.46 
.42 
16.88 
16.87 
16.80 
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Cotang.  I  D.  r. 


6.98 

6.96 
6.92 
6.88 
6.83 
6.80 
6.77 
6.72 
6.68 
6.66 
6.62 

6.68 
6.68 
6.50 
6.47 
6.48 
6.40 
6.86 
6.38 
6.28 
6.26 

6.22 
6.18 
6.15 
6.12 
6.08 
6.03 
6.02 
5.97 
5.96 
5.90 

5.88 
6.83 
6.82 
5.77 
5.76 
6.70 
6.68 
5.68 
6.62 
5.67 


10.910866  .  CO 
.909818  59 
.908772  I  68 
.907784  '  67 
.906698  56 
.906664  {  66 
.904638  64 
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.900682  50 

10.899618  49 
.898496  48 
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.896468  '  46 
.896468  :  46 
.894450  44 
.898444  43 
.892441  42 
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.886467  86 
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.888609  88 
.882528  '  88 
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.877668  87 
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.876716  86 
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10.860960  '  10 
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.868888  18 
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.861458  I  10 
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.867781 
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.864066 
.864084 
.868115 

10.868107 


Tang. 
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TANGENTS,  AND  COTANGENTS. 
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if 

9947\>8  1 

9.1B88ft4 

ii:i 

18.77 
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TABLE  XXV.— LOGAKITHMIC  SINES. 


170* 


0 

1 

2 
3 
4 
5 
0 
7 
8 
9 
10 

11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

21 
22 
23 
24 
25 
26 
27 
28 
29 
30 

81 
32 

as 

31 
35 
36 
37 
38 
39 
40 

41 
42 
43 
44 
45 
46 
47 
48 
49 
50 


D.  r.  P  Tang.  |  D.  r.   Cotang. 


9.194332 
.195129  , 
.195925  ' 
.196719 
.197511 
.198302 
.199091  I 
.199879  ' 
.200666  I 
.201451 
.202234 

9.203017 
.2^3797 
.204577 
.205354 
.206131 
.206906 
.207679  ' 
.208452 
.209222  ' 
.209992 

9.210760  ' 
.211526 
.212291 
.213055  i 
.213818  I 
.214579 
.215338 
.216097 
.216854 
.217609 

9.218363  ' 
.219116 
.215)868  I 
.220618  I 
.221367 
.222115  ' 
.222861  I 
.223(K)6  ! 
.224:^49  I 
.225092  j 

9.225a33 
.226573 
.227311 
.228048  ' 
.2287W  ' 
.229518  , 
.230252 
.230984 
.231715  ' 
.232444 


51  I  9 

52  '■ 

53  I 

r>4 

.55  I 
5() 


23;il?2 
233899 
2;M()25 
,2:i>i49 


57 

.237515 

58 

.2382:i5 

59 

.2iiHim 

60 

9.239670 

13.28 
13.27 
13.23 
13.20 
13.18 
13.15 
13.13 
13.12 
13.08 
13.05 
13.05 

13.00 
13.00 
12.95 
12.95 
12.92 
12.88 
12.88 
12.83 
12.83 
12.80 

12.77 
12.75 
12.73 
12.72 
12.68 
12.65 
12.65 
12.62 
12.58 
12.57 

12.. 55 
12.53 
12.. 50 
12.48 
12.47 
12.43 
12.42 
12.38 
12.38 
12.35 

12.33 
12.80 
12.28 
12.27 
12.23 
12.23 
12.20 
12.18 
12.15 
12.13 

12.12 

12.10 
12.07 
12.07 
12.03 
12.00 
12.00 
11.97 
11.95 


994620 
.994600 
.994580 
.994560 
.994540 
.994519 
.994499 
.994479 
.994459 
.994438 
.994418 

9.994398 
.994377 
.994357 
.994a36 
.994316 
.994295 
.994274 
.994254 
.994233 
.994212 

9.994191 
.994171 
.994150 
.994129 
.99(108 
.994067 
.994066 
.994045 
.994024 
.994003 

0.998982 
.993960 
.9939:^9 
.993918 
.993897 
.993875 
.9938.54 
.993832 
.993811 
.993789 

9.993768 
.993746 
.993725 
.993703 
.993681 
.993660 
.993638 
.993616 
.993594 
.993572 

9.90"'.::0 
.99350^ 
.99a506 
.9J»484 
.993462 
.993440 
.993418 
.9933i)6 
.993374 

9.993351 
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.33 
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.35 
.33 
.33 
.33 
.35 
.33 
.33 

.35 
.33 
.35 
.33 
.35 
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.33 
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.33 
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.35 
.35 
.35 
.35 
.35 
.35 
.35 
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.37 
.35 
.35 
..35 
.37 
..35 
..37 
.36 
.37 
.35 

.37 

.85 

.37 

.37 

.85 

.37 

.37 

.37 

..37 

.37 

.11^ 
.ot 

.ot 

.37 

.37 

..37 

.37 

.37 

..37 

.38 


'  I  Cosine.  I  D.  1' 


99' 


Sine.  I  D.  1'.  i 


3$a 


9.199713 
.200529 
.201345 
.202159 
.202971 
.203782 
.201592 
.205400 
.206207 
.207013 
.207817 

9.206619 
.209420 
.210220 
.211018 
.211815 
.212611 
.213405 
.214198 
.214989 
.215780 

9.216508 
.217356 
.218142 
.218926 
.219710 
.220492 
.221272 
.222052 
.222830 
.223607 

9.224882 
.225156 
.225929 
.226700 
.227471 
.228239 
.229007 
.229773 
.230539 
.231302 

9.232065 
.232826 
.238586 
.234345 
.235103 
.235859 
.236614 
.237368 
.238120 
.238872 

9.C3C0C2 
.^0371 
.241118 
.241865 
.242610 
.^43354 
.244097 
.244880 
.24.5579 

9.I»46S19 


Cotang. 


13.60 
13.60 
13.57 
13.53 
13.52 
13.50 
13.47 
13.45 
18.43 
13.40 
13.37 

13.35 
13.3:3 
13.80 
13.28 
13.27 
18.28 
13.22 
13.18 
13.18 
13.13 

13.18 
13.10 
18.07 
18.07 
18.03 
18.00 
13.00 
12.97 
12.95 
12.92 

12.90 
12.88 
12.85 
12.85 
12.80 
12.80 
12.77 
12.77 
12.  ra 
12.?2 

12.68 
12.67 
12.66 
12.63 
12.60 
12.58 
12.57 
12.53 
12.53 
12.50 

12.48 
12.45 
12.45 
12.42 
12.40 
18.38 
12.87 
12.38 
12.88 


D.  r. 


10.800287  i  60 
.799471  I  59 
.798655  I  58 
.797841  '  67 
.797029 
.796218 
.795408 
.794600 
.793793 
.792987 
.792183  50 

10.791381  49 
.790580  ;  48 
.789780  I  47 
.788982 
.788185 
.787889 
.786595 
.785802 
.785011 
.784220 

10.788432 
.782644 
.781858 
.781074 
.780290 
.779508 
.778728 
.777948 
.777170 
.776893 

10.776618  29 
.774844  28 
.774071 
.77330i> 
.7^529  25 
.771761  1  24 
.770998  ,  23 
.7n»27  I  22 
.769461 
.768696 

10.767986 
.767174 
.786414 
.765666 
.764897 
.764141 
.768886 
.762682 
.761880 
.761128 

10.760878 

.760629 

.758882 

.768186 

.757890 

.756646 

.766008 

.756161 

.764421 
10.758661 


Tang. 


•0- 
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118* 


r^     I 


Sine. 


9.641842 
.642101 
.642360 
.642618 
.642877 
.643135 
.6-43393 
.643650 
.643906 
.644165 
.644423 

9.644680 
.&44936 
.&45193 
.645450 
.&45706 
.&45962 
.646218 
.646474 
.646729 
.^46984 

9.&47240 
.047494 
.647749 
.648004 
.648258 
.648512 
.648766 
.649020 
.649274 
.649527 

9.649781 
.650034 
.650287 
.6.50539 
.650792 
.651044 
.651297 
.651M9 
.651800 
.652032 

9.652304 
.652555 
.652806 
.653057 
653308 
.653558 
.653808 
.654059 
.a54309 
.054558 

9.654808 
.655a")8 
.655307 
.655556 
.655805 
.656054 
656302 
.656551 
.a56799 

9.657047 


D.  1". 


4.32 
4.32 
4.30 
4.32 
4.30 
4.30 
4.28 
4.30 
4.28 
4.30 
4.28 

4.27 
4.28 
4.28 
4.27 
4.27 
4.27 
4.27 
4.25 
4.25 
4.27 

4.23 
4.25 
4.25 
4.23 
4.23 
4.23 
4.23 
4.23 
4.22 
4.23 

4.22 
4.22 
4.20 
4.22 
4.20 
4.22 
4.20 
4.18 
4.20 
4.20 

4.18 
4.18 
4.18 
4.18 
4.17 
4.17 
4.18 
4.17 
4.15 
4.17 

4.17 


4 
4, 
4, 
4. 
4. 
4. 
4. 
4. 


15 
15 
15 
15 
13 
15 
13 
13 


Cosine. 


9.953660 
.953599 
.953537 
.953475 
.953413 
.953352 
.953290 
.953228 
.953166 
.953104 
.953042 

9.952980 
.952918 
.952855 
.952793 
.952731 
.952669 
.952606 
.952544 
.952481 
.952419 

9.952a56 
.952294 
.952231 
.952168 
.952106 
.9.52043 
.951980 
.9,51917 
.951854 
.951791 

9.951728 
.951665 
.951602 
.951539 
.951476 
.951412 
.951349 
.951286 
.951222 
.951159 

9.951096 
.951032 
.950968 
.950905 
.950841 
.950778 
.950714 
.950650 
.950586 
.950522 

9.950458 
.950394 
.950830 
.950266 
.950202 
.9501S8 
.950074 
.950010 
.949945 

9.949881 


D.  r. 


.02 
.03 
.08 
.08 
.02 
.03 
.03 
.03 
.03 
.03 
.03 

.03 
.05 
.03 
.03 
.03 
.05 
.03 
.05 
.03 
.05 

.03 
.05 
.05 
.03 
.05 
.05 
.05 
.05 
.05 
.05 

.05 
.05 
.05 
.05 
.07 
.05 
.03 
07 
.03 
.05 

.07 
.07 
.05 
.07 
.05 
.07 
.07 
.07 
.07 
.07 

.07 
.07 
.07 
.07 
.07 
.07 
.07 
.08 
.07 


Cosine.  I  D.  1". 


Sine.  I  D.  1*. 


835 


Tang. 


D.  r. 


Cotang. 


9.688182 
.688502 
.688823 
.689143 
.689463 
.689783 
.690103 
.690423 
.690742 
.691062 
.691381 

9.691700 
.692019 
.6923:8 
.692656 
.692975 

I  .693293 
.093612 
.693980 
.694248 

I  .694566 

I  9.694883 
.695201 
.695518 
.6958:36 
.690153 
.696470 
.696787 
.697103 
.697420 
.697736 

9.698053 
.698369 
.098085 
.699001 
.699310 
.699632 
.699947 
.700263 
.700578 
.700893 

9.701208 
.701523 
.701887 
.702162 
.702466 
.702781 
.703095 
.703409 
.703722 
.704086 

9.704350 
.704663 
.704976 
.705290 
.705603 
.705916 
.706228 
.706541 
.706854 

9.707166 


5. as 

5.32 
5.33 
5.33 
5.33 
5.33 
5.33 
5.32 
5.33 
5.82 
5.32 

5.32 
5.32 
5.30 
5.32 
5.30 
5.32 
5.30 
5.30 
5.30 
6.28 

5.30 
5.28 
5.30 
5.28 
5.28 
5.28 
5.27 
5.28 
5.27 
5.28 

5.27 
5.27 
5.27 
5.25 
5.27 
5.25 
5.27 
5.25 
5.25 
6.25 

5.25 
5.23 
5.25 
5.23 
5.25 
5.23 
5.23 
5.22 
5.23 
5.23 

5.22 
5.22 
6.23 
6.22 
5.22 
5.20 
5.23 
5.22 
5.20 


10.811818  60 

.311498  69 

.811177  58 

.310857  57 

.310537.  56 

.310217  65 

.309897  54 

.309577  63 

.809258  52 

.308938  51 

.308619  I  60 

10.308300  49 

.807981  48 

.807662  I  47 

.307344  46 

.307025  45 

.306707  44 

.306388  48 

.800070  42 

.805752  41 

.305434  40 

10.305117  89 

.304799  38 

.301182  87 

.304164  36 

.303847  85 

.803530  34 

.303213  33 

.302897  82 

.302580  31 

.302264  80 

10.801947  29 

.301631  28 

.301315  27 

.300i;99  26 

.300684  I  25 

.300368  24 

.300053  23 

.299737  22 

.299422  21 

.299107  20 

10.298792  19 

.298477  18 

.298163  17 

.297848  I  16  I 

.297534  j  15 

.297^219  I  14  ' 

.290005  13  ■ 


Cotang.  I  D.  1'. 


.296591 

12    ' 

.296278 

11 

.295964 

'lO 

10.295660 

9 

.295337 

8 

.2950^ 

7 

.294710 

6 

.294397 

6 

.294084 

4 

.293773 

3 

.293459 

3 

.293146 

1 

10.292834 

0 

Tang. 

63« 


TABLfi  3tXV. -LOGARITHMIC  6INES, 


163< 


0 

1 

2 
3 

4 
6 
6 
7 
8 
9 
10 

11 
12 
13 
14 
15 
Hi 
17 
18 
19 
20 

21 
22 
23 
24 
25 
26 
27 
28 
29 
30 

81 
32 
33 
34 
S6 
3(> 
37 
38 
31) 
40 

41 
42 
43 
44 
45 
40 
47 
48 
40 
50 

51 
62 
53 
&4 

55 
5« 
57 
58 
59 
60 


9. 657047 
.657295 
.657542 
.657790 
.658037 
.658284 
.658531 
.658778 
.659025 
.659271 
.658517 

9.659763 
.660009 
.660255 
.660501 
.660746 
.660991 
.661236 
.661481 
.661726 
.661970 


9 


9 


662214 
,662459 
.662703 
.662946 
,663190 
.66343;^ 
.663677 
.663920 
.664163 
.664406 

.004648 
.004891 
.065133 
.665:^75 
.005017 
.005859 
.000100 
.000*12 
.060583 
.66(582-1 

9.607005 
.(»07:J05 
.()07.'>10 
.60778(J 
.008027 
.(J08207 
.008500 
.00S740 
.0(J8980 
.009225 

9.669464 
.669703 
.669942 
.070181 
.670419 
.670058 
.67089() 
.671134 
.671372 

9.071609 


4.13 


4. 
4. 
4. 
4. 

4. 


12 
13 
12 
12 
12 


4.12 
4.12 
4.10 
4.10 
4.10 

4.10 
4.10 
4.10 
4.08 
4.08 
4.08 
4.08 
4.08 
4.07 
4.07 

4.08 
4.07 
4  05 
4.07 
4.05 
4.07 
4.05 

4.a5 

4.05 
4.03 

4.05 
4.03 
4  03 
4.03 


03 
,02 
,03 
02 
,02 
,02 


4.00 
4.02 
4.00 
4.02 
4.00 
3.98 
4.00 
4.00 
3.98 
3.98 

3.98 
3.J)8 
3.98 
3.97 
3.98 
3.97 
3.97 
3.97 
3.95 


9.949881 
.949816 
.949752 
.949688  I 
.949623  I 
.949558  I 
.949494  I 
.949429 

.949300  j 
.949235  I 

9.949170  i 
.949105  I 
.949040  ! 
.948975  I 
.948910  ; 
.948845 
.948780  i 
.948715 
.948650 
.948584 

9.948519 
.94H454 
.948388 
.948323 
.948257 
.948192 
.948126 
.948060 
.947995 
.947929 

9.947863 
.947797 
.947731 
.9470(r> 
.947000 
.947533 
.947407 
.947401 
.947*35 
.94?2e9 

9.94?203 
.947i:W 
.947070 
.947004 
.5)40937 
.946871 
.946804 
.940738 
.946071 
.940004 

9.946538 
.J)40471 

.946337 
.946270 
.946203 
.940136 
.946069 
.946002 
9.945a35 


08 
07 
07 
08 
08 
07 
08 
08 
07 
08 
08 

08 
08 
08 
08 
08 
08 
08 
08 
,10 
,08 

08 
10 
,08 
,10 
,08 
,10 
,10 
.08 
.10 
.10 

.10 
.10 
.10 
.08 
.12 
.10 
.10 
.10 
.10 
.10 

,12 
.10 
.10 
.12 
.10 
.12 
10 
.12 
.12 
.10 

.12 
.12 
.12 
.12 
.12 
.12 
.12 
.12 
.12 


9.707166 
.707478 
.707790 
.708102 
.708414 
.708726 
.709037 
.709349 
.709660 
.709971 
.710282 


9. 


710593 
.710904 
.711215 
.711525 

.7 
.7 


11836 
12146 


5.20 

5.20 

5.20 

5.20 

.712456 
.712766 
.713076 
.713380 

9.713696 
.714005 
.714314 
.714624 
.714933 
.715242 
.715551  ; 
.715860  ' 
.716168  ■' 
.7164'i7 

9.716785 
.717093  . 

.717401  ; 

.717709  ; 
.718017  ; 
.718325  i 
.718633  ' 
.718940 
.719248 
.719555 

9.719862  ' 
.720169 
.72047() 
.720783 
.721089 
.721390 
.721702 
.?22009 
.722315 
.?22021 

9.722927 
.7232:^ 
.72:^538  , 
.723844  I 
.724149  : 
.•^24454 
.?^700 
.725065  1 
.?25370 

9.725674  I 


5. 
5. 
5. 
5. 


5.20 

5.18 
5.20 
5.18 
5.18 
5.18 
6.18 

5.18 
5.18 
17 
18 
17 
17 
5.17 
5.17 
5.17 
5.17 

5.15 
5.15 
5.17 
5.15 
5.15 
5.15 
5.15 
5.13 
5.15 
5.13 


5. 
5. 
5. 
5. 
5. 
5. 


13 
13 
13 
13 
13 
13 
5.12 
5.13 
6.12 
5.12 

5.12 
5.12 
5.12 
5.10 
5.12 
5.10 
5.12 
5.10 
5.10 
5.10 

5.08 
5.10 
5.10 
5.06 
5.08 
5.10 
5.08 
5.08 
6.07 


I 


10.292834  I  60 
.292622  ,  59 
.292210  !  68 
.291896  i  67 
.291586  I  66 
.291274  i  65 
.290963  64 
.290651  63 
.290340  j  62 
.290029  >  51 
.289718  !  50 

10.289407  I  49 
.289096  ,  48 
.288785  I  47 
.288475  j  46 
.288164  !  45 
.287654  44 
.287544  ■'  43 
.287284  ;  42 
.286024  ;  41 
.286614  40 

10.286804  '  89 
.285995  88 
.286686  87 
.286876  86 
.285067  .  85 
.264756  ;  34 
.284449  88 


.264140 
.263832 


83 

81 


.288528  80 

10.288215  2d 

.282907  S8 

.262599  27 

.262201  86 
.281988  I  25 

.281675  24 


.261867 
.281060 
.260752 
.280445 


28 
28 
21 
20 


10.260188  19 
.279831  ,  18 

.279524  17 

.279217  3U 

.278911  15 

.273604  14 

.276298  13 

.277J)91  l.i 

.277685  11 

.277379  iO 


,  10.277073 
.270766 
.27iMti2 
.276156  ' 
.275651 
.275646 
.2T5SM0 
.274986 
.274680 
10.274826 


0 
6 
7 
6 
6 
4 
8 
8 
1 
0 


i  Cosine.  I  D.  1'.    I     Sine,    i  D.  1'.   i    Cotang.  !  D.  1'.  I     Tang.    |  ' 


117' 


886    . 


er 


88< 


COSINES,  TANGENTS,  AND  COTANGENTS. 


Sine. 


0 
1 
2 

8 
4 
6 
6 

7 

8 

9 

10 

11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

21  I 

23  I 

24  I 
25 

26 
27  i 
28 

29  ' 

30  ; 


9.671609 
.671847 
.672084 
.672321 
.672558 
.672795 
.673032 
.673268 
.673505 
.673741 
.673977 

9.674213 
.674448 
.674684 
.674919 
.675155 
.675390 
.675624 
.675859 
.676094 
.676328 

9.676562 
.676790 
.677030 
.67^264 
.677498 
.677731 
.677964 
.678197 
.678430 
.6786C3 


41 
42 
43 
44 
45 
4(> 
47 
48 
49 
50 

51 
52 
53 
54 
55 
56 
57 
58 
59 
60 


31  ,  9, 

32  '  . 
SS 
34 
35 
36 
37 

39 
40 


9 


,678895 
679128 
,679360 
,679592 
679824 
,680056 
680288 
,680519 
,680750 
,680982 

,681213 
.681443 
.681674 
.681905 
.682135 
.682365 
.682595 
.682825 
.683055 
.683284 

9.683514 
.683743 
.683972 
.684201 
.684430 
.684658 
.684887 
.685115 
.686343 

9.685571 


D.  r. 


3.97 
3.95 
3.95 
3.95 
3.95 
3.95 
3.93 
3.95 
3.93 
3.93 
3.93 

3.92 
3.93 
3.92 
3.93 
3.92 
3.90 
3.92 
3.92 
3.90 
3.90 

3.90 
3.90 
3.90 
3.90 
3.88 
3.88 
3.88 
3.88 
3.88 
3.87 

3.88 
3.87 
3.87 
3.87 
3.87 
3.87 
3.85 
3.85 
3.87 
3.85 

3.83 
3.85 
3.85 
3.83 
3.88 
3.83 
3.83 
3.83 
3.82 
3.83 

3.82 
3.82 
3,82 
3.82 
3.80 
3.82 
3.80 
3.80 


Cosine. 


D.  r. 


8.80 


9.945935 
.946868 
.945800 
.945733 
.945666 
.945698 
.945531 
.945464 
.945396 
.945328 
.945261 

9. 9451  as 
.945125 
.945058 
.944990 

'  .944922 
.944854 
.944786 
.944718 
.944650 
.944582 

9.944514 
.944446 
.944377 
.944309 
.944241 
.944172 
.944104 
.944036 
.943967 
.94C899 

9.943830 
.943761 
.943693 
.943624 
.943555 
.943486 
.943417 
.943848 
.943279 
.948210 

9.948141 
.94-S072 
.948003 
.942934 
.942864 
.942795 
.942726 
.942656 
.942587 
.942517 

9.942448 
.942378 
.942808 
.942239 
.942169 
.942099 
.942029 
.941959 
.941889 

9.941819 


12 
.13 
,12 
12 
.18 
12 
.12 
.13 
.13 
.12 
.18 

.13 
.12 
.18 
.18 
.13 
.13 
.13 
.18 
.13 
.13 

.13 
.15 
.13 
.13 
.15 
.13 
.18 
.15 
.13 
.15 

.15 

.13 

15 

,15 

15 

15 

15 

.15 

15 

15 

.15 
15 
.15 
.17 
.15 
15 
17 
,15 
17 
15 

17 
,17 
15 
17 
17 
17 
17 
,17 
,17 


I 


Tang. 


9.725674 
.725979 
.726284 
.726588 
.726892 
.727197 
.727501 
.727805 
.728109 
.788412 
.728716 

9.729020 
.729823 
.729626 
.729929 
.730283 
.780535 
.780838 
.731141 
.781444 
.781746 

9.782048 
.782351 
.732653 
.732955 
.788257 
.738658 
.783860 
.734162 
.734463 
.784764 

9.736066 
.735367 
.735668 
.736969 
.736269 
.786570 
.786870 
.737171 
.787471 
.737771 

9.738071 
.738871 
.788671 
.788971 
.789271 
.789670 
.789870 
.740169 
.740468 
.740767 

9.741066 
.741366 
.741664 
.741962 
.742261 
.742569 
.742858 
.748156 
.748464 

9.743752 


D.  r. 


5.08 
6.08 
5.07 
6.07 
5.05 
5.07 
5.07 
5.07 
6.05 
5.07 
5.07 

6.05 
6.06 
6.05 
6.07 
5.08 
5.05 
5.05 
5.05 
5.03 
5.08 

5.05 


5. 
5. 
5. 
5. 
5. 
5. 


.08 
.08 
.08 
.02 
.03 
.03 
5.02 
5.02 
5.03 


6.02 
5.02 
5.02 
5.00 
5.02 
5.00 
5.02 
5.00 
5.00 
5.00 


00 
00 
00 
00 
98 
00 
4.98 
4.96 
4.98 
4.98 

4.96 
4.98 
4.97 


97 
98 
97 
97 


4.97 


IW 


I  Cosine.  I  D.  1'.  M  Sine.  I  D.  1'.  n  Cotang.  I  D.  1" 


^7 


Cotang. 


10.274826 
.274021 
.278716 
.278412 
.273106 
.272803 
.272499 
.272195 
.271891 
.271588 
.271284 

10.270980 
.270677 
.270874 
.270071 
.269767 
.269466 
.269162 
.268869 
.268666 
.268254 

10.267962 
.267649 
.267847 
.267046 
.266743 
.266442 
.266140 
.265838 
.265837 
.265236 

10.264934 
.264633 
.264332 
.264a31 
.263731 
.263430 
.263130 
.262829 
.262529 
.262229 

10.261929 
.261629 
.!i!61829 
.261029 
.260729 
.260430 
.260130 
.259831 
.259582 
.259283 

10.258984 
.258686 
.258886 
.258088 
.257789 
.257441 
.257142 
.256844 
.256646 

10.256248 

Tang. 


29« 


TABLE  XXV.— LOQARITHMIO  SINES, 


160* 


Sine. 


0 
1 
2 
8 

4 
5 
6 
7 
8 
9 
10 

11 
12 
13 
14 
15 
16 
17 
18 
19 
30 

21 
22 
23 
21 
25 
26 
27 
28 
29 
30 

31 
32 
33 
34 
35 
36 
37 
38 
39 
40 

41 
42 

43  i 

41  i 
45 
46 
47 

48 
49  '• 
50 

51 
52 
53 
54 
55 
56 
67 
58 
59 
60 


9.685571 
.685799 
.686027 
.686254 
.68(M8-2 
.686709 
.686936 
.687168 
.687389 
.687616 
.687843 

9.688069 
.688295 
.688521 
.688747 
.688972 
.689198 
.689423 
.689648 
.689873 
.690098 

9.690323 
.690548 
.690772 
.690996 
.691220 
.691444 
.691668 
.691892 
.692115 
.692339 

9.692562 
.692785 
.693008 
.693231 
.693453 
.693676 
.693898 
.694120 
.694^42 
.694564 

9.694786 
.6a')007 
.69.)229 
.695450 
.695071 
.6958!)2 
.690113 
.G96:i3i 
.696554 
.696775 

9.696995 
.697215 
.697435 
.697654 
.697874 
.696094 
.698313 
.696532 
.698751 

9.696970 


D.  r. 


Cosine. 


3.80 
3.80 
3.78 
3.80 
3.78 
3.78 
3.78 
3.77 
3.78 
3.78 

o.  <  < 

3.77 
3.77 
3.77 
3.75 
3.77 
3.75 
3.75 
3.75 
3.75 
3.75 

3.75 
3.73 
3.73 
3.73 
3.73 
3.73 
3.73 
3.72 
3.73 
3.72 

3.72 
3.?2 
3.72 
3.70 
3.72 
8.70 
3.70 
3.70 
8.70 
3.70 

3.68 
8.70 
3.68 
8  68 
3.68 
3.<>8 
3.68 
3.67 
8.68 
3.67 

3.67 
3.67 
3.65 
3.67 
3.67 
3.65 
3.65 
3.65 
3.65 


Cosine.  I  D.  1*. 


Tang. 


9.941819 
.941749 
.941679 
.941609 
.941539 
.941409 
.941398 
.941328 
.941258 
.941187 
.941117 

9.941046 
.940975 
.940905 
.940831 
.940763 
.940693 
.940622 
.940551 

.940409 

9.940338 
.940267 
.940196 
.940125 
.940054 
.983982 
.939911 
.939640 
.939768 
.939697 

9.939625 
.939554 
.939482 
.939410 
.939339 
.a39267 
.939195 
.939128 
.939052 
.938980 

9.a38903 
.98S88() 
.9.«i7()3 
.938691 
.938019 
.938547 
.938475 
.938402 
.98a380 
.938258 

9.938185 
.938113 
.938040 
.937067 
.937895 
.937822 
.987749 
.837676 
.987604 

9.937531 


1.17 
1.17 
1.17 
1.17 
1.17 
1.18 
1.17 
1.17 
1.18 
1.17 
1.18 

1.18 
1.17 
1.18 


1.18 
1.17 
1.18 
1.18 
1.18 
1.18 
1.18 

1.18 
1.18 
1.18 
1.18 
1.20 
1.18 
1.18 
1.20 
1.18 
1.20 

1.18 
1.20 
1  20 
1.18 
1.20 
1.20 
1.20 
1.18 
1.20 
1.20 

1.20 
1.22 
1.20 
1.20 
1.20 
1.20 
1.22 
1.20 
1.20 
1.22 

1.20 
1.22 
1.22 
1.20 
1.22 
1.22 
1.22 
1.20 
1.22 


9.748752 
.744050 
.744348 
.744645 
.744943 
.745240 
.745538 
.74'i885 
.74«5132 
.74W29 
.746?26 

9.747028 
.747319 
.747616 
.747913 
.748209 
.748505 
.748801 
.749097 
.749893 
.749689 

9.749985 
.750281 
.750576 
.750672 
.751167 
.751462 
.751757 
.752052 
.752847 
.752642 

9.752937 
.753231 
.753526 
.758820 
.754115 
.754409 
.754708 
.754997 
.756091 
.756686 

9.756878 
.7.56172 
.756405 
.756759 
.757052 
.757845 
.757638 
.757931 
.758224 
.758517 

9.758810 
.759102 
.759395 
.759687 
.759979 
.760272 
.7605&4 
.760666 
.761148 

9.761439 


D.  r. 


4.97 
4.97 
4.96 
4.97 
4.96 
4.97 
4.96 
4.95 
4.95 
4.96 
4.96 


98 
96 
95 
98 
93 
93 
93 
4.93 
4.93 
4.93 


4.98 
4.92 
4.93 
4.92 
4.92 
4.92 
4.92 
4.92 
4.92 
4.92 

4.90 
4  92 
4.90 
4.92 
4.90 
4.90 
4.90 
4.90 
4.90 
4.88 

4.90 


4. 

4. 

4. 

4, 

4. 

4. 

4. 

4 

4, 


88 
90 
88 
88 
88 
88 
88 
88 
88 


4.87 
4.88 
4.87 
4.87 
4.88 
4.87 
4.87 
4.87 
4.86 


Cotang. 

/ 
601 

10.266248 

.255050 

59 

.255652 

58 

.255355 

57 

.255057 

66 

.254760 

66 

.251462 

54 

.254165 

58 

.253868 

.^2 

.253571  51 

.253274  60 

10.252977  49 

.252681  48 

.252884  47 

.252067  46 

.251791  45 

.261495  44 

.251199  48 

.250908  43 

.250607  41 

.250311  40 

10.250015  89 

.249719  88 

.'zmsu  37 

.219128  '  86 

.248883  86 

.348688  i  U 

.248243  I  88 

.247948  I  88 

.247658  81 


.247868 

10.247068 
.246769 
.246474 
.246180 
.^46885 
.246691 
.245297 
.245003 
.!»4709 
.244415 

10.244123 
.243628 
.343535 
.248341 
.242948 
.343655 
.242862 
.343069 
.341776 
.341483 


80 

29 
88 
27 
36 
35 
34 
38 
33 
21 
8J 

19 
18 
17 
10 
16 
14 
18 
13 
11 

Iv) 


D.  r.  I.     Sine,     i  D.  1'.    1  Cotang.  '  D.  1" 


119< 


S8S 


10.341190 

0 

.340698 

8 

.340605 

7 

.340818 

6 

.340021 

.389?28 

.389486 

.388144 

.888668 

i  10.888561 

0 

1    Tang.     1 

/ 

do« 


cosiKes,  tangents,  and  cotangents. 


I4d« 


0 

1 

2 
3 
4 

6 
6 
7 

8 

9 

10 

11 
12 
13 
14 
15 
16 
17 
18 
10 
20 

21 
22 
23 
24 

25 
20 
27 
28 
29 
30 


41 
42 
43 
44 
45 
46 
47 
48 
49 
50 

51 
52 
53 
51 
55 
50 
57 
58 
59 
CO 


Sine. 


9.698970 
.699189 
.699407 
.699626 
.699844 
.700062 
.700280 
.700498 
.700716 
.7009^33 
.701151 

9.701368 
.7a  585 
.701802 
.702019 
.702236 
.702452 
.702609 
.702885 
.703101 
.703317 

9.703533 
.703749 
.703964 
.704179 
.704395 
.704610 
.704825 
.705040 
.705254 
.705409 


D.  1' 


31 

9.705683 

;i2 

.705898 

33 

.706112 

34 

.706326 

a5 

.706539 

3<> 

.706753 

37 

.706967 

38 

.707180 

30 

.707393 

40 

.707606 

9.707819 
.708aS2 
.708245 
.708458 
.708670 
.708883 
.709094 
.709306 
.709518 
.709730 

9.709941 
.710153 
.710364 
.710575 
.710786 
.710997 
.711208 
.711419 
.711629 

9.711839 

Cosine. 


8.65 
3.63 
3.65 
3.63 
3.63 
3.63 
3.63 
3.63 
3.62 
3.63 
3.62 

3.62 
3.62 
3.62 
3.62 
3.60 
3.62 
3.60 
3.60 
3.60 
3.60 

3.60 
3.58 
3.58 
3.60 
3.58 
3.58 
3.58 
3.57 
3.58 
3.57 

3.58 
3.57 
3.57 
3.55 
3.57 
3.57 
3.55 
3-55 
3.55 
3.55 

3.55 
3.55 
3.55 
3.53 
3.53 
3.53 
3.53 
3.53 
3.53 
3.52 

3.53 
3.52 
3.52 
3.52 
3.52 
3.52 
3.52 
3.50 
3.50 


Cosine. 


9.937531 
.937458 
.937385 
.937318 
.937238 
.937165 
.937092 
.937019 
.936946 
.936872 
.936799 

9.936725 
.936652 
.936578 
.936505 
.936431 
.936357 
.936284 
.936210 
.936136 
.936062 

9.935988 
.935914 
.935&40 
.935766 
.935692 
.935618 
.935543 
.935469 
.935395 
.935320 

9.935S^6 
.935171 
.935097 
.935022 
.934948 
.9a48r3 
.934708 
.934723 
.9.^4649 
.934574 

9.934499 
.9*4424 
.934349 
.934274 
.934199 
.934123 

.93:3973 

.983898 
.93:3822 

9.933747 
.933671 
.933596 
.933520 
.933445 
.983369 
.933293 
.983217 
.933141 

9.933066 

Sine. 


D.  r. 


1.22 
1.22 

1.22 

1.23 
1.22 
1.22 
1.22 
1.22 
1.23 
1.22 
1.23 

1.22 
1.23 
1.22 
1.23 
1  23 
1.22 
1.23 
1.23 
1.23 
1.23 

1.23 
1.23 
1.23 
1.23 
1.23 
1.25 
1.23 
1.23 
1.25 
1.23 

1.25 
1.23 
1.25 
1.23 
1.25 
1.25 
1.25 
1.23 
1.25 
1.25 

1.25 
1.25 
1.25 
1.25 
1.27 
1.25 
1.25 
1.25 
1.27 
1.25 

1.27 
1.25 
1.27 
25 
27 
27 
27 
27 
25 


Tang. 


9.761439 
.7617ol 
.762023 
.762314 
.762606 
.762897 
.768188 
.768479 
.768770 
.764061 
.764852 

9.764643 
.764933 
.765224 
.765514 
.765805 
.766095 
.766385 
.766675 
.766965 
.767255 

9.767545 
.767834 
.768124 
.768414 
.768703 
.768992 
.769281 
.769571 
.769860 
.770148 


9 


D.  r. 


770437 
770726 
.771015 
.771303 
.771592 
.771880 
.772168 
.772457 
.772745 
.773033 

9.773321 
.773008 
.778896 
.774184 
.774471 
.774759 
.775046 
.775333 
.775621 
.775908 

9.rr6195 
.776482 
.776768 
.777055 
.777342 
.777628 
.777915 
.778301 
.778488 

9.778774 

Cotang. 


D.  r 


Cotang. 


4.87 
4.87 
4.85 
4.87 
4.85 
4.85 
4.85 
4s  85 
4.85 
4.85 
4.85 


.83 
85 
83 
85 
83 
83 


4.83 
4.83 
4.83 
4.83 

4.82 
4.83 

4.83 
4.82 
4.82 
4.82 
4.83 
4.82 
4.80 
4.82 

4.82 
4.82 
4.80 
4.82 
4.80 
4.80 
4.82 
4.80 
4.80 
4.80 

4.78 
4.80 
4.80 
4.78 


80 
78 
78 
80 
,78 


4.78 

4.78 

4.77 
4.78 
4.78 


77 

,78 
,77 
,78 
77 


D.  r 


10.238561 
.238209 
.237977  I  58 
.237686  57 
.237394 
.237103 
.236812 
.236521 
.236280 
.235939 
.235648 

10.235357 
.235067 
.284776 
.234486 
.234195 
.2:33905 
.233615 
.233325 
.233035 
.232745 

10.233455 
.232166 
.231876 
.231586 
.231297 
.231008 
.230719 
.230429 
.230140 
.229852 

10.229563 
.229274 
.2289?5 
.228697 
.228408 
.228120 
.227838 
.227543 
.227255 
.226967 

10.226679  19 
.226392 
.226104 
.325816 
.325529  i  15 
.225341  !  14 
.2^954 
.334667 
.334379 
.324092 

10.338805 

.338518 

.338332 

.232&45 

.323658 

.333872 

.333085 

.331799 

.231512 
10.321336 

Tang. 


120*' 


3S9 


59« 


81< 


I'AfiUa  XXV.-LOGARITHMIO  6lKfiS, 


148< 


Sine. 


0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 

11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

21 
22 
23 
24 
25 
26 
27 
28 
29 
30 

31 
32 
33 
34 
35 
36 
37 
38 
39 
40 


51 
52 
53 
54 
55 
56 
67 
58 
59 
60 


9.711839 
.712050 
.712260 
.712469 
.712679 
.712889 
.713098 
.718308 
.713517 
.713?26 
.713935 


9 


9 


,714144 
,714352 
714561 
,714769 
,714978 
,715186 
715394 
,715602 
,715809 
716017 

,716224 
716432 
,716639 
.716846 
.717053 
.717259 
.717466 
.717673 
.717879 
.718085 

9.718291 
.718497 
.718703 
.718909 
.719114 
.719320 
.719525 
.719730 
.719935 
.720140 


41  I  9. 

42  . 

43  I  . 

44  I  . 
45 

46  I  , 
47 
48 
49 
50  ■ 


9 


D.  1". 


Cosine. 


720345 
720549 
.720754 
.720958 
.721162 
.?21366 
.721570 
.?^1774 
.721978 
.722181 

.722385 
.7^2588 
.722791 
.722994 
.723197 
.723400 
.723603 
.723805 
.724007 
.724210 


3.52 
3.50 
3.48 
3.50 
3.50 
3.48 
3.50 
3.48 
3.48 
3.48 
3.48 

3.47 
3.48 
3.47 
3.48 
3.47 
3.47 
3.47 
3.45 
3.47 
3.45 

3.47 
3.45 
3.45 
3.45 
3.43 
3.45 
3.45 
3.43 
3.43 
3.43 

3.43 
3.43 
3.43 
3.42 
3.43 
3.42 
3.42 
3.42 
3.42 
3.42 

3.40 
3.42 
3.40 
3.40 
3.40 
3.40 
3.40 
3.40 
3.38 
3.40 

3.38 
3.38 
3.88 
3.38 
3.38 
3.38 
8.37 
8.37 
3.38 


'   Cosine.  I  D.  1' 


9.933066 
.932990 
.932914 
.932838 
.932762 
.932685 
.932609 
.932533 
.932457 
.932380 
.932304 

9.932228 
.932151 
.932075 
.931998 
.931921 
.931845 
.931768 
.931691 
.931614 
.931537 

9.931460 
.931383 
.931306 
.931229 
.931152 
.931075 
.930998 
.930921 
.930813 
.930766 

9.930688 
.930611 
.a30533 
.930456 
.930378 
.930300 
.930223 
.930145 
.930067 
.929989 

9.929911 
.929833 
.929755 
.929677 
.929599 
.929521 
.929412 
.929364 
.929286 
.929207 

9.929129 
.929050 
.928972 
.928893 
.928815 
.928736 
.928657 
.928578 
.928499 

9.928420 


D.  r 


Sine. 


27 
.27 
27 
,27 
.28 
,27 
,27 
.27 
23 
,27 
.27 

,28 
.27 
,28 
,28 
.27 
.28 
.28 
.28 
.28 
.28 

.28 

.28 
.28 
.28 
.28 
.28 
.28 
.30 
.28 
.30 

.28 
.30 
.28 
.80 
.30 
.28 
.30 
.30 
.30 
.30 

.30 
.30 
.80 
.30 
.30 
.32 
.30 
.30 
.32 
.30 

.32 
.30 
.32 
.30 
.32 
.32 
.32 
.32 
.32 


D.  r. 


Tang. 


D.  r. 


9.778774 
.779060 
.779346 
.779632 
.779918 
.780203 
.780489 
.780775 
.781060 
.781346 
.781631 

9.781916 
.782201  I 
.782486  ' 
.782771  I 
.783056  1 
.783341  I 
.783626 
.783910 
.784195 
.784479 

9.784764 
.785048 
.785332 
.785616 
.785900 
.786184 
.786468 
.786752 
.787036 
.787319 

9.787603 
.787886 
.788170 
.788453 
.788736 
.789019 
.789302 
.789585 
.789868 
.790151 

9.790434  > 

.790716  , 

.790999  I 
.791281 

.791563  , 

.791846  , 

.792128  , 

.792410  I 

.792692  I 
.792974 

9.793256  ' 
.793538  ' 
.798819  : 
.794101  ' 
.794383 
.794664 
.794916 
.795227 
.795508 

9.795789 


4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 


77 

rr 

77 
,77 
75 
,77 
.77 
.75 
,77 
,75 
.75 


4.75 
4.75 
4.75 
4.75 
4.75 
4.75 
4.73 
4.75 
4.73 
4.75 

4.73 


73 
73 
78 
73 
78 
78 
4.73 
4.72 
4.73 


.72 
.73 
.72 
.72 
.72 
.72 
72 
4.72 
4.72 
4.72 


4. 
4. 
4. 
4. 
4. 
4. 
4. 


70 
72 
70 
70 
72 
4.70 
4.70 
4.70 
4.70 
4.70 

4.70 
4.68 
4.70 
4.70 
4.68 
4.70 
4.68 
4.68 
4.68 


Cotang. 


10.221228 
.220940 
.220654 
.220868 
.220082 
.219797 
.219511 
.219225 
.218940 
.218654 
.218869 

10.218064 
.217799 
.217514 
.217229 
.216944 
.216659 
.216374 
.216090 
.215805 
.215521 

10.215236 
.214962 
.214668 
.214884 
.214100 
.218816 
.218582 
.218248 
.212964 
.212681 

,  10.212897 
'  .212114 
.211880 
.211647 
.211264 
.210961 
.210696 
.210416 
.210132 
.200649 

10.200566 
.200264 
.209001 
.206719 
.206437 
.206154 
.207872 
.207590 
.207806 
.207026 

10.206744 
.206462 
.206181 
.205899 
.205617 
.206886 
.206064 
.204778 
.904498 

10.204211 


60 
69 
66 
67 
66 
55 
64 
63 
62 
51 
60 

49 
48 
47 
46 
46 
44 
48 
42 
41 
40 

89 
88 
87 
86 
85 
84 
88 
82 
81 
80 

29 
86 
27 
86 
85 
84 
88 
88 
81 
i  80 

19 
18 
17 
16 
15 
14 
18 
18 
11 
10 

9 
8 
7 
6 
6 
4 
8 
8 
1 
0 


Cotang.  I  P.  1*.  I     Tang. 


121< 


COSINES,  TANGENTS,  AND  COTANGEN 


147* 


0 

1 
2 
8 
4 

5 
6 

7 
8 

9  ! 
10  I 


9.724210 
.724412 
.724614 

.724816 
.725017 
.725219 
.725420 
.725622 
.725823 
.726024 
.726225 


13  1 

14  I 

15  I 
16 
17 
18 
19 
20 

21 
22 
23 
24 
25 
26 
27 
28 
29 
30 

31 
32 
33 

34  i 
35 

36  I 

37  ! 

38 : 

39  ^ 

40  : 

41  I 

42  I 
43 
44 
45 
46 
47 
48  ' 
^9 
50 

51  I 

52  I 
53 

54  ! 

55  1 
56 
57 
58 
59 
GO 


11  I  9.726426 

12  '  .726620 
.726827 


.72i027 
.727228 
.727428 
.727628 
.727828 
.728027 
.728227 

9.728427 
.?28626 
.728825 
.729024 
.729223 
.729422  I 
.729621  ; 
.729820 
.730018 
.780217 

9 .730415 
.730613 
.730811 
.731009 
.731206  i 
.731404  ; 
.7:^1602 
.731799 
731996 
.732193 

9.732390 
.7'32587 
.7:i27&4 
.732980 
.733177 
.733373 
.733569 
.r33765 
.733961 
.7^4157 

9.734353 
.734549 
.7^4744 
.784939 
.735135 
735330 
.735525 
.735719 
.735914 

9. 730109 


3.37 
3.37 
3.37 
3.35 
3.37 
3.35 
3.37 
3.35 
3.35 
3.35 
3.35 

3.33 
3.35 
3.33 
3.35 
3.33 
3  33 
3.33 
3.32 
3.33 
3.33 

3.32 
3.32 
3.32 
3.32 
3.32 
3.32 
3.32 
3.30 
3.82 
3.30 


3.30 
3.30 
3.30 
3.28 
3.30 
3.30 
3.28 
28 
28 
28 


3.28 
3.28 
3.27 
8.28 
3.27 
3.27 
3.27 
3.27 
3.27 
3.27 

3.27 
3.25 
3.25 
3  27 
3.25 
3.25 
3.23 
3.25 
3.25 


Cosine.  I  D.  1". 


Cosine. 


9.928420 
.928842 
.928263 

.933183 
.928104 
.928025 
.9271)46 
.927867 
.927787 
.927708 
.92762J 

9.927M9 
.927470 
.927390 
.927310 
.927231 
.927151 
.927071 
.926991 
.926911 
.926831 

9.926751 
.926671 
.926591 
.926511 
.926431 
.926351 
926270 
.926190 
.926110 
.926029 

9.925949 
.925868 
.925788 
.925707 
.925628 
.925545 
.925465 
.925384 
.925303 
.925222 

9.925141 
.925000 
.924979 
.924897 
.924816 
.924735 
.924054 
.924572 
.924491 
.924409 

9.924328 
.924246 
.924164 
.924083 
.924001 
.923919 
.923837 
.923755 
.923673 

0.923591 


D.  r. 


122< 


Sine.     I  D.  1'. 


a9i 


so 

32 
.33 
.32 
82 
.82 
.32 
.33 
.82 
.32 
.33 

.32 
.33 
33 
.32 

.as 

.38 
.33 
.33 
.33 
.33 

.as 

.33 

as 

.33 
.83 
.35 
.33 
.33 
.35 
.33 

.35 
.33 
.35 
.35 

a5 

.33 
.35 
.35 
.35 
.35 

.35 
.35 
3? 
.35 
.35 
35 
.37 
.35 
.37 
.35 

,37 
.37 
35 
37 
87 
37 
37 
37 
.37 


Tang. 


9.795789 
.796070 
.796351 
.796632 
.796913 
.797194 
.797474 
.797755 
.798036 
.798316 
.798596 

9.798877 
.799157 
.799437 
.799717 
.799997 
.800277 
.800557 
.800836 
.801116 
.801396 

9.801675 
.801955 
.802234 
.802513 
.802792 
.803072 
.803351 
.803630 
.803909 
.804187 

9.804466 
.804745 
.805023 
.805302 
.805580 
.805859 
.806137 
.806415 
.806693 
.806971 

9.807249 
.807527 
.807805 
.oUoUHo 
.808361 
.808638 
.808910 
.809193 
.809471 
.809748 

9.810025 
.810802 
.810580 
.810857 
.811134 
.811410 
.811687 
.811964 
.812241 

9.812517 


Cotang. 


D.  IV 


4.68 
4.68 
4.68 
4.68 
4.68 
4.67 


.68 
68 
67 
,67 
.68 


4.67 
4.67 
4.67 
4.67 
4.67 
4.67 
4.65 
4.67 
4.67 
4.05 


67 
65 
65 
65 
67 
65 
65 
4.65 
4.63 
4.65 


4.65 
4.63 
4  65 
4.63 
4.65 
4  63 
4.63 
4.63 
4.63 
4. 03 

4.63 
4.63 
4.63 
4.63 


4. 
4. 
4. 
4. 

4. 
4. 


62 
63 
62 
63 

62 
62 


4.62 
4.63 
4.62 
4.62 
4.60 
4.62 
4.62 
4.62 
4.60 


D.  r. 


Cotang. 


10.204211 
.203930 
.203649 
.203368 
.203087 
.202806 
.202526 
.202245 
.201964 
.201684 
.201404 

10.201123 
.200843 
.200563 
.200283 
.200003 
.199728 
.199443 
.190164 
.198884 
.198604 

10.198325 
.198045 
.197766 
.197487 
.197208 
.196928 
.196649 
.196370 
.196091 
.195813 

10.195534 
.195255 
.194977 
.194698 
.194420 
.194141 
.193863 

.  .19:3585 
.193307 
.193029 

10.192751 
.192473 
.192195 
.191917 
.191639 
.191362 
.191084 
.190807 
.190529 
.190252 

10.189975 
.189698 
.189420 
.189143 
.188866 
.188590 
.188813 
.188036 
.187759 

10  187483 


Tang. 


57' 


■TABLE  IIV.— LOOARITHIUC  SHJIS. 


_ 

Sine. 

ai-. 

00.„. 

H|_ 

TW. 

D.  r. 

ColanK. 

B.raeioB 

3,33 

B.ossaii 

1:37 

1.38 

i!a8 
i.sr 

ei3S17 

4.69 

10,19746! 

60 

B137U1 

.1SI2,B  ■  50 

:T3U98 

4:00 
4, fit 

4;eo 

.180030     68 

s 

io^sau 

iTseewi 

iiaaSTT   56 

.raraeo 

.180101     55 

5 

:tST861 

1% 

,93301(1 

814738 

iffiii 

10 

!tS8M8 

:u3«w 

813380 

IsS 

9.738341 

D,9Sa6«0 

\1      » 

1,38 

SIMM 

4.00 

1 

10.184M5  1  4> 

.l»tlfl9     4B 

:»££a3o 

.183803  1  47 

Itsbsso 

.18S018  '  le 

.731)018 

^.2i 

if 

810058 

.18S»W|  45 

. 738308 

.B^STS 

S180SH 

.183007    44 

.^0308 

,0*!1P1P 

.18im>l     4S 

18 

;■'  • 
||! 

S174(H 

.lasio '  43 

iisoras 

S177i9 

.laasii    41 

aa 

.739976 

SI 

0,740167 

ii 

4:68 

10.181600  :  SD 

23 

.T40S5B 

.19 

■*i]™ 

818585 

.181415  1  38 
.181140  ,  87 

^ 

!  740712 

1 

!iwi(»7 

.180865  1  3S 

.7«9SI 

819110 

.180590     35 

SO 

.741125 

81Ue84 

.180S1S     34 

K 

ia 

!8aiss7 

4:58 

,180041     3S 

,BS1S74 

,17«r«6  ;  33 

:T41B9» 

,99111» 

830508 

4:58 

.iTwea   « 

SO 

.T41B89 

,1B 

B307H3 

.i:tki7  I  so 

SI 

B.9S1033 

4.68 

10,17B«8     flS 

32 

°;742«I 

iTio 

K1333 

.1780Wl« 

ss 

mm 

4:57 

,I78»M  ;  « 

»l 

;  930772 

,178130     96 

S3 

:743813 

■'3 

.OSOISHS 

miM 

,177840 

» 

1-S  ' 

mm 

,177571 

M 

St 

38 

!a3om 

4:57 
4.55 

ilTTOSS 

U 

SS 

'}mai 

.ajosss 

\% 

saasi 

,178749 

SI 

.T48TM 

.seo3e8 

isxm 

,176478 

;■'? 

B,9901&l 

1,43    '    * 

S^STW 

4.57 

I> 

:r44iTi 

,!)aooBii 

831071! 

:i75»28 

18 

.T448B1 

Bi4S45 

,175655 

4:55 

ioiosifl 

):43 

ssisas 

iiTMor 

15 

.744928 

B351M 

.1T48S4 

if 

:i3 

!siwn3 

SK713 

U 

« 

:7M4W 

.oiosos 

635080 

:  174014 

'  ™ 

.rjsoss 

a3«^ 

.17Br41 

53 

B.T46S7I 
.T4«060 

.15 

0,B1933!) 

1..I3        ' 

*»»» 

1:S 

"-.Its. 

8 

.718348 

;| 

\f,    1 

t'7W8 

.  7«i< 

T 

iniBOKs 

14"    ' 

*.x 

,  T9649 

,«iiHua 

1,43    fl 

{^624 

.  ner.t 

5 

:T46813 

BST8W 

,178108 

1:S 

.iTisao 

!91874S 

%»443 

SO 

:74W74 

,BiaB5n 

fwnf. 

:i7138S 

1 

GO 

..747^ 

J,U 

a.B18:i74 

H3iwr 

lO.lllOIJ 

0 

"^ 

CoBine. 

D.  r. 

Biiie. 

D,  r,  1,7 

^;;r 

D.r. 

Tang. 

Zl 

-.^    v/vyXiCxxivTfiX^xo. 


0 

1 

2 
8 

4 
5 
G 

7 

8 

9 

10 

11 
13 
13 
14 
15 
16 
17 
18 
19 

ao 

21 
22 
23 
24 
25 
26 
27 
28 
29 
30 

31 
32 
33 

ai 

35 
36 
37 
38 
39 
40 

41 
42 
43 
44 
45 
46 
47 
48 
49 
50 


Sine. 


9.747562 
.747'.  49 
.747936 
.748123 
.748310 
.748497 
.748683 
.748870 
.749a56 
.749243 
.749429 


9. 


749015 
.749801 
.749987 
.750172 
.750358 
.750543 
.750?29 
.750914 
.751099 
.7512t« 


9.751469 
.751654 
.751839 
.752023 
.752208 
.752392 
.752576 
.752760 
.752944 
.753128 

9.753312 
.753495 
.753679 
.753862 
.754046 
.754229 
.754412 
.754595 
. 754778 
.754960 

9.755143 
.75.5326 
.755508 
.755690 
.755872 
.756054 
.7562Ji6 
.75(>418 
.756600 
.756782 


51 

9.756963 

52 

.757144 

^i 

.757;i26 

54 

.757507 

55 

.757688 

56 

.757869 

57 

.758050 

58 

.7582:^0 

59 

.75&411 

GO 

9.758591 

D.  r 


3.12 
3.12 
3.12 
3.12 
3.12 
3.10 
3.12 
3.10 
3.12 
3.10 
3.10 

3.10 
3.10 
3.08 
8.10 
8.08 
3.10 
3.08 
3.08 
3.08 
3.08 

3.08 
3.08 
3.07 
3.08 
3.07 
3.07 
3.07 
3.07 
3.07 
3.07 

3.05 
3.07 
3.07 
8.07 
3.05 
3.05 
3.05 
3.05 
3.03 
3.05 

3.a5 
3.0:^ 
3.03 

8. as 
3. as 

3.03 
3.03 
3.03 
3.03 
3.02 

3.02 
3  o;^ 

3.02 
3.02 
3.02 
3.02 
3.00 
3.02 
3.00 


Cosine.  I  D.  1' 


Cosine. 


9.918574 
.918489 
.918404 
.918318 
.918233 
.918147 
.018062 
.917976 
.917891 
.917805 
.917719 

9.917634 
.917548 
.917462 
.9ir3r6 
.91?.J90 
.917204 
.917118 
.917032 
.916946 
.916859 

9.916773 
.916687 
.916600 
.916514 
.91&427 
.916341 
.916254 
.916167 
.916081 
.915994 

9.915907 
.915820 
.915733 
.915646 
.915559 
.915472 
.915385 
.915297 
.915210 
.915123 

9.915035 
.914948 
.914800 
.914773 
.914685 
.914598 
.914510 
.914422 
.914334 
.914246 

9.914158 
.914070 
.913982 
.913894 
.913806 
.913718 
.913630 
913541 
.913453 

9.913365 


Sine. 


D.  r. 


.42 
.42 
.43 
.42 
.43 
.42  i 
.43  I 
.42  ' 
.43  ' 
.43      : 

,42 

.43  I 
.43 

.43  : 

.43  i 

.43  ! 

.43  I 

,43  j 

.43  I 
.45 
.43 

.43 
.45 
,43 
,45 
,43 
.45 
,45 
43 
.45 
,45 

,45 
,45 
.45 
.45 
,45 
,45 
.47 
,45 
.45 
.47 


ir    ;i 


,45     li 

,47 

.45 

,47 

,45 

,47 

.47 

.47 

.47 

.47 

.47 
.47 
.47 
.47 
.47 
.47 
,48 
,47 
47 


D.  r. 


Tang. 


9.828987 
.829260 
.829532 
.829805 
.830077 
.&30349 
.83JG21 
.830893 
.831165 
.831437 
.831709 

9.831981 
.832253 
.832525 
.832796 
.833068 
.833339 
.833611 
.833882 
.834154 
.884425 

9.a34696 
.834967 
.835238 
.835509 
.835780 
.836051 
.836322 
.836593 
.a36864 
.837134 

9.837405 
.837675 
.837946 
.838210 
.83^487 
.838757 
.839027 
.839297 
.8:39568 
.839.S38 

9.840108 
.&40378 
.840648 
.U0917 
.841187 
.841457 
.^41727 
.&41996 
.842266 
.842535 

9.842805 
.848074 
.84.33^3 
.843612 
.&13882 
.844151 
.844420 
.844G89 
.W49."8 

9.a45227 


D.  r. 


4. .55 
4.53 
4.55 
4.53 
4.53 
4.53 
4.53 
4.53 
4. .53 
4.53 
4.53 

4.53 
4.. 53 
4.. 52 
4.53 
4.52 
4.53 
4.52 
4.53 
4.52 
4.52 

4.52 
4.. 52 
4.52 
4.52 
4.52 
4.52 
4.52 
4.52 
4  50 
4.52 

4.50 
4.52 
4.50 
4.52 
4.50 


50 
.50 
52 
,50 
,50 


Cotang. 


4.50 
4.50 
4.48 
4.50 
4.50 
4.50 
4.48 
4.50 
4.48 
4.50 

4.48 
4  48 
4.48 
4.50 
4.48 
4.48 
4.48 
4.48 
4.48 


Cotang. 


10.171013 
.170740 
.170468 
.170195 
.169923 
.169651 
.169379 
.169107 
.168835 
.168563 
.168291 

10.168019  4 
.167747  4 
.167475 
.167204 
.166932 
.166661 
.166389 
.16611-8 
.165^46 
.165575 

10.165304  !  J 
.165033  j  i 
.164762  :  i 
.104491  ,  c 
.164220  ;  J 
.163949  I  J 
.163678  i  £ 
.168407  'i 
.163136  :  i 
.162866  I  'c 

10.102595  '  S 
.162325  I  S 
.162054  S 
.101784  ;  X 
.161513  1  i 
.161243  !  S 
.160973  ;  S 
.160703  '  S 
.160432  S 
.160162  i 

10.159892  1 
.159622  i  1 
.159352 
.15908:3 
.1.58813 
.1.58513 
.158273 
.158004 
.157734 
.157465 

10. r 7195 
156926 

.1.566.57 

.156388 

.156118 

.155849 

.1.55580 

.155311 

.1.55042 
10.154773 


D.  1'. 


Tang. 


124'= 


Ml 


35< 


TABLE  XXV.— LOGARITHMIC  SINES. 


144* 


57  1 

58  I 
59 
60 


9.758591  ! 
.758772 
.758952 
.759133 
.759312 
.759492 
.759072 
.759852 
.760031 
.760211 
.760390 

9.760569 
.760748 
.760927 
.761106 
.761285 
.761464 
.761ft42 
.761821 
.761999 
.762177 

9.762356 
.762534 
.762712 
.762889 
.763067 
.763245 
.763422 
.763600 
.763777 
.763954 

9.764131 
.7&4308^ 
.764485 
.7ft46(>2 
.764838 
.765015 
.765191 
.765367 
.765W4 
.765720 

9.705896 
.766072 
.766:^7 
.766123 
.766598 
.766774 
.766949 
.767124 
.767300 
.767475 

9.767649 
.767824 
.767999 
.768173 
.768348 
.768522 
.768697 
.768871 
.769045 

9.769219 


D.  r.   1 1  Cosine. 


3.02 
3.00 
3.00 
3.00 
3.00 
3.00 
3.00 
2.98 
3.00 
2.98 
2.98 

2.98 
2.98 
2.98 
2.98 
2.98 
2.97 
2.98 
2.97 
2.97 
2.98 

2.97 
2.97 
2.95 
2.97 
2.97 
2.95 
2.97 
2.95 
2.95 
2.95 

2.95 
2.95 
2.95 
2.93 
2.95 
2.93 
2.93 
2.95 
2.93 
2.93 

2.93 
2.92 
2.93 
2.92 
2.93 
2.92 
2.92 
2.93 
2.92 
2.90 

2.92 
2.92 
2.90 
2.92 
2.90 
2.92 
2  90 
2.90 
2.JK) 


'  i   Cosine,  i  D.  1" 


D.  r 


9.913365 
.913276 
.913187 
.913099 
.913010 
.912922 
.912833 
.912744 
.912655 
.912566 
.912477 

9.912388 
.912299 
.912210 
.912121 
.912031 
.911942 
.911853 
.911763 
.911674 
.911584 

9.911495  , 
.911405  ' 
.911315 
.911226 
.911136 
.911040 
.910956 
.910860 
.910776 
.910080 

9.910590 
.910500 
.910415 
.910325 
.910235 
.910144 
.910054 
.909903 
.909873 
.909782 

9.909091 
.909001 
.909510 
.909419 
.909828 
.{K)9237 
.909140 
.909055 
.908964 
.908873 

9.908781 
.908090 
.908599 
.90a'j07 
.908110 
.9063i» 
.906233 
.908141 
.908049 

9.907a'>8 


.48 
.48 
.47 
.48 
.47 
.48 
.48 
.48 
.48 
.48 
.48 

.48 
.48 
.48 
.50 
.48 
.48 
.50 
.48 
.50 
.48 

.50 
.50 
.48 
.50 
.50 
.50 
.50 
.50 
.50 
.50 

.50 
.52 
.50 
.50 
.52 
.50 
.52 
.50 
.52 
.52 

,50 
.52 
.52 
.52 
.52 
.52 
.52 
.52 
.C2 
53 

52 
52 
,53 
52 
53 
52 
53 
53 
52 


Tang. 


9.845227 
.845490 
.845704 
.840033 
.840302 
.840570 
.840839 
.847108 
.847870 
.847044 
.847913 

9.848181 
.848449 
.848717 
.848980 
.849254 
.849522 
.849790 
.850057 
.850325 
.850593 

9.850601 
.851129 
.851390 
.851004 
.851931 
.852199 
.852400 
.852733 

.a')3ooi 

.853208 

9.858535 
.853802 
.854009 
.854830 
.854003 
.854870 
.855187 
.855404 
.855071 
.8559:38 


'i  9 


850204 
.850471 
.^50737 
.857004 
.857270 

MTmr 

.857803 
.858009 
.a58330 
.858002 

9.858808 
.859ia4 
.859400 
.859000 
.R')91«2 
.8e01J)8 
.800404 
.800780 
.800995 

9.801201 


D.  r.      Cotang. 


4.48 
4.47 
4.48 
4.48 
4.47 
4.48 
4.48 
4.47 
4.47 
4.48 
4.47 

4.47 
4.47 
4.48 
4.47 
4.47 
4.47 
4.45 
4.47 
4.47 
4.47 


.47 
.45 
.47 
.45 
.47 
4.45 
4.45 
4.47 
4.45 
4.45 


4. 
4. 
4. 
4. 
4. 


4. 
4. 
4. 
4. 
4. 
4. 
4. 


.45 
.45 
.45 
.45 
.45 
.45 
.45 
4.45 
4.45 
4.43 


4.45 
4.43 
4.45 
4.43 
4.45 


43 
43 
45 
43 
43 


4.43 
4.43 
4.43 
4.43 


43 
48 
48 
42 
48 


10.151819 
.151551 
.151283 
.151014 
.150740 
.150478 
.150210 
.149943 
.149075 
.149407 

10.149139 
.148871 
.148604 
.148336 
.148009 
.147901 
.147534 
.147267 
.146999 
.140732 

10.146405 
.140196 
.145981 
.145664 
.145397 
.145180 
.144863 
.144596 
.144829 
.144062 


.141981 
.141664 


10.14118S 
.140666 
.140600 
.140884 
.140068 
.139602 
.189586 
.189270 
.189005 

10.188789 


60 
59 

58 


10.154778 
.154504 
.154236 
.153967  I  57 
.158698  '  56 
.158130 
.153161 
.152892 
.1526^ 
.152356 
.152087 


55 
54 
53 
52 
51 
50 

49 
48 
47 
46 
45 
44 
43 
42 
41 
40 

89 
88 
87 
86 
85 
84 
83 
82 
81 
80 

29 
26 
27 
26 
25 
24 
28 
22 
21 
20 


10.148796  19 

.143529  16 

.148268  17 

.142996  16 

.142780  I  15 

.142468  I  14 

.142197  ;  18 


12 
11 


.141896  :  10 


9 
8 
7 
6 
5 
4 
8 
8 
1 
0 


Sine.    :  D.  1'.   n  Cotang.  |  D.  1'.  I     Tang.    |    ' 


I2b' 


«0i 


W 


36' 


COSIKES,  TANGENTS,  AND  COTAN(  8. 


148< 


0 

1 

2 
3 

4 
5 

6 ; 

l\ 

9  , 
10 

11; 

12  I 

13 : 

14  , 
15 

It)  i 

18, 

19  I 

20  I 

21  ' 
1  22  , 
I  23  ' 

I  24  ■ 
I  25 
I  26 
j  27 
i  28 
I  29 
30 

'  32 

3;^  ' 

34 

a^^ ; 

3(5  i 

38 
39 
40  ; 

41 
42 
43 
44 
45 
46 
47 
48 
49 
50 

51 

52 

53 
'  54 
;  55 
i  56 

57 
;  58 

59 

60 


Sine. 


9.769219 
.769393 
.769566 
.769740 
.769913 
.770087 
.770200 
.7704:33 
.770606 
.770779 
.770952 

9.771125 
.771298 
.771470 
.771643 
.771815 
.7719H7 
.772159 
.772331 
.772503 
.772675 

9.772847 
.773018 
.773190 
.773361 
.773533 
.773704 
.773875 
.774046 
.774217 
.774388 

9.774658 
.774729 
.774899 
.775070 
.775240 
.775410 
.775580 
.775750 
.775920 
.776090 

9.776259 
..77W29 
.776598 
.776768 
.77693^ 
.777106 
.777275 
.777444 
.777613 
.777781 

9.777950 
.778119 
.778287 
.778155 
.778624 
.778792 
.778960 
.779128 
.779295 

9.779463 


Cosine. 


D.  r. 

2.90 
2.88 
2.90 
2.88 
2.90 

Cosine. 


D.  r. 


88 
88 
88 
88 


2.88 
2.88 

2.88 
2.87 
2.88 
2.87 
2.87 
2.87 
2.87 
2.87 
2.87 
2.87 

2.85 
2.87 
2.85 
2.87 
2.85 

8? 
85 
85 
85 
88 


2.85 
2.83 
2.85 
2.83 
2.83 
2.83 
2.83 
2.83 
2.83 
2.82 

2.83 
2.82 
2.83 
2.82 
2.82 
2.82 
2.82 
2.82 
2.80 
2.82 

2.82 

2.80 
2.80 
2.82 
2.80 
2.80 
2.80 
2.78 
2.80 


D.  r. 


9.907958 
.907866 
.907774 
.907682 
.907590 
.907498 
.907406 
.907314 
.907222 
.907129 
.907037 

9.906945 
.906852 
.906760 
.906667 
.906575 
.906482 
.906389 
.906296 
.906204 
.906111 

9.906018 
.905925 
.905832 
.905739 
.905645 
.905552 
.905459 
.905366 
.905272 
.905179 

9.905085 
.904992 
.904898 

.904711 
.904617 
.904523 
.904429 
.904335 
.904241 

9.904147 
.904053 
.903959 
.903864 
.903770 
.908676 
.908681 
.908487 
.903392 
.908298 

9.903203 
.908108 
.908014 
.902919 
.902824 
.902729 
.902634 
.902539 
.900444 

9.902849 


Sine. 


1.53 
1.53 


.53 
.53 
.53 
.53 
.53 
.53 
.55 
.53 


1.53 

J. 55 
1.53 
1.55 
1.58 
55 
55 
55 
58 
1.55 
1.55 

1.55 
1.55 
1.55 
1.57 
1.55 
1.55 
1.55 
1.57 
1.55 
1.57 

1.55 
1.57 
1.57 
1.55 
1.57 
1.57 
1.57 
1.57 
1.57 
1.57 

1.57 
1.57 
1.58 
1.57 
1.57 
1.58 
1.57 
1.58 
1.57 
1.58 

1.58 
1.57 
1.58 
1.58 
1.58 
1.58 


.58 
.58 
.58 


Tang. 


126* 


D.  1*.  ! 


395 


9.861261 
.861527 
.861792 
.862058 
.862323 
.862589 
.862854 
.868119 
.863385 
.863650 
.863915 

9.864180 
.864445 
.864710 
.864975 
.865240 
.865505 
.865770 
.866035 
.866300 
.866564 

9.866829 
.867094 
.867358 
.867623 
.867887 
.868152 
.868416 
.868680 
.868945 
.869209 

9.869473 
.86'J737 
.870001 
.870265 
.870529 
.870793 
.871057 
.871321 
.871585 
.871&49 

9.872112 
.872376 
.872W0 
.872903 
.873167 
.873430 
.873694 
.873957 
.874220 
.874484 

9.874747 
.875010 
.875273 
.875537 
.875800 
.876063 
.876326 
.876589 
.876852 

9.877114 


D.  r. 


Cotang. 


4.43 
4.42 
4.43 
4.42 
4.43 
4.42 
4.42 
4.43 
4.42 
4.42 
4.42 

4.42 
4.42 


4 
4 
4 
4 
4 
4 
4 
4 


42 
42 
42 
42 
42 
42 
40 
.42 


42 

40 
42 

40 
42 
40 
40 
42 
4.40 
4.40 

4.40 
4.40 
4.40 
4.40 
4.40 
4.40 
4.40 
4.40 
4.40 
4.38 

4.40 


40 
38 
40 
88 
40 


4.88 
4.88 
4.40 
4.88 


4 
4 
4 
4 
4. 
4. 
4 
4. 


88 
88 
40 
38 
38 
38 
88 
38 


4.37 


Cotang.  I  D.  1'. 


Tang. 


10.138739 

.18ft473 

.188208 

.137942 

.137677 

.137411 

.137146 
I   .136881 

.136615 
!  .136350 
;   .136085 

10.135820 
.135555 
.135290 
.135025 
.134760 
.134495 
.184280 
.133965 
.133700 
.183486 

10.183171 
.132906 
.182642 
.182377 
.132113 
.131848 
.181584 
.181320  I  32 
.131055  81 
.130791  80 

10.130527 
.130263 
.129999 
.129735 
.129471 
.129207 
.128948 
.128679 
.128415 
.128151 

10.127888 
.127624 
.127360 
.127097 
.126838 
.126570 
.126306 
.126043  !  12 
.125780 
.125516 

10.125253 

.124990 

.124727 

.124463 

.124200 

.123937 

.123674 

.123411 

.128148 
10.122886 


53< 


sy* 


TABLE  XXV.-LOGAMTHMIC  SINES. 


142< 


0 

1 

2 
3 
4 
5 
6 
7 
8 
9 
10 

n 

12 
13 
14 
15 
16 
17 
18 
19 
20 

21 
32 
23 
24 
25 
26 
27 
28 
29 
30 

31 
32 
33 
34 
35 
36 
37 
38 
39 
40 

41 
42 
43 
44 
45 
46 
47 
48 
49 
50  ! 


Sine. 


9.779403 
.779631  • 
.779798 
.779966  ' 
.780ia3 
.780300 
.780467 
.780634 
.780801 
.780968 
.781134 

9.781301 
.781468 
.781634 
.781800 
.781966 
.782132 
.782298 
.782464 
.782630 
.782796 

9.782961 
.783127  i 
.783202  ! 
.783458 
.7a3623 
.783788 
.783953 
.784118 
.784282 
.784447 

9.784612 
.784776 
.784941 
.785105 
.785269 
.785433 
.785597 
.785761 
.785925 
.786089 

9.786252 
.786416 
.786579 
.786742 
.786906 
.787069 
.787232 
.787395 
.787557 
.787720 


51 

9.787883 

52 

.788045 

53 

.788208 

54 

.788:370 

55 

.788532 

56 

.788694 

57 

.788856 

58 

.789018 

59 

.789180 

60 

9.789342 

/ 

Cosine. 

D.  r. 


2.80 
2.78 
2.80 
2.78 
2.78 
2.78 
2.78 
2.78 
2.78 
2.77 
2.78 

2.78 

2.77 

2.77 

2.77 

2.77 

2.77 

2.77 

2.77 

2 

2 


77 
75 


77 
75 


2.?r 

2.75 
2 
2 
2.75 

<0 

75 
.73 
.75 
.75 

73 
75 
■-3 


2. 
2. 
2. 
2. 
2. 


2 

2 

2.( 

2.73 

2.73 

2.73 

2.73 

2.73 

2.73 

2.72 

2.73 
2.72 
2.72 
2.73 
2.?2 
2.72 
2.72 
2.70 
2.72 
2.72 

2.70 
2.72 
2.70 
2.70 
2  70 
2.70 
2.70 
2.70 
2.70 


D  1'. 


Cosine. 


9.902a49 
.902253 
.902158 
.902003 
.901967 
.901872 
.901776 
.901681 
.901585 
.901490 
.901394 

9.901298 
.901202 
.901100 
.901010 
.900914 
.900818 
.900722 
.900626 
.900529 
.9004:33 

9.900337 
.900240 
.900144 
.900047 
.899951 
.899854 
.899757 
.899660 
.899564 
.899467 

9.899370 
.809273 
.899176 
.899078 
.898981 
.898884 
.898787 
.898689 
.898592 
.898494 

9.898397 

.898299 
.898202 
.898104 
.8{)8006 
.897908 
.8U7810 
.897712 
.897614 
.807516 

9.897418 
.897320 
.897222 
.897123 
.897025 
.896926 
.896828 
.896729 
.896631 

9.896532 

Sine. 


D.  r. 


1.60 
1.58 
1.58 
1.60 
1.58 
1.60 
1.58 
1.60 
1.58 
1.60 
1.60 

1.60 
1.60 
1.(50 
1.60 
1.60 
1.60 
1.60 
1.62 
1.60 
1.60 

1.62 
1.60 
1.62 
1.60 
1.62 
1.62 
1.62 
1.60 
1.62 
1.62 

1.62 
1.62 
1.63 
.62 
.62 
.62 
1.63 
1.62 
1.63 
1.62 


1, 
1, 
1, 


1.63 
1.62 
1.63 
1.63 
1.6:3 
1.63 
1.63 
1.63 
1.63 
1.63 

1.63 
1.63 
1.65 
1.63 
1.65 
1.63 
1.65 
1.63 
1.65 


Tang. 


9.877114 
.877377 
.877640 
.877903 
.878165 
.878428 
.878691 
.878953 
.879216 
.879478 
.879741 

9.880003 
.880265 
.880528 
.880790 
.881052 
.881314 
.881.577 
.881839 
.882101 
.882363 

9.882625 
.882887 
.883148 
.88*410 
.883672 
.8839a4 
.884196 
.  8*4457 
.884719 
.884980 

9.885242 
.885504 
.8a5765 
.886026 
.886288 
.886r>19 
.886811 
.  887072 
.887333 
.887594 

9.887855 
.888116 
.888378 
.888639 
.888900 
.889161 
.889421 
.889682 
.889943 
.890204 

9.890465 
.890?25 
.890986 
.891^47 
.891507 
.891768 
.892028 
.892289 
.892549 

9.892810 


D.  r. 


4.38 
4.38 
4.38 


37 
38 
38 
37 
38 
37 
4.38 
4.37 


4.37 
4.38 
4.37 


4. 
4. 
4. 
4. 
4. 
4. 


37 
37 
38 
37 
37 
37 


4.37 

4.37 
4.35 
4.37 
4.37 
4.87 
4.37 
4.35 
4.37 
4.85 
4.37 

4.37 
4.35 
4.35 
4.37 
4.35 
4.:37 
4.35 
4.35 
4.35 
4.35 


4. 

4, 

4. 

4. 

4 

4. 

4 

4 

4 

4 


85 
37 
35 
35 
35 

as 

85 
35 
35 
35 


4.33 
4.a5 


35 

as 

.35 
33 
86 
38 


4.85 


D.  1".  1 1  Cotang.  I  D.  1'. 


Cotang. 


10.122886  60 

.122623  59 

.122360  58 

.122097  57 

.121835  56 

.121572  65 

.121309  64 

.121047  53 

.120784  52 

.120522  61 

.120259  50 

10.119997  49 

.119785  48 

.119472  47 

.119210  46 

.118948  45 

.118686  44 

.118423  43 

.118161  42 

.117899  41 

.117637  40 

10.117375  89 

.117113  88 

.116852  87 

.116590  86 

.116328  85 

.116066  84 

.115804  83 

.115543  82 

.115281  81 

.115020  80 

10.114758  29 

.114496  28 

.114235  27 

.118974  86 

.118712  25 

.118461  94 

.113189  28 

.112928  22 

.112667  21 

.112406  90 

10.112146  19 

.111884  18 

.111622  17 


.111361 

16 

.111100 

15 

.110889 

14 

.110579 

13 

.110318 

12 

.110067 

11 

.109796 

10 

10.109585 
.109276 
.109014 
.108753 
.106493 
.106282 

.ior9ra 

.107711 

.107461 

10.107190 


9 
8 
7 
6 
6 
4 
8 
2 
1 
0 


Tang. 


127« 


vWH 


sr 


eOSISEe,  fANQENm  AND  COTANOENTa 
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M, 

misa 

S93T15       j 

M0087 

099013 
0906,^4 
090395 

30 

Tfttaoa 

3.B5        " 

3. en 

2.68 

a,B3 
a. 83 

99!«44       , 

Z       9 

B7 

i  'l' 

axiBM 

ii 

J, 83 

4  as 

orai36 

M 

993243       I 

09BB76 

S7 

784781 

893142 

90I64S 

00835M 

71MM3 

3SIWI1       j 

098090 

15 

TBSaSfl 

9»3eS9       J 

ii 

TBMIT 
71)67^ 

893739 

9U9079 

0973*1 
096803 

« 

rasrai 

a.«3    I 

a.Bd  1. 
a.BS  '} 

1%  !' 

8M13S 

BOWM 

430       1" 

0MS44 

K  ; 

fflSWl 

43  1 

egs»3 

WM« 

17 

441 

7W8W 

BBSlffi 

snasi 

09576^ 

796581 

8920* 

005W9 

4S  1 

89r»i»     j 

09,'iaM 

47  1 

13 

700908 

S917S«       ] 

Ksm 

fflMra.1 

I.' 

m' 

797307 

797481 

a.«  i; « 
Ii 

ISO 
B.IK 
3.» 

B.flO           '     g 

8014ai 

70 

905013 

4;w 

093Wi7 

891217 

7S79111 

TOI1I5 

906819 

003181 

1 

TBS091 

ooaoss 

7fi8l47 

890911 

TI18I03 

8M8BB 

907591 

480               ,g 

099406 

a 

98  1 

798560 

890ro7  1 

098147 

8D0605  1    \ 

flO     B 

iMffia 

EWSOSj    1 

90^309 

001631 

4- 

^S^ 

D.  1-.  II 

Sine-     i^ 

'v7''~E 

.l*r.e, 

».  1-.        1 

ang. 

89« 
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Sine. 


D.  r. 


Cosine,  i   D.  1'.        Tang.    I  D.  1".  I  Cotang.    '   ' 


0 
1 
2 
3 
4 
5 
6 

r« 

8 

9 

10 

11 
12 
13 
14 
15 
IG 
IV 
18 
19 
20 

21 
2r: 
23 
24 
2r) 
2fi 
27 
28 
29 

:w 

31 
32 
3:^ 
34 

3(5 
37 

:« 

39 
40 

41 
42 
43 
+4 
4.-> 
40 
47 
48 
49 

:a) 

51 
52 
53 
54 
55 

5(J 

►^ 

58 
59 
(JO 


129« 


9, 


(  9 


9.798872 
.799028 
.799184 
.799339 
.799495 
.799(551 
.79980(5 
.799902 
.800117 
.80(ter:'2 
.800427 

800582 
800737 
80081)2 
801047 
^1201 
80135() 
801511 
801()(>5 
801819 
801973 

802128 
8t)2282 
80243(5 
8025K9 
80274:^ 
802897 
80:3050 
803201 
8a3:i'>7 
803511 

803C01 
.80:J817 

.8a39:o 

.804123 
.80427(5 
.804428 
.804581 
.8047;i4 
.8048815 
.8a50:i9 

9.8a5191 
.8051^3 
.805195 
.805(547 
.8057JK) 
.805951 
.800103 
.8<X525t 
.80(5-106 
.806557 

9.806709 
.8tX58(K) 
.807011 
.8071(5:3 
.807314 
.8J)74(r> 
.807615 
.8077(5(5 
.807917 

9.8080(57 


9, 


I 


2.00 
2.60 
2.58 
2.60 
2.60 
2.58 
2.60 
2.58 
2.58 
2.58 
2.58 

2.58 
2.58 
2.58 
2.57 
2.58 
2.58 
2.57 
2.57 
2.57 
2.58 

2.57 
2.57 
2.55 
2.0I 

2.57 
2.55 
2.  7 
2.55 

2.55 
2.55 
2.  .55 

2.r>5 

2.X) 
2.55 
2.5:3 
2.5> 
2.53 

2.5:3 
2.53 
2.5:3 
2.53 
2.5:3 
2.53 

•>    M 

2.53 
2.52 
2.53 

2.52 
2.52 
2.r):3 

2.52 
2.50 
2.52 
2.52 
2.50 


9.8905a3 
.890400 
.890298 
.890195 
.81K)093 
.889990 
.889888 
.8897K5 
.881M582 
.889579 
.889477 

9.880374 
.889271 
.889168 
.8890(54 
.888<)(;i 
.888858 
.888755 
.888(551 
.88K548 
.88K444 

9.888341 
.8882:37 
.888134 
.888030 
.887926 
.887822 
.887718 
.887614 
.887510 
.887406 

9.887302 
.887198 
.887(K)3 
.88(598i) 
.88(58a5 
.88(5780 
.886(57(5 
.886571 
.886466 
.886362 

9.886257 
.8861.52 
.886047 
.885942 
.8858:37 
.8a5732 
.885(527 
.8a5.522 
.8K5416 
.885311 

9.8a5205 
.8851(H) 
.884994 
.884889 
.8iM78:3 
.884677 
.884572 
.884466 
.884360 

9.884254 


72 
70 
?2 
70 
72 
70 
72 
72 
72 
70 
72 

?2 
72 
7:3 
72 
72 
?2 
Td 
72 
73 
72 

73 
72 
73 
,  to 

7:3 

73 
7:3 
73 
73 
73 

73 
75 
.  to 
,  «o 

7:3 

.75 

,75 

73 

75 

.75 
.75 
.75 
.75 
.  to 
.  <o 

.  <•) 

.  I  4 
.  !•) 
.  <  I 

.75 

^  ^« 

.  I  I 

^■•' 

.  I.) 

^^ 

.77 
.75 
.  I  < 
.  1 1 
,77 


rx     I 


9.908369 
.908628 
.90^i86 
.909144 
.909402 
.9096(50 
.909918 
.910177 
.9104:35 
.910693 
.910951 

9.911209 
.911467 
.911725 
.911982 
.912240 
.912498 
.912756 
.913014 
.91:3271 
.913529 

9.9137R7 
.914044 
.9143(»2 
.914560 
.914817 
.915075 
.915332 
.915590 
.915847 
.916104 

9.916302 
.916619 
.916877 
.917i:)i 
.917391 
.917(548 
.917JK)6 
.918163 
.91^120 
.918677 

9.918934 
.919191 
.919448 
.9J9705 
.91JKK52 
.920219 
.{)20476 
.920r33 
.920990 
.92l:M7 

9.921503 
.9217(50 
.J)22017  , 

.J)225S0  I 
.{)22787  ; 
.923044  I 
.923300  I 
.923557 
9.923814  I 


ir  I 


4.32 
4.30 
4.30 
4.30 
4.:30 
4.30 
4.32 
4.30 
4.30 
4.30 
4.30 

4.30 
4.30 
4.28 
4.30 
4.30 
4.30 
4.30 
4.28 
4.30 
4.30 

4.28 
4.30 
4.:30 
4.28 
4.30 
4.28 
4.30 
4.28 
4.28 
4.30 

4.28 
4.30 
4.28 
4.28 


,28 
30 
.28 
28 
,28 
,28 


4.28 
4.28 
4.28 
4.28 
4.28 
4.28 
4.28 
4.28 
4.28 
4.27 

4.28 
4.28 
4.28 
4.27 
4.28 
4.28 
4.27 
4  28 
4.28 


Cosine,  i  D.  1".  1 1     Sine.        D.  r.   I    Cotang.  I  D.V. 
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10.091631  60 

.0913^2  50 

.091114  58 

.(90656  57 

.090698  56 

.090910  55 

.090062  M 

.069623  53 

.089565  58 

.089307  51 

.068049  50 

10.088791  49 

.0885*33  48 

.088275  47 

.088018  46 

.087760  45 

.087502  44 

.08?M4  43 

.086966  43 

.086729  41 

.066471  40 

10.086318  ao 

.085956  88 

.085696  87 

.085440  86 

.065183  85 

.0649^  84 

.084668  88 

.084410  8S 

.C184153  81 

.068896  80 

10.088638  89 

.083:381  88 

.083123  87 

.082866  86 

.068609  83 

.068352  81 

.082094  88 

.0818:37  88 

.081580  81 

.081323  80 

10.081066  19 

.080809  18 

.080552  17 

.080ia»5  16 
.080038  ,  15 

.OTSrai  14 

.079524  IS 

.079267  18 

.079010  11 

.078753  10 

9 
R 
« 

6 
6 
4 
8 
8 
1 
0 


10.078497 
.07«2^M) 
.07r983 
.077?26 
.077470 
.077818 
.076056 
,076700 
.076413 

10.076186 


Tang. 


40< 


COSINES,  TANGENTS.  AND  COTANGENTS. 


189« 


'        Sine.   D.  1". 


0 
1 
2 
3 

4 
5 
6 
7 
8 
0 
10 

11 

12 
13 
14 
15 
16 
17 
-i^ 
19 
20 

21 
22 
23 
24 
25 
26 
27 
28 
29 
30 

31 
32 

34 
35 
36 
37 
38 
39 
40 

41 
42 
43 

44 
45 
4(5 
47 
48 
49 
50 

51 
52 
53 
.54 
55 
5(3 
o< 
58 
59 
(K) 


9 


.808067 
.808218 
.808368 
.808519 
.808669 
.808819 
.80896" 
.80911b 
.805)269 
.8(H)419 
.809569 

.809718 
.8()98(W 
.810017 
.810167 
.810:^16 
.810465 
.810614 
.81076^^ 
.810912 
.811061 

9.811210 
.811358 
.811507 
.811655 
.811804 
.811952 
.812100 
.812248 
.812396 
.812544 

9.812692 
.812&40 
.812988 
.8131.35 
.813283 
.81:3430 
.813578 
.813725 
.81:^72 
.814019 

9.814166 
.814313 
.814460 
.814607 
.8147.53 
.814900 
.815046 
.815193 
.8153:^9 
.8154K5 

9.81,5632 
.81.5778 
.81.5924 
.816069 
.816215 
.816361 
.816507 
.8166.52 
.816798 

9.816ft43 


I  Cosine.      D.  r 


2.52 

2.50 
2.52 
2.50 
2.50 
2.50 
2.50 
2.50 
2.50 
2.50 
2.48 

2. .50 
2.48 
2.50 
2.48 
2.48 
2.48 
2.48 
2.48 
2.48 
2.48 

2.47 
2.48 
2.47 
2.48 
2.47 
2.47 
2.47 
2.47 
2.47 
2.47 

2.47 
2.47 
2.45 
2.47 
2.45 
2.47 
2.45 
2.45 
2.45 
2.45 

2.45 
2.45 
2.45 
2.43 
2.45 
2.43 
2.45 
2.43 
2.43 
2.45 

2.43 
2.43 
2.42 
2.43 
2.43 
2.43 
2.42 
2.43 
2.42 


Cosine. 


9.884254 
.884148 
.884042 
.8a3936 
.883829 
.883723 
.883617 
.88:i510 
.88:W04 
.883297 
.883191 

9.883084 
.882977 
.882871 
.882764 
.882657 
.882550 
.882443 
.882336 
.882229 
.882121 

9.882014 
.881907 
.881799 
.881692 
.881.584 
.881477 
.881369 
.881261 
.88115;i 
.881046 

^.880938 
.880830 
.880722 
.880613 
.880505 
.880397 
.880289 
.880180 
.880072 
.879963 

9.879855 
.879746 
.879637 
.879529 
.879420 
.879311 
.879202 
.879093 
.878984 
.878875 

9.878766 
.878656 
.878547 
.878438 
.878328 
.878219 
.878109 
.877999 
.877890 

9.877780 

Sine. 


D.  r. 


.77 
,77 
,78 
.77 
,77 
,78 
77 


,78 
it 


.78 
.77 
.78 
.78 
.78 
.78 
.78 
.78 
.80 
.78 

.78 
.80 
.78 
.80 
.78 
.80 
.80 
.80 
.78 
.80 

.80 
.80 
.82 
.80 
.80 
.80 
.82 
.80 
.82 
.80 

.82 

.82 
.80 
.82 
.82 
.82 
.82 
.82 
.82 
,82 

.83 
.82 
.82 
.83 
.82 
.83 
.83 
.82 
.83 


Tang. 


D.  r. 


9.923814 
.924070 
.924327 
.924583 
.924840 
.925096 
.925352 
.925609 
.925865 
.926122 
.926:^78 

9.926634 
.926890 
.927147 
.9274a3 
.927659 
.927915 
.928171 
.928427 
.928684 
.928940 

9.929196 
.929452 
.929708 
.929964 
.930220 
.930475 
.980731 
.930987 
.931243 
.a31499 

9.931755 
,932010 
.932266 
.932522 
.932778 
.933033 
.933289 
.933545 
.9:^3800 
.934056 

9.934311 
.934567 
.934822 
.935078 
.935333 
.935589 
.9^5844 
.aS6100 
.936865 
.936611 

9.936866 
.937121 
.937377 
.937632 
.937887 
.938142 
.938398 
.938a53 
938908 

9.939163 


D.  1". 


Cotang. 


4.27 
4.28 
4.27 
4.28 
4.27 
4.27 
4.28 
4.27 
4.28 
4.27 
4.27 

4.27 
4.28 
4.27 
4.27 
4.27 
4.27 
4.27 
4.28 
4.27 
4.27 

4.27 
4.27 
4.27 
4.27 
4.25 
4.27 
4.27 
4.27 
4.27 
4.27 

4.25 
4.27 
4.27 

4.27 
4.25 


27 
27 
25 
27 
25 


4.27 
4.25 
4.27 
4.25 
4.27 
4.25 
4.27 
4.25 
4.27 
4.25 

4.25 
4.27 
4.25 
4.25 
4.25 
4.27 
4.25 
4.25 
4.25 


10.065689 
.06643:3 
.066178 
.064922 
.064667 


10.076186  60 
.075930  59 
.075673 
.075417 
.075160 
.074904 
.074648 
.074391 
.074135 
.073878 
.073622 


10.063134 
.062879 
.062623 
.062:368 
.062113 
.061858 
.061602 
.061347 
.061092 

10.0{;0837 


Cotang.  i  D.  r.   i     Tang. 


58 
57 
56 
55 
54 
53 
52 
51 
60 


10.073366  49 

.073110  48 

.07285:3  47 

.072597  46 

.0?2341  45 

.072085  44 

.071829  ;  43 

.071573  42 

.071316  !  41 

.071060  40 

10.070804  39 

.070548  38 

.070292  37 

.070036  36 

.069780  m 

.069525  I  34 

.0692()9  1  33 

.069013  :32 

.068757  I  31 

.068501  i  30 

10.068245  ■   29 

.067990  i  28 

.067734  27 

.067478  26 

.067222  25 

.066967  24 

.066711  23 

.066455  22 

.066200  21 

.065944  20 


19 
18 
17 
16 
15 


.064411  I  14 

.064156  I  13 

.063900  I  12 

.063645  i  11 

.063389  !  10 


9 

8 

6 
5 
4 
3 
2 
1 
0 


iZQo 


49" 


89« 
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I 


0 

1 

2 
3 
4 
5 
6 

r» 
I 

R 

9 

10 

11 

14 
lo 
1(5 
IV 
18 
11) 
20 

21 

2:^ 
24 

2.") 
2(S 
27 
28 
20 
30 

31 
:« 

:w 
:« 

3(5 
37 
38 
39 
40 

41 
42 
43 
44 
45 
4(5 
47 
48 
49 

:a) 

51 
52 
M 
54 
55 

5(5 

»*^ 
til 

58 

59 

(50 


Sine,     i   D.  r.  !'  Cosine.      D.  1'.  '     Tang.    |  D.  1'.  I  Cotang.   '   ' 


9.798872 
.79{H)28 
.?J9184 
.799339 
.799495 
.799651 
.79980(5 
.7999(52 
.800117 
.800272 


9. 


I  9 


.800427 

800582 
8007:i7 
800892 
801047 
^)1201 
80135(5 
801.511 
801  (5C5 
801819 
801973 

802128 
.802282 
.8(>^43(5 
.802589 
.802743 
.802897 
.80:^050 
.803201 
.803,357 
.803511 

9.803G04 
.80:^17 
.803970 
.80412:^ 
.80427(5 
.804428 
.804581 
.804734 
.80488(5 
.8050.39 

9.805191 
.805.'J43 
.8054^5 
.805047 
.8fV>799 
.805951 
.80(510:^ 
.800254 
.80*5  406 
.806557 

9.800709 
.80(5800 
.807011 
.8071(53 
.807314 
.8074(r) 
.807615 
.8077(5<5 
.807917 

9.80H067 


2.(50 
2.U0 
2.58 
2.60 
2.60 
2.58 
2.60 
2.58 
2.58 
2.58 
2.58 

2.58 
2.58 
2.58 
2.57 
2.58 
2.58 
2.57 
2.57 
2.57 
2.58 

2.57 
2.57 
2.55 

X..)l 

»>  -v7 
f^ ,  *}  i 

•)   r,7 

2.55 
2.  7 
2.55 


2.55 


.-.5 


2.55 
2.5;^ 

2.5:^ 
2.5;^ 
2.5;^ 
2.53 
2.5:^ 
2.5:^ 

A^  .  tilV 
'>      M^ 

»   KO 

2.5;^ 

i     2.5.3 

»>       l-v.) 

2.. 52 

2.50 
2.. 52 

2.50 


•> 

.55 

•> 

.V> 

2 

.V) 

2. 

55     • 

2 

^  ^          1 

k> 

X'i 

9.8iK)503 
.890400 
.890298 
.890195 
.890093 
.8899i)0 
.889888 
.8W»7K5 
.881M582 
.889579 
.889477 

9.889374 
.889271 
.8891(58 
.8890(54 
.888{)(;i 
.888858 
.8887.55 
.888(551 
.KSK548 
.88K44  4 

9.888341 

.888237 
.888134 
.888030 
.88792(5 
.887822 
.887718 
.887(514 
.887510 
.887406 

9.887302 
.88711>8 
.887093 
.8815989 
.88(5886 
.88(5780 
.886(57(5 
.88(5571 
.  88(54156 
.886862 

9.8862.57 
.8861.52 
.886047 
.8K5942 
.885837 
.8a5732 
.8K5(527 
.8K5,522 
.8K5416 
.88.5:^11 

9.885205 
.8K5100 
.884!KH 
.884889 
.8K47K^ 
.8*^(577 
.884.5?2 
.8Ki466 
.884.3(50 

9.8H42M 


.72 
.70 
72 
.70 
.^ 
.70 
.72 
.?2 
.72 
.70 
.72 

72 
.72 
.7:i 
72 
.72 
.72 
.73 
72 
.73 
.72 

.73 
.72 
.73 
73 
.73 
.73 
.73 
.73 

.73 

.73 
.75 
.73 
.73 
.75 

.ra 

.75 
.75 
.73 
.75 

.75 
.75 
.75 
.75 
.75 
.75 
.  I.) 

.  «.> 

>  I  I 
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.555829 

7.33  ; 

:  39 

.441585 

5.27 

.582105 

7.27 

40 

.422739 

5.40 

.550269 

7.33 

40 

.441901 

5.25 

.582541 

7.27 

41 

9.423063 

5.38 

9.666709 

7.a3 

41 

9.442216 

5.25 

9.582977 

7.27 

42 

.423'iS6 

5.38 

.557149 

7.33 

42 

.412531 

5.25 

.583413 

7.25 

43 

.42^3709 

5.38 

.557.89 

7.S2 

43 

.442.S46 

5.25 

.583&48 

7.27 

4t 

.421032 

5.38 

.558028 

7.33  ' 

41 

.413161 

5.26 

.584284 

7.27 

45 

.4^356 

5.37 

.65*468 

7.32 

45 

.41-3476 

5.23 

.5&4720 

7.25 

46 

.424077 

5.38 

.658907 

7.33  : 

46 

.413790 

6.25 

.685156 

7.27 

4  7 

.425000 

5.37 

.559347 

7.32 

47 

.4M105 

6.23 

.685591 

7.25 

4^ 

.425322 

5.38 

.559786 

7..33 

48 

.414419 

6.23 

.586026 

7.27 

40 

.425(>45 

5.37 

.5(J0226 

7.32  ; 

:  49 

.414733 

6.23 

.580462 

7.25 

5t) 

.425967 

5.37 

.500665 

7. .2 

50 

1  .445047 

6.23 

.586897 

7.25 

51 

9.426289 

5.37 

9.561104 

7.32 

51 

9.445361 

5.23 

9.587332 

7.25 

52 

.420011 

5.37 

.5C1M3 

7.32 

52 

.445075 

5.23 

.587707 

7.27 

5) 

.4200.33 

5.  a-) 

.501982 

7.32  1 

63 

.445989 

6.22 

.588203 

7.25 

51 

.42725^1 

5.37 

.502421 

7.32  1 

i  64 

.440302 

5.23 

.5&S038 

7.25 

55 

.4^576 

5.35 

.502800 

7.32 

55 

.440016 

5.22 

.589073 

7.25 

56 

.427897 

5.35 

.563299 

7.32 

50 

.410029 

5.22 

.589508 

7.23 

57 

.428218 

5.35 

.503738 

7.30 

57 

.417242 

5.22 

.589942 

7.23 

58 

.428539 

5.35 

.504170 

7.32 

58 

.417555 

5.22 

.590377 

7.25 

5!) 

.423^00 

5.3,5 

.504015 

7.30 

1  59 

.447f-08 

5.22 

.590812 

7.25 

6) 

9.429181 

6.33 

9.505053 

7.32 

,  60 

9. 448^*^1 

5.20 

9.591247 

7.23 

425 


TABLE  XXVI. -LOG AMTHMIC  VERSED  SINES 


0 
1 
2 
8 
4 
6 
6 
7 
8 
0 
10 


9.448181 
.44)^93 
.448806 
.4401 18 
.449431 
.449743 
.450055 
.450366 
,450678 
.450990 
.451£01 


11 

9.451612 

1.J 

.451924 

13 

.462235 

14 

.452546 

15 

.452856 

16 

.4553167 

17 

.458476 

18 

.468788 

19 

.454098 

30 

.45440S 

21 

9.454718 

22 

.455028 

23 

.465388 

24 

.455648 

25 

.455957 

26 

.456267 

27 

.456576 

28 

.456885 

29 

.457194 

80 

.457503 

81 

9.457811 

32 

.458120 

3:} 

.458429 

34 

.458737 

35 

.4^9045 

36 

.459353 

37 

.459661 

n 

.459969 

39 

.460277 

40 

.460584 

41 

9.460893 

4^ 

.461199 

U 

.461506 

•U 

.461813 

45 

.462120 

4i) 

.462427 

47 

.462734 

48 

.463040 

49 

.463847 

50 

.463653 

51 

9.468059 

52 

.464265 

53 

.464571 

54 

.464877 

55 

.465183 

56 

.465488 

57 

AKVm 

58 

.4(«I099 

59 

.4r.(V404 

no 

9.466709 

5.20 
5.22 
6.20 
5.22 
5.20 
5.20 
5.18 
5.20 
5.20 
5.18 
5.18 

5.20 

5.18 
5.18 
5.17 
5.17 
5.18 
5.17 
5.17 
5.17 
5.:7 

5.17 
5.17 
5.17 
5.13 
17 
15 
15 
15 
15 
5.13 


5. 
5. 
5. 
5. 
5. 


5.15 
5.15 
5. 13 
13 
13 
13 
13 
13 


5 

5 

6 

5 

5.12 

5.13 


9.691247 

7.23 

.691681 

7.25 

.692116 

7.25 

.592551 

7.23 

.592965 

7.28 

.598419 

7.25 

.593854 

7.23 

.594288 

7.23 

5  12 
5.12 
5.12 
5.12 
5.12 
5.12 
6.10 
5.12 
5.10 
5.10 

5.10 
5.10 
5.10 
5.10 
5.08 
5.10 
5.08 
5.08 
5.08 
5.08 


.6W722 
.695156 
.695691 

9.696025 
.596459 
.696893 
.697326 
.59^700 
.598194 
.598628 
.599061 
.699495 
.699928 

9.600862 
.600795 
.601229 
.601662 
.602095 
.602.''.28 
.CC;2902 
.60;«95 
.608828 
.604261 

9.604694 
.605126 
.605559 
.6a5992 
.606423 
.606857 
.607290 
.607722 
.6081.55 
.608587 

9.609020 
.609452 
.609884 
.610816 
.610749 
.611181 
.611013 
.612045 
.611^477 
.612908 

9.61.3340 
.613773 
.614204 
.614635 
.615067  I 
.615499 
.615930  ' 
.616862 
.616793 

9.617224 


7.28 
7.25 
7.23 


I  7 


7.83 

7.23 

7.22 

7.28 

7.23 

7.23 

7.22 

7.23- 

7.22 

7.23 

7.22 
7.28 
7.22 
7.22 
7.22 
7.23 
7.22 
7.22 
7.22 
7.22 

7.20 
7.22 
7.22 
7.22 
7.20 
7.22 
7.20 
7.22 
7.20 
7.22 

7.20 
7.20 
7.20 
7.22 
7.20 
7.20 
7.20 
20 
18 
7.20 

7.20 
7.20 
7.18 
7.20 
7.20 
7.18 
7.20 
7. IS 


/ 

Vers. 

0 

9.466709 

1 

.467014 

2 

.467819 

8 

.467624 

4 

.467928 

5 

.468233 

6 

.468537 

7 

.468841 

8 

.469145 

9 

.469449 

10 

.469758 

11 

9.470057 

12 

.4703C0 

13 

.470664 

14 

.470967 

15 

.471270 

16 

.471673 

17 

.471876 
.472179 

18 

19 

.472482 

20 

.472784 

21 

9.473087 

22 

.478889 

23 

.473891 

24 

.473993 

2.5 

.474295 

26 

.474597 

Ex.  sec.  D.  1'. 


18 


7.20 


27 
28 
29 
80 

81 

82 
38 
34 
85 
86 
37 
38 
39 
40 

41 
42 
48 
44 
45 
46 
47 
48 
49 
50 

61 
52 
58 
54 
55 
56 
67 
58 
59 
(iO 


5.06 
5.06 
5.06 
5.07 
5.06 
5.07 
5.07 
6.07 
5.1.7 
5.07 
5.07 


6.05. 
5.07 
6.05 
5.05 
5.05 
05 
05 
05 
03 
05 


9 


«  I 


.474699 
.475200 
.475502 
.475803 

.476104 
.476405 
.476706 
.477CQ7 
.477308 
.477608 
.477909 
.478209 
.478509 
.478809 

9.479109 
.479409 
.479709 
.480009 
.480306 
.480606 
.480907 
.481206 
.481505 
.481804 

9.482103 
.482401 
.4P2700 
.482996 
.483296 
.48&')85 
.488898 
.484191 
.4W488 

9.484786 


5.08 
6.08 
08 
03 
08 
03 
02 
5.08 
5.02 
6.08 

5.02 
S.CS 
6.02 
6.02 
6.00 
5.02 
6.C0 
5.00 
6.00 
6.00 

6.00 
6(0 
6.00 
4.98 
6.00 
4.96 
4.96 
4.96 
4.96 
4.96 


9.617224 
.617656 
.618067 
.618518 
.618949 
.610860 
.619611 
.620242 
.620673 
.621104 
.621586 

9.^966 


.62a»6 
.628688 
.624119 
.624549 
.624960 
.626410 
.625841 

9.62G8n 
.626701 
.627181 
.627601 
.627981 
.628421 
.628861 
.629881 
.629711 
.680141 

9.6S0671 
.681001 
.681490 
.6818C0 
.6SSS90 
.082719 
.688149 
.688578 
.684006 
.684487 

9.684860 
.685290 
.085785 
.086164 
.086688 
.637018 
.687441 
.087870 
.088809 
.688788 


4.97 

9.639157 

4.98 

.639586 

4.97 

.640016 

4.97 

.640448 

4.96 

.O4067!l 

4.07 

.041SQ1 

4.97 

.041780 

4.95 
4.97 

.042158 
.0^680 

4.97 

9. 048015 

7. 
I . 
7. 
7. 
7. 
7. 
7. 
7. 


SO 
18 
18 
18 
18 
18 
18 
18 


7.18 
7.18 
7.18 

7.17 
7.18 
7.18 
7.17 
7.16 
7.17 
7.18 
7.17 
7.18 
7.17 

7.17 
7.17 
7.17 
7.17 
7.17 
7.17 
7.17 
7.17 
7.17 
7.17 

7.17 
7.16 
7.17 
7.17 
7.16 
7.17 
7.15 
7.17 
7.16 
7.15 

7.17 
7.16 
7.15 
7.15 
7.16 
7.16 
7.16 
7.15 
7.16 
7.16 

7.15 
7.16 
7.18 
7.15 
7.16 
7.18 
7.15 
7.18 
7.15 
7.18 
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AND  EXTERNAL  SECANTS. 


46« 

1 

470 

0 

Vers. 

D.  1. 

Ex.  sec. 

D.  1". 

! 
/ 

0 

Vers. 

D.r. 

Ex.  sec. 

D.  r. 

9.4&4786 

4.97 

9.643015 

7.13 

9.502429 

4.85 

9.668646 

7.10 

1 

.485084 

4.95 

.643443 

7.15 

1 

.502720 

4.88 

.669072 

7.10 

2 

.485381 

4.95 

.643872 

7.13 

2 

.503010 

4.83 

.669498 

7.10 

3 

.485678 

4.97 

.644300 

7.13 

3 

.503300 

4.85 

.669924 

7.10 

4 

.485976 

4.95 

.644728 

7.13 

4 

.50a591 

4.88 

.670350 

7.10 

5 

.486273 

4.95 

.645166 

7.15 

5 

.508881 

4.83 

.670776 

7.06 

6 

.486570 

4.93 

.645685 

7.13 

6 

.504171 

4.82 

.671201 

7.10 

7 

.486866 

4.95 

.646013 

7.13 

7 

.504460 

4.83 

.671627 

7.10 

8 

.487168 

4.95 

.646441 

7.13 

8 

.504750 

4.88 

.672053 

7.10 

9 

.487460 

4.93 

.646869 

7.13 

9 

.605040 

4.82 

.67^79 

7.08 

10 

.487756 

4.95 

.647297 

7.18 

10 

.505329 

4.82 

.672904 

7.10 

11 

9.488053 

4.93 

9.&47725 

7.13 

11 

9.505618 

4.88 

9.673a30 

7.10 

12 

.488349 

4.93 

.648168 

7.13 

12 

.505908 

4.82 

.673756 

7.08 

13 

.488645 

4.93 

.648681 

7.13 

13 

.506197 

4.82 

.674181 

7.10 

14 

.488941 

4.93 

.649009 

7.12 

14 

.506486 

4.82 

.674607 

7.08 

15 

.489237 

4.93 

.649486 

7.13 

15 

.606775 

4.80 

.675032 

7.10 

16 

.489533 

4.92 

.649864 

7.13 

16 

.507063 

4.82 

.675458 

7.08 

17 

.489828 

4.93 

.660292 

7.13 

17 

.507352 

4.80 

.675883 

7.10 

18 

.490124 

4.92 

.650720 

7.12 

18 

.607640 

4.82 

.676309 

7.08 

19 

.490119 

4.92 

.651147 

7.13 

19 

.507929 

4.80 

.676784 

7.08 

20 

.490714 

4.93 

.651675 

7.12 

20 

.508217 

4.80 

.677159 

7.08 

21 

9.491010 

4.92 

9.652002 

7.13 

21 

9.508505 

4.80 

9.677584 

7.10 

2>  1 

.491305 

4.92 

.652430 

7.12 

22 

.5087'93 

4.80 

.678010 

7.08 

2j ; 

.491600 

4.90 

.652867 

7.13 

23 

.509081 

4.80 

.678435 

7.08 

2t  J 

.491894 

4.92 

.653285 

7.12 

24 

.509369 

4.80 

.678860 

7.08 

25 

.492189 

4.92 

.653712 

7.13 

25 

.509657 

4.80 

.679285 

7.08 

23 

.492484 

4.90 

.654140 

7.12 

26 

.503945 

4.78 

.679710 

7.10 

27  1 

.492778 

4.90 

.654567 

7.12 

27 

.510232 

4.80 

.680136 

7.08 

2S  1 

.493072 

4.92 

.654994 

7.12 

28 

.510520 

4.78 

.680561 

7.08 

29  : 

.493367 

4.90 

.666421 

7.13 

29 

.510807 

4.78 

.680986 

7.08 

30  1 

.493661 

4.90 

.655849 

7.12 

30 

.611094 

4.78 

.681411 

7.08 

31 

9.493955 

4.90 

9.656276 

7.12  i 

81 

9.511361 

4.78 

9.681836 

7.07 

32 

.494219 

4.88 

.656703 

7.12 

82 

.511668 

4.78 

.682260 

7.08 

33  , 

.494542 

4.90 

.657130 

7.12 

33 

.611955 

4.77 

.682685 

7.08 

34  1 

.494836 

4.90 

.667567 

7.12 

84 

.512241 

4.78 

.683110 

7.08 

35  , 

.495130 

4.88 

.657984 

7.12 

35 

.512528 

4.78 

.683535 

7.08 

38  ' 

.495423 

4.88 

.658411 

7.12 

36 

.612815 

4.77 

.688960 

7.08 

sr 

.495716 

4.88 

.658838 

7.12  1 

37 

.513101 

4.77 

.684885 

7.07 

3S 

.496009 

4.88 

.659265 

7.10 

88 

.613387 

4.77 

.684809 

7.06 

39 

.498302 

4.88 

.659691 

7.12 

39 

.518673 

4.77 

.685234 

7.08 

40 

.496595 

4.88 

.660118 

7.12 

40 

1 

.513959 

4.77 

.685659 

7.07 

41. 

9.496888 

4.88 

9.660545 

7.12  ! 

l41 

9.514245 

4.77 

9.686083 

7.08 

42  1 

.49.181 

4.87 

.660972 

7.10  i 

42 

.614581 

4.77 

.686508 

7.08 

43  ' 

.497473 

4.89 

.661398 

7.12 

43 

.514817 

4.75 

.686933 

7.07 

44 

.497766 

4.87 

.661825 

7.12 

44 

.515102 

4.77 

.687857 

7.08 

45 

.498058 

4.87 

.662252 

7.10 

45 

.515388 

4.75 

.687782 

7.07 

46 

.498350 

4.88 

.662678 

7.12 

46 

.515673 

4.77 

.688206 

7.08 

47 

.493643 

4.87 

.668105 

7.10 

47 

.515959 

4.75 

.688681 

7.07 

48 

.498935 

4.85 

.668531 

7.12 

48 

.516244 

4.75 

.689055 

7.07 

49 

.499226 

4.87 

.668958 

7.10 

49 

.516529 

4.75 

.689479 

7.08 

50 

.499518 

4.87 

.664384 

7.10 

50 

.516814 

4.73 

.689904 

7.07 

51 

9.499810 

4.85 

9.664810 

7.12 

51 

9.517098 

4.75 

9.690328 

7.07 

52  , 

.500101 

4.87 

.665237 

7.10 

52 

.617383 

4.75 

.690752 

7.08 

53  1 

.500393 

4.85 

.665668 

7.10 

53 

.517668 

4.73 

.691177 
.691601 

7.07 

54 

.500684 

4.8. 

.666089 

7.10 

54 

.517952 

4.73 

7.07 

55 

.500975 

4.85 

.666515 

7.12 

55 

.518236 

4.75 

.692025 

7.07 

56 

.501266 

4.85 

.666942 

7.10 

66 

.518521 

4.73 

.692449 

7.07 

57 

.501557 

4.86 

.667368 

7.10 

57 

.518805 

4.73 

.692878 

7.08 

58 

.501848 

4.85 

.667794 

7.10 

68 

.519089 

4.73 

.693298 

7.07 

59 

.602139 

4.83 

.668220 

7.10 

69 

.519373 

4.78 

.693722 

7.07 

60 

9.502429 

4.85 

9.668646 

7.10  1 

60 

9.519657 

4.72 

9.694146 

7.07 

4Ji7. 


TABLE  XXVL— LOGARITHMIC  VERSED  SINES 


48< 


49' 


Vers. 


0 
1 
2 
3 
4 
5 
6 
7 
8 
0 
10 

11 
12 
18 
14 
15 
16 
17 
18 
19 
20 

21 
22 
23 
iU 
25 
2(j 
27 
28 
29 
30 

31 
Si 
33 
34 
35 
30 
37 
38 
39 
40 

41 
42 
43 
44 
45 
40 
47 
48 
49 
50 

51 
52 
53 
54 
55 
56 
57 
58 
59 
60 


D.  r. 


9.519657 
.619940 
.520224 
.520507 
.520791 
.521074 
.521357 
.521640 
.521923 
.522206  I 
.522488  ; 

9.522771  i 
.523054 
.52a336 
.523618 
.523900 
.624182 
.5244&4 
.524746 
.525028 
.525309 

9.525591 
.525872  I 
.526153 
.526435  I 
.526716 
.526997 
.527277 
.527558 
.527839 
.528119 

9.528400 
.528680 
.528960 
.529240  ; 
.529520  ' 
.529800 
.530080 
.530359 
.530639 
.530918 

9.531198 
.531477 
.531756 
.532035 
.532314 
.532592 
.532871 
.533150 
.533428 
.533706 

9.533985 
.534263 
.634541 
.534819 
.535097 
.5a^374 
.535652 
.5a5929 
.636207 

9.5364S4 


4.72 

4.73 

4.^8 

4.73 

4.72  i 

4.72 

4.72  I 
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.219582 

8.32 

55 

.783854 

3.18 

.190491 

8.12 

55 

.795216 

8.18 

.220081 

8.82 

56 

.7»4045 

8.18 

.190978 

8.13 

56 

.795404 

8  12 

.220580 

8.32 

57 

.784236 

3.18 

.191466 

8.13 

57 

.795591 

3.13 

.221079 

8.32 

58 

.784427 

3.18 

.191954 

8.15 

68 

.796779 

3.12 

.221578 

8.83 

59 

.784618 

3.18 

.192448 

8.13 

59 

.795966 

3.12 

.222078 

8.33 

60 

9.784809 

8.18 

10.192981 

8.15 

60 

9.796153 

3.13 

10.222578  1  8.33  | 
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• 

1 

60° 

/ 
0 

Vers. 

D.r. 

Ex.  sec. 

D.  r. 

i  0 

Vers. 

D.r. 

Ex.  seo. 

I 
D.l'. 

8.65 

9.790158 

3.13 

10.322578 

8.33 

9.807386 

8.07 

10.352967 

1 

.796841 

3.13 

.223078 

8.33  . 

1 

.807470 

3.07 

.268470 

865 

2 

.796528 

3.12 

.223578 

8.a5 

2 

.807664 

3.05 

.368968 

8.67 

3 

.796715 

3.12 

.234079 

8.33 

8 

.807887 

3.07 

.364497 

8.65 

4 

.796902 

3.13 

.234579 

8.35 

4 

.806031 

8.05 

.266010 

8.57 

5 

.797089 

3.12 

.325080 

8.35 

6 

.808204 

3.07 

.356634 

8.66 

6 

.797876 

3.12 

.225581 

8.37 

6 

.808388 

3.05 

.366039 

8.57 

7 

.797468 

3.13 

.336088 

8.35 

7 

.808671 

3.07 

.256553 

8.56 

8 

.797650 

3.13 

.336584 

8.37 

8 

.806756 

3.05 

.857008  6.57  1 

9 

.797837 

3.10 

.837086 

8.87 

9 

.8u8988 

3.05 

.357583 

8.60 

10 

.798023 

3.13 

.227588 

8.37  i 

.  10 

.809131 

3.07 

.268098 

8.58 

11 

9.798210 

8.13 

10.228090 

8.37 

i  11 

9.809305 

8.05 

10.356613  1  8.60 

13 

.798397 

3.10 

.228593 

8.38 

'  12 

.outf4oo 

3.06 

.359139  i  8.68 

13 

.798583 

3.13 

.229095 

8.88 

18 

.809671 

3.06 

.359644  8.60 

14 

.798770 

8.10 

.229598 

8.38 

14 

.809854 

3.06 

.260160  8.63 

15 

.798056 

8.10 

.230101 

8.38 

15 

.810037 

3.06 

.260677  8.60 

16 

.799143 

3.13 

.230604 

8.38 

16 

.810330 

306 

.861193  8.63 

17 

.799329 

3.10 

.231107 

8.40 

17 

.810403 

3.08 

.261710  8.63 

18 

.799515 

3.10 

.381611 

8.40 

18 

.810685 

3.06 

.863327  8.08 

19 

.799701 

3.10 

.333115 

8.40 

1» 

.810768 

3.05 

.863744 

8.63 

30 

.799887 

3.13 

.232619 

8.40 

20 

.810951 

3.05 

.868368 

8.68 

21 

9.800074 

8.10 

10.288138 

8  40 

21 

9.811134 

3.08 

10.368779 

8.68 

22 

.800360 

3.10 

.233627 

8.42 

23 

.811816 

3.06 

.364297 

8.68 

23 

.800446 

3.08 

.234132 

8.42  ■ 

23 

.811499 

3.08 

.264815 

8.66 

24 

.800631 

3.10 

.284637 

8.42  ' 

24 

.811681 

8.06 

.8658^4 

8.66 

25 

.800817 

3.10 

.235143 

8.42 

25 

.811864 

3.03 

.865858 

8.68 

26 

.801008 

3.10 

.235647 

8.43 

36 

.812046 

8.08 

.866871  8.07 

27 

.801189 

3.10 

.286153 

8.42 

37 

.813238 

3.03 

.866891  i  8.65 

28 

.801875 

8.08 

.236658 

8.43 

«j 

.812410 

3.06 

.867410 

8.67 

29 

.801560 

3.10 

.287164 

8.43 

39 

.813593 

3.03 

.807080 

8.66 

80 

.801746 

3.08 

.237670 

8.45  : 

30 

.813775 

3.08 

.868449 

8.66 

31 

9.801931 

3.10 

10.238177 

8.43  i 

81 

9.813957 

8.08 

10.868970 

8.67 

32 

.802117 

3.08 

.238683 

8.45 

83 

.813139 

3. OS 

.269490  8.68  1 

88 

.803302 

3.08 

.239190 

8.45  ; 

33 

.813831 

3.08 

.270011 

«.67 

84 

.802487 

3.10 

.289697 

8.45  1 

84 

.813508 

3.08 

.270681 

8.68 

85 

.802673 

3.08 

.Mmi 

8.47 

35 

.813685 

3.03 

.871068  8.70 

36 

.802858 

3.08 

.240712 

8.45 

86 

.813806 

3.08 

.8'<'1674  8.68 

37 

.803043 

3.08 

.241219 

8.47 

87 

.814048 

3.08 

.878095  8.70 

38 

.803238 

3.08 

.241727 

8.47 

38 

.814330 

3.03 

.873617  8.70 

39 

.803413 

3.06 

.243235 

8.48 

39 

.814411 

3.03 

.878189  .  8.78 

40 

.808598 

3.08 

.342744 

8.47  i 

40 

.814593 

3.06 

.378668  8.70 

41 

9.803783 

3.06 

10.343252 

8.48  ' 

41 

9.814775 

3.03 

10.274184  8.78 

42 

.803968 

3.08 

.243761 

8.48 

42 

.814956 

3.03 

.874707  .  8.78 

43 

.804153 

3.08 

.344370 

8.48 

43 

.815137 

3.08 

.875880  8.78 

44 

.804838 

3.07 

.344779 

8.50 

44 

.815319 

3.02 

.876758 

8.78 

45 

.804522 

3.08 

.345289 

8.48 

45 

.815500 

3.08 

.876277 

8.78 

46 

.804707 

3.08 

.2467V?8 

8.50 

46 

.815681 

3.03 

.876801  8.78 

47 

.804892 

3  07 

.246808 

8.50 

47 

.816862 

3.03 

.877836  8.78 

48 

.805076 

3.08 

.34(J818 

8.53 

48 

.816044 

3.02 

.277849  8.7B 

49 

.805261 

3.07 

.247339 

8.50 

49 

.816336 

3.03 

.878874  8.76 

50 

.805445 

3.07 

.247839 

8.53 

50 

.81&406 

3.03 

.876809  8.75 

'51 

9.8a->629 

3.08 

10.348a'>0 

8.52 

51 

9.816587 

3.00 

10.879484 

8.75 

52 

.8():)814 

3.W 

.248861 

8.52 

52 

.810767 

3.03 

.879949 

8.77 

5;^ 

.805998 

3.07 

.249872 

8.52  1 

53 

.816948 

3.03 

.880475  8.75 

W 

.800182 

3.07 

.349888 

8.53 

54 

.817139 

3.03 

.881000  8.7B 

55 

.806366 

3.07 

.850;W5 

8.53 

55 

.817810 

3.00 

.881687  8.77 

56 

.800550 

3.07 

.250907 

8.53 

56 

.817490 

3.03 

.888068 

8.78 

57 

.800734 

3.07 

.251419 

8.55 

67 

.817671 

s.oa 

.888660 

8.77 

58 

.806918 

3.07 

.351932 

8.53  . 

58 

.617862 

8.00 

.888106 

8.80 

59 

.807102 

3.07 

.35!s»44 

8.55 

59 

.618062 

3.06 

.889684 

8.78 

60 

9.807286 

3.07 

10.252957 

8.55 

60 

9.818818 

8.00 

10.884161  8.80  | 
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a 

/ 

Vers. 

D.  r. 

Ex.  sec. 

D.  r 

0 

9.818213  3.00 

10.284161 

8.80 

1 

.818393 

3.00 

.284689 

8.78 

8 

.818573  3.02 

.285216 

8.82 

3 

.818754  3.00 

.285745 

8.80 

4 

.818934  3.00 

.286278 

8.82 

5 

.819114  1  3.00 

.286802 

8.82 

6 

.819294  1  3.00 

.287331 

8.82 

7 

.819474  1  3.00 

.287860 

8.82 

8 

.819654  3.00 

.288889 

8.83 

9 

.8198:34 

3.00  i 

.288919 

8.83 

10 

.820014 

3.00 

.289449 

8.88 

11 

9.820194 

3.00 

10.289979 

8.85 

12 

.820374  ,  2.98 

.290510 

8.85 

13 

.820553  3.00 

.291041 

8.85 

14 

.820733  3.00 

.2915?2 

8.85 

15 

.820913  2.98 

.292108 

8.87 

16 

.821093  3.00 

.292635 

8.85 

17 

.821272 

2.98 

.293166 

8.87 

18 

.821451 

3.00 

.293698 

8.88 

19 

.821631 

2.98 

.294231 

8.88 

20 

.821810 

2.98 

.294764 

8.87 

21 

9.821989 

2.98 

10.295296 

8.90 

22 

.822168 

3.00 

.295830 

8.88 

23 

.822348 

2.98 

.296363 

8.90 

24 

.822527 

2.98 

.296897 

8.li0 

25 

.822706 

2.98 

.297431 

8.90 

26 

.822885 

2.98 

.297965 

8.92 

27 

.823064 

2.98 

.298500 

8.90 

28 

.823243 

2.97 

.299034 

8.98 

29 

.823421 

2.98 

.299570 

8.92 

30 

.823600 

2.98 

.900105 

8.98 

31 

9.823779 

2.98 

10.300641 

8.92 

32 

.823958 

2.97 

.301176 

8.95 

33 

.824136 

2.98 

.301713 

8.98 

34 

.824315 

2.97 

.302249 

8.95 

35 

.824493  ;  2.98 

.802786 

8.95 

3t) 

.824672 

2.97 

.303323 

8.95 

37 

.824850 

2.97 

.303860 

8.97 

38 

.825028 

2.98 

.804398 

8  97 

39 

.825207 

2.97 

.304936 

8.97 

40 

.825385 

2.97 

.30M74 

8.97 

41 

9.825563 

2.97 

10.306012 

8.98 

'  42 

.825741 

2.97 

.306551 

8.98 

43 

.825919 

2.97 

.307090 

8.98 

44 

.826097 

2.97 

.307629 

9.00 

•  45 

.826275 

2.97 

.308169 

8.98 

40 

.820453 

2.97 

.308708 

9.02 

47 

.826631 

2.97 

.309249 

9.00 

48 

.826809 

2.97 

.309789 

9.02 

49 

.826987  '■   2.95 

.310330 

9.02 

50 

.827164 

2.97 

.810871 

9.02 

51 

9.827342 

2.95 

10.311413 

9.02 

52 

.827519  ■:   2.97 

.811953 

9.03 

53 

.827697 

2.95 

.312495 

9.08 

51 

.827874 

2.97 

.318037 

9.05 

55 

.828052 

2.95 

.818580 

9.03 

50 

.828229 

2.95 

.814122 

9.05 

57 

.828406 

2.97 

.814665 

9.07 

58 

.828.5W 

2.95 

.815209 

9.05 

59 

.83S761 

2.95 

.815759 

9.07 

60 

9.828938 

2.95 

10.816296 

9.07 

71* 


0 

1 

2 
8 
4 
5 
6 
7 
8 
9 
10 

11 
12 
18 
14 
15 
16 
17 
18 
19 
20 

21 
22 
23 
24 
25 
26 
27 
28 
29 
80 

31 
32 
33 
34 
35 
36 
37 
88 
89 
40 

41 
42 
43 
44 
45 
46 
47 
48 
49 
50 

61 
52 
53 
54 
65 
66 
57 
68 
69 
60 


Vers. 


D.l'. 


Ex.  sec. 


9.828988 
.820115 
.829292 
.829469 
.829646 
.829828 
.830000 
.830177 
.830858 
.830580 
.830706 

9.830888 
.831059 
.831286 
.831412 
.831589 
.831766 
.881941 
.832117 
.832293 
.832469 

9.832645 
.882821 
.832997 
.883178 
.833849 
.833525 
.838700 
.833876 
834051 
.834227 

9.884402 
.834578 
.834753 
.834928 
.835104 
.885279 
.835454 
.835629 
.835804 
.885979 

9.836154 
.836829 
.886504 
.836678 
.886853 
.837028 
.887202 
.831377 
.837651 
.887726 

9.887900 
.888075 
.838249 
.88»428 
.838597 
.888771 
.888945 
.839119 
.889298 

9.839467 


2.95 
2.95 
2.95 
2.95 
2.95 
2.95 


2.95 
2.93 
2.95 
2.93 
2.95 


2.93 
2.95 
2.98 
2.95 
2.98 


93 
98 
98 
93 


2.98 

2.93 
2.98 
2.98 
2.93 
2.98 
2.92 
2.93 
2.92 
2.98 
2.92 

2.98 
2.92 
2.92 
2.93 
2.92 
2.92 
92 
92 
92 


2.92 


2 
2. 
2, 
2. 
2, 
2, 
2. 
2. 
2. 
2. 


92 
92 
90 
92 
92 
90 
88 
90 
92 
90 


2.92 
2.90 


90 
90 
90 


2.90 
2.90 
2.90 
2.90 
2.90 


10.816296 
.816840 
.817886 
.317929 
.318475 
.819020 
.819565 
.820111 
.820658 
.321204 
.821751 

10.822298 
.322845 
.823393 
.828941 
.824489 
.825038 
.825587 
.826136 
.826686 
.827235 

10.827786 
.828886 
.828887 
.829438 


.830541 
.831093 
.881645 
.832198 
.882750 

10.338304 
.333857 
.834411 
.834965 
.385520 
.886074 
.836629 
.337185 
.837741 
.838297 

10.338853 
.a39410 
.839967 
.840524 
.841062 
.841640 
.842198 
.842756 
.848315 
.848875 

10.844484 
.844994 
.345654 
.846115 
.846676 
.847287 
.847798 
.848860 
.848922 

10.849485 


D.r. 

9.07 
9.08 
9.07 
9.10 
9.06 
9.08 
9.10 
9.12 
9.10 
9.12 
9.12 

9.12 
9.13 
9.13 
9.18 
9.15 
9.15 
9.15 
9.17 
9.15 
9.18 

9.17 
9.18 
9.18 
9.18 
9.20 
9.20 
9.20 
9.22 
9.20 
9.28 

9.22 
9.23 
9.23 
9.25 
9.28 
9.26 
9.27 
9.27 
9.27 
9.27 

9.28 
9.28 
9.28 
9.30 
9.80 
9.80 
9.80 
9.82 
9.83 
9.32 

9.83 
9.88 
9.36 
9.85 
9.35 
9.85 
9.87 
9.87 
9.88 
9.88 
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» 

75» 

"o" 

Vers. 

D.  r. 

Ex.  sec. 

D.  r. 

1 
0 

Vers. 

D.  1'. 

Ex.  sec. 

D.  1'. 

9.859956 

2.80 

10.419618 

10.13 

9.869924 

2.75 

10.456928 

10.60 

1 

.860124 

2.78 

.420226 

10.15  i 

1  1 

.870089 

2.78 

.457564 

10.62 

2 

.860291 

2.80 

.420835 

10.17 

'  2 

.870258 

2.75 

.458201 

10.68 

3 

.860459 

2.78 

.421445 

10.15 

1  3 

.870418 

2.78 

.458839 

10.62 

4 

.860626 

2.80 

.422054 

10.17 

4 

.870582 

2.75 

.459476 

10.66 

5 

.860794 

2.78 

.422664 

10.18 

1  5 

.870747 

2.78 

.460115 

10.66 

6 

.860961 

2.78 

.423275 

10.18 

i  6 

.870911 

2.75 

.460754 

10.66 

7 

.861128 

2.80 

.423886 

10.20 

!  7 

.871076 

2.73 

.461898 

10.67 

8 

.861296 

2.78 

.424498 

10.20  ' 

8 

.871240 

2.73 

.462033 

10.67 

9 

.86146:3 

2.78 

.425110 

10.20 

9 

.871404 

2.73 

.462673 

10.68 

10 

.861630 

2.78 

.425?22 

10.22 

10 

.871568 

2.73 

.463314 

10  70 

11 

9.861797 

2.78 

10.426335 

10.22 

11 

9.871732 

2.73 

10.468956 

10.70 

VZ 

.8615)64 

2.78 

.426W8 

10.23 

12 

.871896 

2.73 

.464598 

10.70 

13 

.862131 

2.78 

.427562 

10.23 

13 

.872060 

2.73 

.465240 

10.72 

14 

.8622J)8 

2.78 

.428176 

10.23 

14 

.872224 

2.73 

465888 

10.78 

15 

.862465 

2.78 

.428790 

10.27 

15 

.872388 

2.73 

.466527 

10.78 

16 

.862632 

2.78 

.  .429406 

10.25 

16 

.872552 

2.78 

.467171 

10.78 

17 

.862799 

2.77 

.430021 

10.27 

17 

.872716 

2.73 

.467815 

10.76 

18 

.862965 

2.78 

.4:30637 

10.27 

!  18 

.872880 

2.72 

.468460 

10.77 

1  19 

.863132 

2.78 

.431253 

10.28 

1  19 

.873043 

2.73 

.469106 

10.77 

:dO 

.863299 

2.77 

.431870 

10.30 

20 

.873207 

2.73 

.469752 

10.77 

21 

9.86^465 

2.78 

10.43^488 

10.28 

21 

9.873371 

2.72 

10.470898 

10.78 

22 

.863632 

2.78 

.433ia> 

10.32  ' 

22 

.873534 

2.73 

.471046 

10.80 

2:3 

.863799 

2.77 

.4*3724 

10.30 

23 

.873698 

2.72 

.471698 

10.80 

24 

.WJ3965 

2.77 

.434JM2 

10.32 

24 

.873861 

2.78 

.472841 

10.82 

25 

.8(>4131 

2.78 
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58 

.907744 

2.57 

.635848 

18.87 

68 

.916864 

2.60 

.676768 

14.48 

59 

.907898 

2.55 

.636660 

18.87 

i  69 

.917014 

2.62 

.676688 

14.46 

60 

9.908051 

2.55 

10.637468 

18.40  1  60 

9.917165 

8.63 

10.677496 

14.46 
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9.917165  ;  2.52 

10.677495  :  14.45  j 

9.926119 

2.47 

10.781788  16.78 

1 

.917316 

2.50 

.678362  14.48  I 

1 

.926267 

2.47 

.782788 

16.76 

2 

.917466 

2.50 

.679231 

14.50  1 

2 

.920415 

2.45 

.783680 

16.88 

3 

.917616 

2.52 

.680101 

14.52 

3 

.926562 

2.47 

.734630 

16.88 

4 

.917767 

2.50 

.680972 

14  55 

4 

.926710 

2.47 

.735580 

16.67 

5  • 

.917917 

2.52 

.681845 

14.55 

5 

.926858  i  2.47 

.736688 

16.90 

6 

.918068 

2.50 

.6«,'^18 

14.58 

6 

.927006 

2.45 

.737486 

16.98 

7 

.918218 

2.50 

.683593  14.  (K) 

7 

.927153 

2.47 

.788441 

16.95 

8  , 

.918368 

2.50 

.684469  ,  14.62 
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.927301 

2.45 

.739898  16.97  i 

9 

.918518 

2.50 

.685346  14.63 

9 

.927448 

2.47 

.740366 

16.00 

10 

.9186(''8 

2.50 

.686224 

14.67 

10  , 

.927596 

2.45 

.741816 

16.08 

11 

9.918818 

2.50 

10.687104 

14.68 

11 

9.927743 

2.47 

10.742277 

16.08 

12 

.918968 

2.50 

.687985  14.70 

12 

.927891 

2.45 
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13 
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13 
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2.45 

.744804 

16.06 

14 
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2.50 

.689750 

14.73 

14 
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2.47 

.746169 

16.18 

15 
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.690634 

14.77 

15 

.928338 

2.46 
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16.18 
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.691520 

14.78  ! 

16 

.928480 

2.46 
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16.18 

17  . 

.919718 

2.50 

.692407 

14.80  1 

17 

.(J28627 

2.46 

.748076 

16.20 

18 

.919868 

2.50 

.693295 

14.83 

18 

.928774 

2.46 

.749048 

16.88 

19 

.920018 

2.48 

.694185 

14.83 

19 

.928921 

2.46 

.760081 

16.86 

20 

.920167 

2.50 

.695075 

14.87 

20 

.929068 

2.46 
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21 

9.920317 

2.48 

10.695967 

14.90 

21 

9.929216 

2.46 
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16.80 

22 
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2.50 
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14.90 

22 
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2.46 
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16.88 
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.697755 

14.93 

23 
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2.45 
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16.86 

24 

.920766 

2.48 
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14.95 
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16.88 

25 
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2.48 
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14.97 

25 

.929803 
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.766895 

16.48 

20 

.921064 
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.700446 

15.00 

26 

.929950 

2.45 

.766880 

16.48 

27 

.921214 

2.48 
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15.02 

27 

.930097 

2.43 

.767866 

16.47 

23 

.921363 

2.48 

.702247 

15.03 

28 

.930243 

2.45 

.768864 

16.60 

29 

.921512 

2.50 

.703149 

15.05 

29 

.930390 

2.45 

.759644 

16.6tt 

80 

.921662 

2.48 

.704052 

15.08  1 

30 

.930537 

2.43 

.760886 

16.68 

31 

9.921811 

2.48 

10.704957 

15.10 

31 

9.930688 

2.46 

10.761887 

16.08 

32 

.921960 

2.48 

.705803 

15.13 

32 

.930830 

2.48 

.762888 

16.00 

33 

.92^109 

2.48 

.706771 

15.15 

33 

.930976 

2.46 

.768818 

16.08 

34 

.922258 

2.48 

.707680 

15.17  i 

*4 

.931123 

2.43 

.764816 

16.07 

35 

.922407 

2.48 

.708590 

15.18  1 

35 

.931269 

2.46 

.766816 

16.68 

36 

.922556 

2.48 

.709501 

15.22 

36 

.931416 

2.43 

.766816 

16.78 

37 

.922705 

2.48 

.710414 

15.23  , 

37 

.931562 

2.43 

.767819 

16.78 

38 

.922854 

2.48 

.711328 

15.25 

38 

.931708 

2.46 

.768888 

16.T7 

39 

.923003 

2.48 

.712243 

15.28 

39 

.931855 

2.43 

.769889 

16.80 

40 

.923152 

2.48 

.713160 

15.30 

40 

.932001 

2.43 

.770687 

16.88 

41 

9.923301 

2.47 

10.714078 

15.33 

41 

9.982147 

2.43 

10.771646 

16.87 

42 

.92:^49 

2.48 

.714998 

15.:i5 

1  42 
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2.43 

.772858 

16.87 

43 
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2.48 
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15.37 

43 

.93^39 

2.43 

.778870 

16.98 

4i 
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2.47 
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15  38  . 

44 

.932585 

2.48 

.774886 

16.95 

45 
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2.48 
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15.42 

45 
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.776908 

16.97 

46 
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2.47 

.718689 

15.45 

46 
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2.48 
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17.00 

47 
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47 
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.777940 

17.08 

48 
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2.47 
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15.48 

48 
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17.07 

49 
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2.47 
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49 
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2.42 

.779985 

17.08 

50 

.921637 

2.48 

.722403 

15.53 

50 

.933460 

2.43 

.781010 

17.U 

51 
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2.47 
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15.56 

51 
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2.48 

10.788087 

17.18 

52 
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2  47 

.7242(W 

15.58 

52 
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2.42 

.788066 

17.18 

53 

.925082 

2.48 

.725203 

15.00 

1  53 
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2.4S 

.784096 

17.80 

54 
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2.47 

.726139 
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2.48 
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17.88 

55 
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.727077 

15.05 

65 
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17.87 

56 
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2.47 

.728016 

15.07 

66 
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17.80 

57 

.925675 

2.47 
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15.70 

57 

.934480 

2.42 

.788886 

17.88 

58 

.925823 

2.47 

.729898 

15.73 

58 

.934625 

2.42 

.789876 

17.85 

59 

.925971 

2.47 

.730*48 

15.73 

50 

.934770 

8.48 

.790817 

17.40 

60 

9.926119 

2.47 

10.731786 

15.78 

60 

9.934916 

8.43 

10.791861 

17.49 
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17.42 
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2.38 
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19.55 

1 

.935061 

2.42 

.792406 

17.45 

1 

.943702 

2.38 

.868838 

19.58 

2 

.935206 

2.43 

.79*453 

17.48 

2 

.943845 

2.37 

.860013 

19.63 

S 

.935352 

2.42 

.794502 

17.50 

3 

.943987 

2.38 

.861191 

19.67 

4 

.93»J97 

2.42 

.795552 

17.55 

4 

.944130 

2.38 

.862371 

19.72 

5 

.935642 

2.42 

.796605 

17.58 

5 

.944273 

2.37 

.863564 

19.75 

6 

.935787 

2.42 

.797660 

17.60 

6 

.944415 

2.38 

.864739 

19.80 

7 

.935932 

2.42 

.798716 

17.63 

7 

.944558 

2.37 

.866927 

19.83 

8 

.936077 

2.42 

.799774 

17.68 

8 

.944700 

2.38 

.867117 

19.88 

9 

.936222 

2.42 

.800835 

17.70 

9 

.944843 

2.37 

.868310 

19.92 

10 

.936367 

2.42 

.801897 

17.73 

10 

.944985 

2.37 

.869506 

19.97 

11 

9.936512 

2.42 

10.802961 

17.77 

:  11 

9.945127  2.38 

10.870703 

20.00 

12 

.936657 

2.40 

.804027 

17.80 

12 

.945270  2.37 

.871903 

20.05 

13 

.936801 

2.42 

.805095 

17. as 

1  13 

.945412  2.37 

.873106 

20.10 

14 

.936946 

2.42 

.806165 

17.87 

14 

.945554  2.37 

.874312 

20.13 

15 

.937091 

2.42 

.807237 

17.90 

15 

.946696  2.37 

.876520 

20.18 

16 

.937236 

2.40 

.808311 

17.93 

16 

.945838  2.38 

.876731 

20.23 

17 

.937380 

2.42 

.809387 

17.97 

17 

.945981 

2.37 

.877945 

20.27 

18 

.937525 

2.40 

.810465 

18.00 

18 

.946123 

2.37 

.879161 

20.30 

19 

.937669 

2.42 

.811545 

18.03 

19 

.946265 

2.37 

.880379 

20.37 

20 

.937814 

2.40 

.812627 

18.07 

20 

.946407 

2.37 

.881601 

20.40 

21 

9.937958 

2.42 

10.813711 

18.10 

21 

9.946549 

2.35 

10.882825 

20.45 

22 

.938103 

2.40 

.814797 

18.13 

22 

.946690 

2.37 

.884052 

20.48 

23 

.938247 

2.40 

.815885  i  18.17 

23 

.946832  1  2.37 

.885281 

20.55 

24 

.938391 

2.42 

.816975 

18.20 

^ 

.946974 

2.37 

.886514 

20.68 

25 

.938536 

2.40 

.818067 

18.23 

25 

.947116 

2.37 

.887749 

20.62 

26 

.938680 

2.40 

.819161  18.27 

26 

.947258 

2.35 

.cxxicloo 

20.68 

27 

.938824 

2.40 

.820257  18.32 

27 

.947399 

2.37 

.890227 

20.72 

28 

.938968 

2.40 

.82ia56  18.. 33  ' 

28 

.947541 

2.37 

.891470 

20.77 

29 

.939112 

2.38 

.822456  18.38  . 

29 

.947683 

2.35 

.892716 

20.82 

30 

.939257 

2.40 

.823559  18.42 

30 

.947824 

2.37 

.893965 

20.87 

31 

9.939401 

2.40 

10.824664 

18.43  1 

31 

9.947966 

2.35 

10.895217 

20.92 

32 

.939545 

2.38 

.825770  18.48 

32 

.948107 

2.37 

.896472 

20.96 

33 

.939688 

2.40 

.826879  18.52 

33 

.948249 

2.. 35 

.897729 

21.00 

34 

.939832 

2.40 

.827990  18.57  | 

34 

.948390 

2.35 

.898989 

21.07 

:i5 

.939976 

2.40 

.829104  i  18.58 

35 

.948531 

2.37 

.900263 

21.10 

36 

.940120 

2.40 

.830219  1  18.63 

36 

.948673 

2.89 

.901619 

21.15 

37 

.940264 

2.40 

.831337  18.65 

37 

.948814 

2.35 

.902788 

21.20 

m 

.940408 

2.38 

.832456  18.70 

38 

.948955 

2.36 

.904060 

21.26 

39 

.940551 

2.40 

.833578  1  18.75 

39 

.949096 

2.85 

.905335 

21.30 

40 

.940695 

2.40 

.8*4703  18.77 

40 

.949237 

2.37 

.906618 

21.33 

41 

9.940839 

2.38 

10.835829  18.80 

41- 

9.949379 

2  35 

10.907893 

21.40 

42 

.940982 

2.40 

.836957  18.85 

42 

.949520 

2.35 

.909177 

21.45 

43 

.941126 

2.38 

.838088  1  18.88 

43 

.949661 

2.35 

.910464 

21.50 

44  1 

.941269 

2.40 

.839221  18.93 

44 

.949802 

2.35 

.911754 

21.65 

45 

.941413 

2.38 

.840357  18.95 

45 

.949943 

2.33 

.918047 

21.60 

46 

.941556 

2.38 

.841494  ;  19.00 

46 

.950083 

2.35 

.914348 

21.65 

47 

.941699 

2.40 

.842634 

19.03 

47 

.950224 

2.36 

.915642 

21.70 

48 

.941843 

2.38 

.843776 

19.08 

1  48 

.950365 

2.35 

.916944 

21.75 

49 

.941986  2.38 

.841921 

19.12 

49 

.950506 

2.35 

.918249 

21.83 

50  1 

.942129 

2.38 

.846068 

19.15 

50 

.950647 

2.33 

.919558  ,  21.85 

51  ' 

9.942272 

2.38 

10.^7217 

19.18 

51 

9.950787 

235 

10.920869  21.92 

52 

.942415 

2.40 

.848368 

19.23 

52 

.950928 

2.35 

.922184 

21.97 

53 

.942559 

2.38 

.849522 

19.27 

53 

.951069 

2.33 

.928602 

22.02 

54 

.942702 

2.38 

.850678 

19.30 

54 

.951209 

2.35 

.924828 

22.07 

55 

.942845 

2.38 

.851836 

19.35 

55 

.951350 

2.33 

.926147 

22.18 

56  ! 

.942988 

2.38 

.852997 

19.40 

56 

.951490 

2.35 

.927475 

22.17 

57  i 

.943131 

2.37 

.854161 

19.42 

57 

.951&S1 

2.38 

.928805 

22.28 

58 

.943273 

2.38 

.855326 

19.47 

58 

.9^771 

2.33 

.980189 

22.80 

59 

.943416 

2.38 

.856494 

19.52 

59 

.951911 

2.35 

.981477 

22.88 

60  1 

9.943559  2.38  ■ 

10.&'.7666 

19.55 

60 

9.952052  2.38  < 

10.982817  22.40  j 

44& 
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17093  6.05205  .19498  :  6.188tt8 
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17933  5.57638  .19740  6.08064 


3!  .14143 
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22 


31 

3>' 
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35 
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54 
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29 1  .14915 
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.48198  ■  2.07476 

.5(K3(i8     1.98540  1 

.52575 

1.90208    10 

45     .46101 

2. 1(5917 

.48234  .  2.(17321 

.5(M04      1.98396 

.52613 

1.90006    15 

46    .4613(5 

2.1(5751 

.48270     2.071(57 

.5(V441      1.98258 

.62650 

1  89985  !14 

'47    .46171 

2.16585 

i   .48306     2.07014 

.5(»477      I.IWUO  1 

.62687 

l.flGHOl  il8: 

■48    .462W5 

2.16120 

'   .18342     2.06860 

.5(V)14      1.97966  • 

.52W4 

1.69007    IS 

'49     .46212 

2.1(5255 

1   .48:178  :  2.0(5706 

.50)50     1.97828  ! 

.52761 

1.89588   n  1 

50    .46277 

2.16090 

.•mn     2.06553 

.50587  ,  1.97681 

.52798 

1.89100    10, 

51     .4(W12 

2.15925 

.48150     2.0<5400 

'  .50623  ,  1.97588 

.52886 

l.R020b 

9: 

i  52'   .4tW18 

2.157(50 

.48486     2.(H5247 

i   .50(560     1.97395  \ 

.62878 

1.89188 

8 

58 1  .mm 

2.155J)6  , 

.4K521     2.0(5O{>4 

1   .50696     1.97253  | 

.52910 

1.69000 

54    .46118 

2.15132  ! 

.4aV)7     2.05942 

■   .50733 

1.97111  ; 

.52917 

1.88807 

55    .46154 

2.15268  j 

.4859;J     2.(V)790 

1   .50769 

-i.mm  -• 

•'  .62986 

1.88784 

1  56    .46^189 

2.15104 

.48(529  1  2.05637 

!   .50806 

1.96827  1 

.680(» 

1.88602 

57    .46525 

2.11910 

.48(5(55 

2.0M85 

'   .50848 

1.96685  1 

.63059 

1.6M60 

58    .46560 

2. 14777 

.48701 

2.053:i3 

.   .50879 

1.96544  1 

.58096 

1.88887 

59    .4»J51>5 

2.14(514  1 

.487:J7 

2.05182 

.50916 

l.i)(V102 

.58184 

1.8H806 

60     .46631 
Cotttug 

_2.14451_l 
Tiink    1 

6»           1 

.48773 
Cotang 

2.l«0:i0 

.50J)5;3  '  1.9(52(51  ' 
Cotang,    Tang    | 

1  .68171 
Cotaog 

1.880n 

# 

Tang 

Tang 

6 

64° 

63°          1 

68* 

•164 


TABLE  XXVm.-NATXmAL  TANGENTS  AND  COTaKCiEnTS. 


28= 

39° 

30= 

31= 

BO 

' 

W^ 

Tane 

oane 

Tang     t 

ang 

Tang 

Coanp 

0 

80405 

166188 

iwn 

180JM1 

-B089 

166318 

S-Wi     1 

~W-B 

60165 

-385 

6oaois 

]  66099 

J13 

]  -roil 

-r-41 

60MS 

105990 

86 

1  -irsa 

STfiB     1 

■mm 

60284 

I658B1 

«» 

1  '■W166 

D03S4 

fl9 

1  -KU 

2893 

h036( 

1  05663 

53 

J8 

i-ftiia 

68M8     1 

-STB 

60403 

1  65G64 

1  -Baw! 

SSOflo     1 

■3113  1 

1  65445 

1 

60483 

16533- 

<- 

H     * 

'ti.w 

1  -mri 

580.     1 

-193S 

605B2 
00562 

1  05  » 

n    .3115     1 

*^0 

03 

60608 

1650; 

u    53eiM    1 

588 

B064E 

lb    Ki  m 

IHR 

68«r    1 

00-61 

"Wl 

A       ^S!!"0  \ 

i.\     SJOftl 

B8B31   r| 

1  «3Rafl 

86 

1  -Tl. 

jgr  J 

85 

'Z^ 

68-48     1 

m 

1  8361" 

68-8-     1 

61160 

83 

ims' 

38 

1  -6808 

58SI»     1 

6% 

83S98 

1  -0  49 

688na    1 

6VB0 

OllttO 

1  63185 

80 

51161  a 

1  *136S!» 

09053 

S9 

%.     H3"       1 

1  fa 

589Ha      1 

69511 

1  829-^ 

•a    M4n9    1 

53-^    1 

J66fl3 

03DI 

raoas    1 

6»tM 

01400 

58-31 

-6B-1 

6m\   ] 

0931 

1  arbo 

tsfroB 

1  e86&i 

86 

JO     MSi.     1 

83413   1 

BBSOB 

.TflOK 

.59140     1 

611091 

.fliaso 

1,6»4S 

H 

Mm    1 

83380    1 

56846 

689711 

.01561 

89 

8»15ft 

nS886 

68806 

S3IIS3  '\ 

d6933 

lowers 

6Sr54 

!  01641 

l!88830 

B(I173     1 

ssauii 

609(8 

1.7SB6S 

Ibbsbt    1 

68643 

,81681 

80 

ssisoi 

1.TM3T 

.59336     1 

&(T4S     1 

B'nHg 

I ! 81 914 

H?8fl     1 

32S28    1 

5TO78 

i.moo 

:bwib 

68808 

:61801 

1.61808 

17 

* 

b-ma    I 

i.raoea 

!61882 

1,61708 
1.61SS8 

r, 

5JB0U     1 

8«iao  ) 

ii 

i:74ft« 

:69S33 

(17808 

,61989 
,61982 

1:SS 

1 

81899  : 

sran 

.asms 

1,61883 

65013     1 

ilTTi 

BTSOB 

:59651      1 

.flSUM 

1.61179 

57S4B 

i;7437a 

.59691     1 

67630 

.fl!l083 

1.61074 

81-'iS4 

5T386 

K 

MIit7     1 

urn  j 

574S5 

;T4(Bi 

'.eaka   1 

mas 

:SW64 

l!6n865 
1,6<CT1 

5 

.7a«B 

'.Kim    1 

MKS     1 

W90I 

S7680 

:73671 

.mm    ] 

56867 

.68835 

180449 

.BB987     I 

3 

'.'n^» 

.60007     1 

1064? 

KOSBft 

BT098 

.733^1 

.mm    I 

665.ia 

:6ai46 

raoia? 

HftlOS 

57735 

.7SJ06 

66489 

.0*487 

_0 

Col»DB| 

13^  C 

OUDg 

TBO8 

foUlIlg  ~ 

■^ 

Cotaug 

Ting 

ai- 

r 

ft 

0= 

6B" 

68- 

TABLE  XXVUL-NATURAL  TANGENTS  AND  COTANGENTS. 


32< 


38' 


Tang 

0 

.63487 

1 

.62537 

a 

.69M8 

3 

.62608 

4 

.6264!) 

6 

.6:2680 

6 

.62780 

7 

.68770 

8 

.62611 

9 

.62852 

0 

.62892 

n 

.6298:^ 

8 

i>.-k<\'->Q 

8 

.   14 

Cotan? 


40 


I 


51 
52 1 
53 

51 : 

5,5! 
56' 

5s! 
50: 


21  .68*40  ' 

22 1  .63380  I 

23 j  .6S421 

24!  .68462 

25  .68503  I 

261  .63544  I 

27  .635^4  ' 

28  .63625  . 
20 i  .63666 

80  .68707 

81  .68748 

82  .rKJ789 
88;  .63830 
81 1  .63871 
a')  .63012 
m\  .6:)053 
371  .63004 
38  .64035 
80 ;  .64076 


.64117 


41  .Wl.'iS 

42  .(UliH) 

43  .64240 
'44  .(W2H1 

45 1  .64:J22  ; 

;  -t(i  .G43<>3 

17  .(U-104  I 

48  .64446 

;  40  .W4H7  ! 

:  50  .W528  1 


.645<«) 

.atoio 
.64r>r)2 

.64()iU 
.64734 

.Oil  !•> 

.6isir 

.6ls.-,H 
.64041 


.60038 

.50980 

.59826 

.69723 

.59620 

.50.517  ' 

.59414  : 

.59311  I 

.59208  ! 

.59105 

.59002 

.58900 
.58707 
.58695 
.6a593 
.58490 
.68388 
.68280 
.58184 
.58083 
.57981 

.57879 
.57778 
. 57676 
.57675 
.57474 
.57372 
.57271 
.57170 
.57060 
.60969 

.56868 
.5<J7«7 
.56667 
.56566 
.5W()<) 
..56366 
.56265 
.561(k5 
.660('>5 
.65966 

..55866 
..557«)() 
.556<J6 
.55567 
.55467 
.55368 
.5.52()0 
.55170 
.55071 
.649r2 

.64873 
.5-1774 
.5Hir5 
.51.5:6 

.54i;s 
.5w;o 

.5I'JS1 

.511K'i 
.510S5 

..^•ios♦^ 


Tang 

.WlMl 
.64982 
.650iM 
.65065 
.65106 
.65148 
.65189 
.65231 
.(Wi2?2 
.6.)314 
.65355 

.65897 
.664:^8 
.65480 
.65521 
.65563 
.&5604 
.65646 
.65688 
.t{572{) 
.65771 

.65813 
.(J5854 
.(J580H 
.(S50;W 
.(W>980 

.66147 
.66189 

.66280 
.6627^2 
.(Mi314 
.66356 
.6(»08 
.66440 
.(564K2 

.tmu 

.6<r)0(S 
.64}n08 

.666.';0 
.(i(M>02 

.WJ776 
.66818 

.61)91)2 
.66044 
.((6086 
.67tfc28 

.67071 
671 13 
.671.V) 
.tin  07 
.6^J:lO 
.67:^X2 
.673^1 

j\T.m 

.67100 
.67151 


34« 


C'otang 


.530H6 
.53888 
.53791 
.53693 
.53505 
.58407 
.6*400 
.53302 
.58205 
.58107 
.53010 

.52013 
.52816 
.52710 
.52622 

.52420 
.52332 
.52235 
.52130 
.62043 

.51940 
.61850 
.51754 
.51(S58 
.515(i2 
.51466 
.51370 
..51275 
.51170 
.51084 

.50088 

.5t)7!)7 
.50702 
.5(N107 
.50512 
.60417 
.6tW22 
.60228 
.50133 

.5(X)38 
.4(MM4 
.4i)810 
.407.55 
.40fM'>l 

.40472 

.vxm 

.40-iS4 
.40100 

.4INK»7 
.4iNN)3 
.4SJHK) 
.4HS16 
.4Hr2i 
.  48<i20 
.4S,-WJ«) 
.4K412 
.4K810 
.4S2.".<J 


Tang 

.67451 
.67493 
.67536 
. 67578 
.67(520 
.67663 
.677a5 
.67748 
.67790 
.(j78:« 
. 67875 

.67917 
.67060 
.68002 
.68045 
.68088 
.68130 
.08173 
.68215 
.68258 
.()8301 

.68343 
.(i8;«6 
.(»8420 
.(H471 
.68.514 
.68.->57 

.mm 
.mwi 

.68685 
.68728 

.68771 
.(58814 
.68857 
.(58(K)0 
.68tW2 
.(58!)85 
.60028 
.(Mt071 
.60114 
.60157 

.6920<) 
.(51fcM3 
.60»86 
.(U>329 
.61«72 
.(50116 
.(50459 
.(5t»5a2 
.|5«>5I5 
.(50588 

.(5!N531 
.(5!«i75 
.60718 
.(507(51 
.6!(804 
.(50S47 
.(5!»801 

jwmi 

.<5{K»77 
.7iM>21 


I  ^otang 

.4i^56 
.48163 
48070 
.47977 
.4'reK5 
.47792 
.47699 
.47607 
.47514 
.47422 
.47330 


.472:38 
.47146 
A7(m 
.•46062 
.4(5870 
.46778 

.mm 

.4(5505 
.46503 
.46411 

.46320 
.4622{) 
.46137 
.4(KM6 
.45055 
.45864 
.45773 
.45(582 
.4.55{W 
.45501 


;. ' 


.45410 
.45320 
.45220 

.45i;w 

.45049 
.44a58 
.448(58 
.44778 
.44(588 
.44598 

.44508 
.44418 
.4432<.» 
.4423i) 
.44140 
.440(50 
.43070 
.43881 
.4.'57J>2 
.4370;i 

.43(514 
.4:1525 
.434:3(5 
.43:347 
.432.58 
.43160 
.43080 
.421M)2 

.42815 


I. 


36< 


Tang  I  Cotang 
.70021 


.700(>4 
.701(»7 
.701.51 
.701W 
.70238 
.TftJHl 
.70:325 
'.70:368 
.70412 
70455 

.70490 

1 1  .7(r>42 

!|   .70586 

■   .70629 

.70673 

,   .70717 

|;   .7(^760 

.70804 

■    .7IH48 

I   .70891 

I  .70935 
.70079 
.71023 
.71066 


'  It 


.71110  ' 
71164  I 
71198 
.71242 
.71285 
.71829 

.71873 
.71417 
.71461 
.71505 
.71M9 
.71693 
.71687 

.  .71681 
.71725 

,  .71769 

.71818 
,  .71K57 
.71901 
.71946 
.71990 

.r^m 

.72<»78 

.?J122 

I  .721(57 

I  .72211 

.?^255 

'  .722t»0 

.?J344 

:  .7^3888 

,  .7^^432 

I  .7^J477 

.72521 

.7T»65 

.72610 

.72651 


.42816  ,60 

.42736  'A9 

.42(538  58 

.42650  57 

.42462  156 

.42874  .65 

.42286  164 

.43198  68 

.42110  62 

.42022  .51 

.41984  '60 

.41M7  '49 

.41769  '48 

.41672  [47 

.41584  46 

.41497  46 

.41409  j44 

.41822  48 

41236  ,42 


41148 
.41061 


41 
40 


ao 

88 
87 


.40074 
.40887 
.40800 

.40714  iae 

.40627  !86 
.40540  |'i4 
.40464  '88 
.40367 
.40281 
.40105 


81 
80 


,40109 
.40022 
899S8 
80650 
.807ft4 
,89679 
80998 
.80907 
.89421 


.88850 
.80165 
.80070 
.88094 
.88900 
.888^ 
.88788 
.88668 
.38568 

.88i»i  ;io 


80 
28 
S7 
M 
89 
84 
88 
« 
81 
80 

18 
18 
17 
18 
15 
14 
18 
18 
U 


.88800 
.88814 

.88145 
.880(50 
.87076 
.87«01 
.37807 
.8T*iS8 
.87(08 


^Cotain,^  Tang  ,  CotAiiK  Tang   Cotang  1  Tang"  (.'otang]  ton^ 


8 
8 

7 
6 
6 
4 
8 
8 
1 
0 
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56< 
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TABLE  XXVin.— NATURAL  TANGENTS  AND  COTANGENTS. 
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Tangr 
.72654 

Cotanjf 

l.:37638 

1 

.72699 

1.37554 

3 

.72743 

1.37470 

3 

.72788 

l.:37386 

4 

.72832 

1.37302 

5 

.72877 

1.37218 

6 

.72921 

1.37131 

7 

.72966 

1.37050 

8 

.73010 

1.36967 

9 

.78055 

1.36883 

10 

.73100 

1.36800 

U 

.73144 

1.36716 

12 

.78189 

1.36633 

13 

.73234 

1.36549 

14 

.73278 

1.36466 

15 

.73323 

1.36383 

16 

.7:3368 

1.36300 

17 

.73413 

1.36217 

18 

.73457 

1.361*4 

19 

.73502 

1.36051 

20 

.78&47 

1.35968 

21 

.78592 

1.85885 

22 

.73637 

1.35802 

23 

.73681 

1.35719 

24 

.73?26 

1.35637 

25 

.73771 

1.855M 

26 

.73816 

1.35472 

27 

.73861 

l.35;«9 

28 

.78900 

1.85307 

29 

.73951 

1.35224 

30 

.73996 

1.35142 

31 

.74041 

1.85060 

32 

.74086 

1.84978 

3;^ 

.74131 

1.34896 

34 

.74176 

1.34814 

35 

.74221 

1.84732 

36 

.74267 

1.34650 

37 

.74312 

1.34568 

38 

.74357 

1.34487 

39 

.74409 

1.34405 

40 

.74447 

1.34323 

41 

.74492 

l.JMi^42 

42 

.74538 

1.34160 

43 

.74583 

1.34079 

44 

.74628 

1.33998 

45 

.74674 

1.33916 

40 

.74719 

1.33835 

47 

.747(V4 

1.33754 

48 

.74810 

l.*)673 

49 

.74855 

1.33592 

50 

.74900 

l.:mil 

51 

.74946 

1.3&4d0 

52 

.74991 

1.33349 

5:i 

.75037 

1.33268 

54 

.75082 

1.88187 

55 

.75128 

1.88107 

50 

.75173 

1.33036 

57 

.75219 

1.32946 

58 

.75864 

1.32865 

59 

.75810 

1.32785 

60 

.75365 

1.32704 

37* 


38« 


39« 


Tang 

.75355 
.75401 
.75447 
.75492 
.75538 
.75584 
.75629 
.75675 
.75721 
.75767 
.75812 

.75858 
.75904 
.75950 
.75996 
.76043 
.76068 
.76134 
.76180 
.76226 
.76272 

.76318 
.76364 
.76410 
.76456 
.76502 
.76548 
.76594 
.76640 
.76686 
.76783 

.76779 
.76825 
.76871 
.76918 
.76964 
.77010 
.77057 
.77103 
.77149 
.77196 

.77242 

.77289 
.773*5 
.77382 
.77428 
.77475 
.77521 
.77568 
.77615 
'^7661 


Cotang 


Til 


Cotaug     Tang 


br 


.77708 
.77754 
.77801 
.77848 
.77895 
.77941 
. iT9oo 
.78035 
.78082 
.78129 

Cotang 


.32704 

.:32624 

.32544 

.32464 

.32384  ! 

.32304 

.32324 

.32144 

.32064 

.31984 

.31904 

.31825 
.31745 
.31666 
.31586 
.31507 
.31427 
.31348 
.31369 
.31190 
.31110 

.31031 
.30952 
.30673 
.30795 
.30716 
.30637 
.30558 
.30480 
.30401 
.30833 

.30344 
.30166 
.30087 
.30009 
.29931 
.29853 
.29775 
.296t)6 
.29618 
.29541  I 

.29463  > 
.29385  I 
.29307 
.29229  I 
.29152 
.39074  I 
.38997  . 
.38919 
.38843 
.38764 

.38687 
.38610  I 
.28583  'I 
.38456  li 
.38879  I 
.38303  I 
.38225 
.28148  i! 
.38071  II 
.27994  i 


Tang 

.78129 
.78175 
.78233 
.78369 
.78316 
.78363 
.78410 
.78457 
.78504 
.78551 
.78598 

.78645 
.78693 
.78739 
.78786 
.78884 
.78881 
.78928 
.78975 
.79033 
.79070 

.79117 
.79164 
.79313 
.79359 
.79806 
.79354 
.79401 
.79449 
.79496 
.79544 

.79591 

.79639  i 

.79686  I 

.79734  I 

.79781 

.79839 

.79877 

.79924 

.79972 

.80030 

.80067 
.80115 
.80168 
.80311 
.80358 
.80806 
.80854 
.80403 
.80450 
.80498 

.80546 
.80504 
.80648 
.80690 
.80788 
.80786 
.80884 
.80683 
.80980 
.80978  ' 


Cotang 


.27994 

.27917 

.27841 

.27764 

.27688 

.27611 

.27535  I 

.27468  i 

.27383 

.27306  ' 

.27230 

.27153 

.27077 

.27001 

.26925 

.26849  I 

.26774  i 

.26698 

.26622 

.26546 

.26471 

.26895  \ 
.26319  : 
.26244 
.36169  j 
.26093  ' 
.26018 
.25943 
.25867 
.25798 
.35717  , 

.26642 
.35567 
.25492 
.25417 
.25348 
.25268 
.35193 
.36118 
.35044 
.34969  I 

.24895  ' 
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.01703 
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.01714 
.01720 
.01725 
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.01736 
.01742 
.01747 
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.01764 
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.01815 

.01820 
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.01832 
.01837 
.01843 
.01849 
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.01860 
.01866 
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.01848 
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.01854 

.01860  i 
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.01882 
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.01904 
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.01916 
.01921 
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.01961 
.01967 
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.01979 
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.01888 
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.01977 
.01968 
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.02078  84 
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.02110  40 
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TABLE  XXIX.— NATURAL  VKRSED  SINES   AND  EXTERNAL  SECANTS. 
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Vers.  Ex.  sec. 
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.03874 
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.04370 
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.04894 
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.05448 
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1 
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.04378 
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.04903 
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2 
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.04387 

.04588 

.04912 
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.65407 
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3 
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.04597 

.04921 

.05176 
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4 
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.04005 

.04404 
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.04980 

.05186 
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5 

.03914 

.04073 

.04412 

.04010 

.  .04989 

.05196 

.05496 
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.6 

.03922 

.04082 

.04421 

.04025  , 

.04948 

.05206 

.05605 

.06836 

8 

r 

.03980 

.04091 

.04429 

.04035 

i  .04957 

.05210 

1  .06515 

.06886 

7 

? 

.03938 
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.04438 

.04044  : 

!  .04W7 

.05220 

.05624 

.05847   8 

9 

.03940 

.04108 

.04440 

.04^53 

.04976 

.05280 

.05534 

.06868   9 

10 

.03954 

.04117 

.04455 

.ai008 

.04985 

.05240 

.05548 

.05869 

10 

11 

.08963 

.04120 

.04404 

.04072 

.04994 

.05256 

.05558 

.06879 

11 

l:i 

.03971 

.041.35 

.044?2 

.04683 

.05003 

.05266 

.05502 

.06890  1  13 

'   13 

.03979 

.04144 

.04481 

.04091 

.05012 

.05276 

.05572 

.06901  '  18 

.  14 

.03987 

.04152 

.04489 

.04700 

.05021 

.05280 

.05582 

.06911   14 

■   \5 

.08995 

.04101 

.04498 

.04710 

.05030 

.05297 

.05591 

.06933  '  15 

C 

.04003 

.04170 

.04507 

.04719  1 

.05039 

.05307 

.05001 

M9S8  ,   16 

.7 

.04011 

.04179 

.04515 

.04729 

.05048 

.05817 

■  .05010 

.05944  !  17 

18 

.04019 

.04188 

.04624 

.04738  = 

.0.5057 

.05827 

i  .05630 

.05956 

18 

19 

.04028 

.04197 

.04533 

.04748 

.05007 

.05337 

.06680 

.06965 

19 

20 

.04030 

.04200 

.04541 

.04757 

.05070 

.05847 

.05689 

.05976 

80 

21 

.04044 

.04214 

.04550 

.04767 

.05085 

.0.5.857  ; 

.05649 

.06987  31  1 

22 

.04052 

.04228 

.04559 

.04rr6 

'  .05094 

.05307  1 

.06668 

.0699o 

33 

23 

.04060 

.04232 

.04507 

.04780 

.05103 

.05378 

.06668 

.06009 

38 

24 

.04009 

.04241 

.04576 

.04795  i 

.05112 

.05388 

.0507* 

.06020 

84 

25 

.04077 

.04250 

.04585 

,  .04805  : 

.  .05122 

.053J)8 

i  .05687 

.06080 

35 

20 

.04085 

.04259 

.04598 

'  .04815 

.05131 

.05406 

.05697 

.06041 

36 

27 

.04093 

.04208 

.04002 

.04S24 

.05140 

.05418 

!  .06707 

.06063 

37 

28 

.04102 

.04:?r7  ■ 

.04011 

.04884 

.05149 

.05429 

.06716 

.06068  38 

29 

.04110 

.04280 

.04020 

.01S48 

.05158 

.05489 

.05736 

.06074  39 

30 

.04118 

.04295  ■ 

.04028 

.04853 

.05108 

.05449 

j  .06786 

.06065  ;  ao 

31 

.04126 

.04304 

.04037 

.04868 

.05177 

.05400 

!  .05746 

.06096  I  81 

32 

.04185 

.04818 

.04040 

.04872 

.05180 

.05470 

;  .05755 

.06107  i  83 

33 

.04143 

.01322 

.04055 

.04H82 

.05195 

.Or>480 

■  .05705 

.06118  88 

34 

.04151 

.04881 

.04003 

.04891  1 

.05205 

.05490 

.05rr5 

.06139  84 

35 

.04159 

.OIJWO 

.04072 

.04}K)1 

,  .05214 

.05501 

:  .05785 

.06140  85 

30 

.04108 

.04:«9 

.04081 

.04911  i 

!  .05228 

.05511 

.05794 

.06151  86 

37 

.04170 

043.58 

.04090 

.04920 

;  .05282 

.05521 

.06804 

.00163  87 

38 

.04184 

.04807 

.04099 

.04930  i 

.05242 

.05582 

.06814 

.0<5178  88 

39 

.04193 

.04870 

.04707 

.04940 

.05251 

.(;5542 

.06824 

.06184 

89 

40 

.04201 

.04885 

.04710 

.04950  ; 

.05200 

.05552 

.06883 

.06195 

40 

41 

.04209 

.04894  ■ 

.04725 

.04959 

.05270 

.055&3 

.05843 

.06306  41 

12 

.04218 

.04108 

.01734 

.04909 

;  .05279 

.05578 

.05863 

.06317  43 

43 

.04220 

.04418 

.04743 

.049?J 

;  .05288 

.05584 

.05863 

.00338  48 

-44 

.(U234 

.04422 

.04752 

.04989 

'  .05298 

.05594 

.05873 

.00389  44 

45 

.04J^43 

.04431 

.04700 

.04998 

,  .05307 

.05004 

.05882 

.06360  46 

40 

.04251 

.04440 

.04709 

.05(X)8 

.05310 

.05015 

.05892 

.06361  46 

47 

.042<K) 

.04-149 

.04778 

.05018 

.05326 

.(K5025 

1  .05902 

.0H378  47  J 

48 

.042(W 

.04458 

.04787 

.(»5()28 

.05a85 

.05030 

.05912 

.06368  48  i 

49 

.04270 

.04408 

.04790 

.0.5():iS 

.  .05;M4 

.05040 

1  .05932 

.06395 

49 

50 

.042H5 

.04477  , 

.04805 

.0.5047  ■ 

.0')354 

.05057 

'  .06932 

.06800 

60 

51 

.042a3 

.04486 

.04814 

.05a57 

.05363 

.05667 

1  .05942 

.06817  '  51 

52 

.04302 

.044JK5 

,  .0182:J 

.(r)0()7 

.05878 

.05078  1 

.05951 

.00828  6t 

53 

.04:^0 

.04504 

.048.32 

.a-.07r 

.05:382 

.05<J88 

.05961 

.06889  68 

rA 

.04819 

.04514 

.04841 

.05087 

.0.5891 

.05<«K) 

.05i>71 

.00850  U 

55 

.04:J27 

.04.523 

.04R"0 

.050J)7 

.05401 

.05709 

.05JJ81 

.06803  56 

50 

.(V4330 

.04.532 

'  .04K58 

.05107 

.05410 

.05?J0 

.05JJ91 

.00878  86 

57 

.04814 

.04541 

i  .048<>7 

.05110 

.05420 

.06780 

.0«K)1 

.06884  57 

58 

.048.>8 

(M.wl 

.(MS70 

.0512<l 

1  .05429 

.05741 

.00011 

.06895  58 

59 

.04301 

.04500 

.048K) 

.05180 

,  .05489 

.05751 

.00031 

.own    68 

CO 

.04870 

.04509 

.  .0489-4 

.05140 

.05448 

.05762  i 

'  .00081 

.06418  1  80 
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TABLE  XXIX— NATURAL  VERSED   SINES   AND  EXTERNAL  SBOAliTa 
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0 

24* 

25* 

1 

26* 

27* 
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0 

Vers. 

Ex.  sec. 

Vers. 
.09369 

1 
Ex.  sec. 

.10338  j 

Vers. 

Ex.  sec. 

Vers. 

Ex.  see. 

.08645 

.09464 

.10121 

.11260 

.10699 

.12233 

1 

.08657 

.09478 

.09382 

.10353  I 

.10133 

.11276 

.10913 

.12249 

1 

2 

.08669 

.09492 

.09394 

10368  ; 

.10146 

.11292  1 

.10926 

.12266 

2 

3  : 

.08681 

.09506 

.09406 

.10383 

.10159 

.11306  : 

.10989 

.12283 

8 

4 

.08693 

.09520 

.09418 

.10396 

.10172 

.11323 

.10952 

.12299 

4 

5 

.08705 

.09535 

.09431 

.10413 

.10164 

.11339 

.10965 

.12816 

5 

«-t,6 

.08717 

.09549 

.09443 

.10428 

.10197 

.11355 

.10979 

.12888 

6 

^' 

.08728 

.09563 

.09455 

.10443 

.10210 

.11871 

.10992 

.12849 

7 

^' 

.08740 

.09577 

.09468  ; 

.10456 

.10223 

.11387 

:  .11005 

.12366 

8 

Vfl  1 

.08752 

.09592 

.09480 

.10473 

.10236 

.11408 

1  .11019 

.12888 

9 

^0 

.08764 

.09606 

.09493 

.10488 

1  .10248 

1 

.11419 

.11032 

.1^100 

10 

1 

.06776 

.09620 

.09505 

.10503 

■  .10261 

.11435 

.11045 

.12416 

11 

a 

.08788 

.09635 

.09517 

.10516 

.10274 

.11451 

.11056 

.12488 

18 

o 

.08800 

.09649 

;  .09530 

.10533 

.10287 

.11467 

.now 

.12460 

18 

.08812 

.09663 

.09542 

.10549 

.10300 

.11483 

.11066 

.12467 

14 

.08821 

.09678  : 

;  .09554 

.10564 

.10313 

.11499 

.11096 

.18484 

15 

.08836 

.09692 

.09567 

.10579 

.10326 

.11515 

.11112 

.12501 

16 

• 

.06848 

.09707 

.09579 

.10594  : 

.10338 

.11531 

.11125 

.12518 

17 

8 

.08M60 

.09721 

.09592 

.10609 

.10351 

.11547 

.11186 

.12534. 

18 

.9 

.08872 

.09735 

.09604 

.10625 

.10364 

.11563 

.11152 

.12551 

10 

20 

.08884 

.00750 

.09617 

.10640 

.10377 

.11579 

i  .11165 

.12668 

20 

21 

.08896 

.09764  : 

[  .09629 

.10655 

.10390 

.11595 

!  .11178 

.12586 

21 

22 

.06908 

.09779 

.09642 

.10070 

.10403 

.11611 

.11192 

.11X02 

82 

23 

.08920 

.09793 

.09654 

.10686 

.10416 

.11627 

.11205 

.12619 

28 

24 

.08932 

.09806 

.09666 

.10701 

.10429 

.11643 

.11218 

.12686 

84. 

25 

.08944 

.09622 

.09679 

.10716 

.10442 

.11659 

.11232 

.12663 

85 

26 

.08956 

.09837 

.09691 

.10731 

.10455 

.11675 

.11245 

.12670 

SO 

27 

.08968 

.09851 

.09704 

.10747 

.10468 

.11691 

;  .11259 

.18687 

87 

28 

.08980 

.09866 

.09716 

.10762 

.10481 

.11708 

i  .11272 

.127W 

28 

29 

.08992 

.09880 

.09729 

.lorn' 

.10494 

.11724 

.11285 

.12781 

29 

30 

.09004 

.09895 

.09741 

.10793 

1  .10507 

.11740 

.11299 

.12788 

80 

31 

.09016 

.09909 

.09754 

.10806 

,  .10520 

.11756 

.11812 

.12756 

81 

82 

.09028 

.09024 

.09707 

.10824 

.10533 

.117?2 

.11326 

.127ra 

82 

33 

.09040 

.09939  : 

.09779 

.10839  : 

.10M6 

.11789 

'  .11339 

.12789 

88 

34 

.09052 

.0905.J 

1  .09792 

.10854  : 

.10559 

.11805 

.11358 

.18807 

84 

35 

.09064 

.09968 

.09804 

.10870 

.10572 

.11821 

.11366 

.18884 

85 

36 

.09076 

.00982 

.09817 

.10885 

.10585 

.11838 

.11380 

.18841 

80 

37 

.09089 

.09997 

.09829 

.10901 

.10598 

.11854 

.11398 

.18868 

87 

38 

.09101 

.10012 

.09642 

.10916 

.10011 

.11870 

,  .11407 

.18875 

88 

39 

.09113 

■  .10026  : 

.09854 

.10932  i 

.10024 

.iia«6 

.  .11420 

.18808 

80 

40 

.09125 

j  .10041 

.09867 

.10947  , 

.10037 

.11903 

;  .11434 

.18910 

40 

41 

.09137 

!  .10055 

.09880 

.10963 

.10650 

.11919 

'  .11447 

.12927 

41 

42 

.09149 

.10071 

;  .09892 

.10978 

.10663 

.11986 

.11461 

.12944 

48 

4;^ 

:  .09161 

.10085 

1  .09905 

.10994 

.10076 

.11958 

:  .11474 

.12961 

48 

44 

.09174 

I  .10100 

'  .09918 

.11009 

.10689 

.11968 

.11488 

A2!m 

44 

45 

.0J)186 

.10115 

.09930 

.11025 

.10702 

.11985 

.11601 

.18996 

46 

4(J 

.09198 

.10180 

.09943 

.11041 

,  .10715 

.12001 

.11515 

.18018 

40 

47 

.09210 

.10144 

.09955 

.11056 

,  .10728 

.12018 

.11528 

.18081 

47 

48 

.092:i2 

.10159 

.0990S 

.11072 

!  .10741 

.12034 

i  .11M2 

.18048 

48 

49 

.09234 

.10174 

:  .09981 

.11087  ' 

.10755 

.12051 

1  .11555 

.13066 

48 

50 

.09247 

.10189 

.09993 

.11103 

.10768 

.12067 

.11569 

.18068 

60 

51 

.00259 

.10204' 

.10006 

!  .11119  ' 

.10781 

.12064 

i  .11683 

.18100 

61 

52 

.09271 

.10218 

.10019 

.11134 

.  .10794 

.12100 

.11596 

.18117 

59 

53 
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.1023:^ 

.10032 

.11150 

i  .10807 

.12117 

.11610 
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68 

54 
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!  .10248 

.10044 

.11166 

1  .10820 
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.18168 

54 

55 
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'  .10268 

.10057 

.11181 

:  .10833 

.12150 

.11687 
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65 

50 

.09320 

;  .10278 

.10070 

.11197  , 

.10647 

.12166 

!  .11651 

.18187 

68 

57 

.09332 

.10293  , 

.10082 

.11213  i 

.ia%o 

.12183 

!  .11664 

.18805 

57 

58 

.09345 

.10306  ! 

.10095 

.11229 

.10873 

.12199 

!  .11678 

.18SS9 

68 

69 

.09357 

.10323 

.10108 

.11244 

.10880 

.12210 

.11698 
.11706 

.18810 

60 

60 

.09369 

1  .10638  . 

.10121 

.11260 

i  .10699 

.12288 

.18807 

00 
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Vers. 
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Vers. 
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Vers. 
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.11705 

.13257 

.12538 

.14335 

.13397 

.1W70 

.14283 

.16663 

0 
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X 

.11719 

.13275 

.12552 

.14354 

.13412 

.15489 

.14298 

.16684   1 

2 

.117a3 

.13292 

.12566 

.14372 

.13427 

.15509 

.14313 

.16704 

2 

8 

.11746 

.13310 

.12580 

.14391 

.13441 

.15528 

.14328 

.16725 

3 

4 

.11760 

.13327 

.12595 

.14409 

.13450 

.15548 

.14*43 

.16745 

4 

5 

.11774 

.13345 

.12609 

.14428 

.13470 

.15567 

.143.58 

.16706 

6 

6 

.11787 

.13362 

.12623 

.14446 

.13485 

.15587 

.14373 

.16786 

a 

7 

.11801 

.13380 

.12637 

.14465 

.13499 

.15606 

.14388 

.16806 

8 

.11815 

.13398 

.12651 

.14483 

.13514 

.15626 

.14403 

.16827 

9 

.11828 

.13415 

.12665 

.14502 

.13529 

.15645 

.14418 

.16848 

t.- 

10 

.11842 

.13133 

.12679 

.14521 

.13543 

.15665 

.14433 

.16868 

10 

11 

.11856 

.13451 

.12694 

.14539 

.ia558 

.15684 

.14449 

.16889 

11 

12 

.11870 

.ia468 

.12708 

.14558 

.13573 

.15704 

.14464 

.10909 

12^ 

13 

.11883 

.13486 

.12722 

.14576 

.13587 

.15724 

.14479 

.16930 

l.<* 

14 

.11897 

.13504 

.12736 

.14595 

.13602 

.15743 

.14494 

.16950 

1 

15 

.11911 

.13521 

.12750 

.14614 

.13616 

.15763 

.14509 

.10971 

1 

16 

.11925 

.13539 

.12705 

.14632 

.13631 

.15782 

.14524 

.10992 

17 

.11^)38 

.13557 

.12779 

.14651 

.13646 

.15802 

.14,539 

.17012 

18 

.11952 

.13575 

.12793 

.14670 

.13660 

.15822 

.14554 

.17033 

is 

19 

.11966 

AS5m 

1  .12807 

.14089 

.13675 

.15a41 

.14509 

.17.54 

19 

20 

.11980 

.13610 

!  .12822 

.14707 

.13690 

.15861 

.14584 

.17075 

20 

21 

.11994 

.13628 

.12836 

.14?^ 

.13705 

.15881 

.14.599 

.17095 

21 

22 

.12007 

.13G46 

.12850 

.14745 

.13719 

.15901  ! 

.14015 

.17116 

22 

23 

.12021 

.13664  1 

.12864 

.14764 

.13734 

.15920  i 

.14630 

.17137 

23 

24 

.12035 

.13682  1 

.12879 

.14782 

.13749 

.15940 

.14045 

.17158 

24 

25 

.12049 

.13700  1 

.12893 

.14:^1 

.13763 

.15960 

.14660 

.17178 

25 

26 

.12063 

.13718  . 

.12907 

.14820 

.13778 

.15980 

.14675 

.17199 

26 

27 

.12077 

.13735  , 

.12921 

.14839 

.13793 

.16000 

.14600 

.17220 

27 

28 

.12091 

.13753 

.12936 

.14858 

.13808 

.16019  1 

.14706 

.17241 

28 

29 

.12104 

.13771  ! 

.12950 

.14877 

.13822 

.16039 

.14721 

.17262 

29 

30 

.12118 

.13789  , 

.12964 

.14896  1 

.13837 

.16059  , 

.14736 

.17283 

30 

31 

.12132 

.13807 

.12979 

.14914  1 

.13852 

.16079  i 

.14751 

.17304 

31 

32 

.12146 

.13825 

.12993 

.14033  ! 

.13867 

.16099  1 

.14706 

.17;]25 

82 

33 

.12160 

.13843 

.i:W07 

.14952  ! 

.13881 

.16119 

.14782 

.17.S46 

a3 

34 

.12174 

.13861 

.13022 

.14971 

.13396 

.16139 

.14797 

.17:367 

a4 

.35 

.12188 

.13879 

.13036 

.14990 

.13911 
.13926 

.16159 

.14812 

.17388 

35 

36 

.12202 

.13897 

.13a51 

.15009 

.16179  1 

.14827 

.17409 

36 

37 

.12216 

.13916  1 

.13005 

.1.5028  , 

'lis 

.16199 

.14843 

.17430 

37 

38 

.12230 

.139;i4 

.13079 

.1.5047  ! 

.16219 

.14^58 

.17451 

as 

39 

.12244 

.13a")2 

.13004 

.15066 

! 13970 

.162:^9 

.14873 

.17472 

39 

40 

.12257 

.13970 

.13108 

.15085 

.1«g85 

.16259 

.14888 

.17493 

40 

41 

.12271 

.13988 

.13122 

.1.5105 

.14000 

.16279 

.14904 

.17514 

41 

42 

.12285 

.14006 

.13137 

.15124 

.14015 

.16299 

.14919 

.17535 

42 

1  43 

.12299 

.14024 

.13151 

.15143 

.14030 

.16319 

.14934 

.175.56 

43 

■    4t 

.12313 

.14042 

.13166 

.15162 

.14044 

.16339 

.14949 

.17577 

44 

45 

.12327 

.14061 

.13180 

.15181 

.14059 

.16359 

.14965 

.17598 

45 

1  46 

.12341 

.14079 

.13195 

.15200 

.14074 

.16380 

.14980 

.17620 

46 

.  47 

.12355 

.14097 

.13209 

.1.5219 

.14089 

.16400 

.14995 

.17041 

47  ' 

48 

.12369 

.14115 

.13223 

.15239 

.14104 

.16420 

.15011 

.17C62 

48 

49 

.12383 

.14134 

.13238 

.15258 

.14119 

.1W40 

.15026 

.17083 

49 

50 

.12397 

.14152 

.13252 

.15277 

.14134 

.16460 

.15041 

.17704 

60 

51 

.1^11 

.14170 

.13267 

.1529G 

.14149 

.16481 

.15057 

.17726 

61 

52 

.12425 

.14188 

.13281 

.1R15 

.14164 

.16501  1 

.15071} 

.17747 

62 

53 

.12439 

.14207  ' 

.13296 

injiss 

.14179 

.16.521  1 

.15087 

.17768 

63 

54 

.12454 

.14225  i 

.13310 

Assm 

.14194 

.16541  ! 

.15103 
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64 

55 

.12468 

.14^43  t 

.13325 

.1^73 

.14208 

.16562 

.15118 

.17811 

65 

56 
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.14262 

.13339 

.15393 

.14223 

.16582 

.15134 

.17832 

56 

57 

.1^96 

.14280 

.ia354 

.15412 

.14238 

.16602 

.16149 

.17854 

67 

58 

.12510 

.14299 

.13368 

.15431 

.14253 

.16623 

.15164 

.17875 

68 

59 

.12524 

.14317 

.13383 

.15151 

.14208 

.16643 

.15180 

.17896 

69 

60 

.12538 

.14335  1 

.13397 

.15470 

.14288 

.166G3 

.16195 

.17918 

60 
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Table  xxix.-natural  versed  sines  and  EXtERNAL  sEOAMra 
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0 

82» 
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/  1 

Vers.  Ex.  sec. 

j  Vers. 

Ex.  sec. 

Vers. 

Ex.  sec. 

1 

Vers. 

Ex.  sec. 
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.15195 
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.16i:i3 

.19236 

17096 
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.18085 
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0  : 

1 
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.20645 
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1 

2 
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8 
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8 

4 
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.16196 

.19327 
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.20717 
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4 

5 
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.18026 
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.19349 

.17178 
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6 
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17194 

.20764 

.18185 
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6 

7 
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.22252 

7 

8 
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.19417 
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8 
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.19440 

17243 

.20836 

.18235 

.22802   9 

10 
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.18133 

.16292 

.19403  '  . 

17259 

.20869 

.18252 
.18269 

.88827  10  , 

11 

.15305  ' 

.18155 

.16308 

.194a5 

17276  ' 

.20888 

.22&52  11 

12 

.15381 

18176 

.16324 

.19508  1 

.17292 

.20907 

.18286 

.22877  12  . 

13 

.15396 

.18198 

.16340 

.19531  ) 

17308 

.20931 

.18802 

.22402  ;  13  1 

>  14 

.15412 

.18220  1 

.16355 

.19554 

.17:J25 

.20955 

i  .188^9 

.22428:  14 

15 

.15427 

18211  ' 

.16:)71 

.19576 

17*41 

.20979 

i  .18836 

.22458  15 

16 

.15443 

.18208 

.16387 

.19599 

.17857 

.21008 

:  .18353 

.22478  .  16  1 

:  17 

.1545S 

18285 

.16403 

.19622 

.17374 

.21027 

.18869 

.2^03  .  17 

1  18 

.15474 

18:i07  ! 

!  .10419 

.19645 

.17390 

.21051 

.18886 

.22528  18 

19 

.15189 

18rJ28 

'  .16435 

.19068 

.17407 

.21075 

1  .18403 

.22554  10 

20 

.15505 

18850  i 

.10451 

.19091 

.17423 

.21099 

.ltM20 

.22579  90 

21 

.15520 

18372  1 

.16467 

.19713 

.17439 

.21128 

.18437 

.22604  1  21 

22 

.155;i6 

Amn 

.lOlKi 

.197.i6   , 

,1745(5 

".21147 

.18454 

.1^029  22 

23 

.15552 

.18116 

.164!>9 

.19759 

,17472 

.21171 

.1W70 

.22655  83 

24 

.15567 

.18137 

.16515 

.19782 

.1718'J 

.21195 

.18487 

.22680  .  24 

25 

.1558;^ 

.18t.)9 

.16531 

.19805 

.17505 

.21220 

.18501 

.22ro6 :  as 

26 

.15598 

IS  181 

.16547 

.19828 

.17522 

.21iM4 

.18521 

.22731 

96 

27 

.15614 

18503  . 

.16503 

.19851 

,l75;w 

.212(58 

.18588 

.22756 

87 

:  28 

.15630 

18525 

.16579 

.19874   , 

,17551 

.212{>2 

.18555 

.22:>a 

as 

<  ^ 

.15645 

18517 

.16595 

.19897 

.17571 

.21310 

.ia5?3 

.22807  89 

■    30 

.15661  1  . 

18569 

.  .16611 

.19920 

.17587 

.21341 

.18588 

.22888  :  90 

31 

.15076   . 

ia591 

!  .16627 

.19944 

.17004 

.213<»  ! 

'  .18605 

.22858!  31  . 

32 

.15092   . 

18613 

.16ft44 

.199(57 

.17(520 

.2vm  ' 

.18022 

.22884  '  92   '. 

:)3 

.15708   . 

18835 

.16660 

.19990  : 

.17(J:J7 

.21414 

.180;^ 

.22909  -  83 

U 

.15723  ;  . 

18657 

1  .16676 

.20013  '  . 

,17053 

.214:38 

.180)6 

.22085  9i 

35 

.15r39  ' 

18679 

.16692 

.20036 

.17(570 

.214(52 

.180r3 

.22000 

85 

36 

.15755 

18701 

.16708 

.20a->9 

170H0 

.21487 

.18690 

.22086 

88 

37 

.15770 

18?23 

.16?24 

.20(Ki 

177(« 

.21511  ' 

.18707 

.28012 

87 

38 

.15786  : 

.18745 

.16740 

.20106 

17719 

.215.35  1 

.18724 

.28037 

88 

39 

.15802  : 

187(J7 

.16756 

.20129  ■ 

17730 

.21500 

.18741 

.28068  89 

10 

.15818  ' 

18790 

;  .16772 

.20152 

17752 

.21584 

.18758 

.28080  40 

41 

.15833  ' 

18812 

'  .16788 

.20176 

177(59 

.21609 

.18775 

.28114  41 

42 

.15S49 

188:J4 

.108(r) 

.mnm 

177H0 

.21(5;« 

.18792 

.23140  42 

43 

.158«)5 

18850 

.10821 

.2(W22   . 

17S02 

.21C)8 

.18809 

.23166  48 

44 

.LVWO 

18878  ' 

,  .108:^7 

.20210 

17819 

.21(582 

.18826 

.23192 

44 

15 

.  1581M> 

18901 

.10853 

.202(59 

17835 

.21707 

.18848 

.28217 

45 

46 

.15912 

18JW3  ! 

.10809 

.20292  , 

178.V2 

.21731 

.18860 

.28248 

46 

47 

.1592^ 

18JM5 

.10885 

.20:^10  , 

178(58 

.2l7.-)fl 

.18877 

.28200 

47 

48 

.15913  : 

189<)7 

.10902 

.2im9  ;■  . 

178K) 

.21781 

.18894 

.2K205 

48 

49 

.l."ja'59 

181KK) 

.10918 

.20:«5:i  1  . 

17JMnj 

.21805 

.18911 

.28821 

40  <' 

50 

.15975 

.19013 

.16934 

.20:«6 

i;'918 

.21830 

.18028 

.28847 

60 

■  51 

.15JW1  ' 

19031 

.16950 

.20110  1'  . 

1?.»35 

.2ia-)5 

.18045 

.28878  51 

52 

.KMXX) 

.19a-)7 

.169(50 

.20l;W  ' 

17952 

.21879 

.18962 

.288iN)  52 

,  53 

.  10»>i2 

.19079 

.1698.-^ 

.20157 

17JM5S 

.219(^4 

.18979 

.28124  68 

1    ^^^ 

'    54 

.lOlKJS 

.19102 

!  .mm 

.20180  ' 

1?JS5 

.2192?)  , 

1  .18096 

.28450  ,  51 

55 

.1(M)54 

191^  1 

1  .17015 

.2IV)04 

18001 

.2ia->8  ■ 

.19018 

.28176  '  65 

56 

.1(J070 

.19146 

■  .170;^ 

.20527 

18018 

.21971^ 

.19080 

.88302  '  56 

57 

.160K5  ' 

.19109 

1  .17047 

.20.")! 

I80:w 

.220(« 

.19047 

.28520 

67  1 

58 

.16101 

.19191 

.17004 

.2ft-)75 

18051 

.22028 

.10064 

.28556 

58 

59 
60 

.10117 

19211 

.17080 

.20.V.W  ' 

18008 

.22053 

.19081 

.28581  60 

.16133  1 

.192WJ 

.17096 

1  .20(Vw 

180K5 

.awrr 

1  .10006 

.28607  60 

-478,, 


Table  xxDC-MATtrttAL  verbbd  bines  and  external  becasts. 
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W 

8S 

ii 

if 

Vers,    E 

J,  Bee,' 

v.. 

E^^\ 

Vers.  ,Ex.Beo,| 

Vcn.  lEi.SM. 

,19098 

g»«07 

.20188 

,SS314  , 

Tsii™"! 

e3688| 

,36241   , 

,21217 

,2«I8I  1 

«*4| 

120171 

.31235 

,36900 

ilBIBO 

saaes 

.eoim 

,eii»3 

,3ttl»8 

,10m 

23711 

.20907 

isfiSW 

.31271  1 

.37017 

23359 

:28797 

* 

.90234 

,25351 

,3]3)«  i 

,2rW6  1 

22377 

.assds 

:iBa)i 

.29379 

,3ian7  1 

82806 

,1M18 

:8025» 

,^406 

,BII»1 

'.mW\ 

38414 

;38880 

.20877 

,35131 

,3I»43 

,37133 

au-T& 

,20394 

,25463, 

.27in2 

ilOSTO 

,am2 

,25isgl 

.27191 

23490 

:28e80  '  10 

1^ 

g^, 

-20329 

.25517  : 

,21896 

,27221 

2a4W 

,39011      11    1 
,3!«H3     12 

S3W8 

;2oa85 

:35572| 

;21482 

,30073     la 

2397S  1 

.aMas 

.SBBOO 

,21460 

.mo6\ 

3ii!M2 

,29103     14    ' 

.20400 

,SB6!e1 

.31468 

.8)887 

i!3RII 

.9ei33  ,  15 

!l9973 

swaa  ! 

,30417 

,31463 

.sraoe 

.nam    II 

ai05i. 

aMffi 

:ip! 

,21604 

,27396  ; 

K.W8. 

,30105     17    1 

IB 

.87485 

,30^ 

IS 

lam 

^ 

24131  1 

.mix 

:257e7 

:si6i6 

:374B8( 

236631 

:s9a97 

30 

^, 

tMaa 

.25T»' 

.87618 

,39318 

31 

194T8 

84187  , 

:3053a 

:31505 

.8)512 

SMjo| 

.^9 

M 
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.20541 

,31613 

,27673 
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,29380 

3t 

H 

25 
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'.SCS'6 

:25907  1 
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!270S0 

s 

i^sa 
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.26936 

.31667 

,27680 

S37U1 

,30173 

26 

.ssoes  ' 

.316H5 

.27689  1 

.BflBOl 

27 

■1180 

2IM7 

ISOBSB 

.«H)91 

,27719 

,29fiS5 

28 
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.20S47 
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;21731  1 

,37748  , 
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MM 

.30065 
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.21789  1 

,87778  1 
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80 
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.9W!S' 

.27807  ' 
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31 
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.26101  , 

:21775 
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22S:5 
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S3 
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.81807 
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ta 
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34 

fi 
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.20771 
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.21818  ' 
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.29781 

36 

f7 
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■s 
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.31800 

37 
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31015 

.21884 

88 
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,30834 

.21902  1 
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,39877 

38 
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,20842 
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40 
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.aw™ 

.20387  [ 
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ffli«i.i 

43 

SITSO 
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43 
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.30031 
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.SOBSi 
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40 

JT 

19009 

S1KS9 

.22048 
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47 
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SI 
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48 

,31003 
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:28344  ' 

33190  1 

:30193 

49 

alilw 
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.32103 

.38374 

60 
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.21038 
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.22131 

.28404 
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H 
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!31074 
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63 
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,28105 
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«< 

axiM 
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.31145 
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:3SS31 
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.38615  , 

^ 
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°0 

SOIM 
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'.mai  ■ 
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410     1 

1 

1 

42«    i 
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Vers. 

Ex.  sec.' 
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j  Vers. 

Ex.  sec.; 
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Vers. 

Ex.  sec.- 

i  Vers. 

Ex.  sec. 

.23396 

.30541 

.24529 

.32501 

.25686 

.34563 

.26865 

.86738 

1 

.23414 
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.24548 

.32585 

.25705 
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1 

2 

.23133 

.30605 

.24567 

.32568 

.25724 

.34634 

.26904 

.86607 

8 

8 

.23452 

.30636 

.24586 

.32602 

.25744 

.34669 

.26924 

.86844 

8 

4 

.23470 

.30668 
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21 

22 

.90184 

9.18725 

.91922 

11.37948  ; 

.9i663 

14.78005 

22 

23 

.90218 

9.21739 

.D1951 

11.42408 

.93692 

14.85268 

23 

24 

.90242 

9.24770 

.91980 

11.46900 

.93721 

14.92597 

24 

25 

.90271 

9.27819 

;  .92009 

11.51424 

.a3750 

14.99995 

85 

26 

.90300 

9.30887 

.92038 

11.55988 

.93779 

15.07462 

26 

27 

.90329 

9.33973 

.92067 

11.60572 

.93808 

15.14999 

27 

28 

.90358 

9.37077 

.92096 

11.65197 

1  .93837 

15.28607 

28 

29 

.90386 

9.40201 

.92125 

11.69856  1 

1  .93866 

15.30887 

29 

30 

.90415 

9.43343 

.92154 

11.74550 

;  .93895 

15.38041 

30 

31 

.90444 

9.46505 

.92183 

11.79278  ! 

.93924 

15.45869 

31 

32 

.90473 

9.49685 

.92212 

11.84042 

.93953 

15.5374-2 

32 

:33 

.90508 

9.52886 

.98241 

11.88841  1 

.93982 

15.61751 

33 

34 

.90531 

9.56106 

.92270 

11.93677  i 

.94011 

15.69808 

34 

35 

.90560 

9.59346 

.92299 

11.98549 

.04040 

15.77944 

35 

36 

.90589 

9.62605 

.92328 

12.03458 

.94069 

15.86159 

36 

37 

.90618 

9.65885 

.92357 

12.08040 

.94098 

15.94456 

37 

38 

.90647 

9.69186 

1  .92386 

12.13388  I 

.94127 

16.02835 

38 

39 

.90676 

9.72507 

.92415 

12.18411 

.04156 

16.11297 

39 

40 

.90705 

9.75»49 

.92444 

12.23472 

.94186 

16.19843 

40 

41 

.907*4 

9.79218 

.92473 

12.88578  i 

.94215 

16.28476 

41 

42 

.90763 

9.82596 

.92502 

12.33712 

.94844 

16.37196 

42 

43 

.90798 

9.86001 

.92531 

12.38891 

.94273 

16.46005 

43 

44 

.90821 

9.89428  , 

.92560 

12.44112 

.94302 

16.54903 

44 

45 

.90850 

9  92877 

.92.589 

18.49373 

.94331 

16.63893 

45 

46 

.90879 

9.96348 

.92618 

18.54676 

.94360 

16.72975 

46 

47 

.90908 

9.99841 

.92647 

18.60021 

.94389 

16.82152 

47 

48 

.90937 

10.03356 

.92676 

12.65408 

.94418 

16.91424 

48 

49 

.90966 

10.068»4 

.92705 

12.70838 

.94447 

17.00794 

49 

50 

.90995 

10.10455 

.92734 

12.76318 

.94476 

17.10262 

50 

51 

.91084 

10.14039 

.92763 

18.81889 

.94505 

17.19830 

51 

52 

.91053 

10.17646 

.92792 

18.87391 

.945*4 

17.29501 

52 

53 

.91082 

10.81277 

.98881 

18.92999  ] 

.94563 

17.39274 

53 

r>i 

.91111 

10.84932 

.92850 

12.98651  ' 

.04598 

17.49153 

54 

55 

.91140 

10.28610  ; 

.92879 

13  04350 

.94681 

17.59139 

55 

56 

.91169 

10.32313 

.92908 

13.10096 

.94650 

17.69233 

56 

.91197 

10.36040 

.92937 

13.15889 

.94679 

17.79438 

57 

58 

.91226 

10.397«8 

.98966 

13.21730 

.94708 

17.89755 

58 

59 

.91255 

10.43569 

.98995 

13.87680 

.94737 

18.00185 

59 

60 

.91284 

10.47371 

.93084 

13.33559 

.94766 

18.10732 

60 

491 


TABLE  XXIX.— NATURAL  VERSED  SINES  AND  EXTERNAL  SECAXT8. 


87* 


88' 


89« 


Vers. 


I 


0 
1 
2 
3 
4 
5 

ti 

»»* 

8 

9 

10 

11 


IG 
IT 
18 
J  J) 
20 

•HI 
rH 
23 
'M 
25 
26 
27 
28 
2<> 
3k) 

31  ' 

32  , 

33  ! 
34 
:« 
3t>  , 
3?  •• 
38 
39  I 
•10  j 

n 

42 
43 
-II 
4.") 

in 
■i; 

■IM 

1:) 
r>2 

5i 
Tm 

.)!       I 

r>8 
r)9 

i'At   V 


.94766 
.94795 
.94825 
.94854 
.948a3 
.94912 
.94941 
.94970 
.94909 
.95028 
.95057 

.95086 
.95115 
.95144 
.ajl73 
.95202 
.95231 
.95200 
.95289 
.95318 
.95347 

.95377 
.95406 
.95435 
.9546-1 
.95493 

.95551 
.95580 

.mm 

.956:^8 

.956(i7 
.9569() 
.95725 
.9.'5754 
.95783 
.9.5812 
.95842 
.95871 
.95JK)0 
.J>5929 

.9.5958 
.9.5987 

.mnn 

.9tR»45 
/M)7l 
Mmi 
.96132 
.96161 
.JMHIK) 
.96219 

.9(5218 
.9(5277 
.96:J()7 

.96365 
.96394 
.9(>423 
.96452 
.9f481 
.  5^5510 


Ex.  sec. 

18.10732 
18.21397 
18.32182 
18.43088 
18.54119 
18.65375 
18.76560 
18.87976 
18.99524 
19.11208 
19.23028 

19.a4989 
19.47093 
19.59*41 
19.71737 
19.8428:^ 
19.96982 
20.09838 
20.22852 
20.36027 
20.49368 

2C.62876 
20.76555 
20.9040J 
21.04440 
21.18653 
21.33050 
21.476:^ 
21.62113 
21.7738(5 
21.92559 

22.079a5 
22.23520 
22.39316 
22.55329 
22.71563 
22.88022 
23.04712 
2:^.21637 
2:^38802 
23.56212 

2:^.73873 
2:^.91790 
24.09969 
24.28414 
24.47134 
24.66i:i2 
24.85417 
25.04904 
25.248(59 
25.45051 

25 , 6.554(5 
25.8(5:^(50 
26.075<»3 
2(5.28981 
2(5.508(U 
2(5.721>78 
26.95.513 
27.18417 
27.417(M 
27.(55371 


I! 


Vers. 

.96510 
.96539 
.96568 
.96597 
.96626 
.96655 
.96684 
.96714 
.9(5743 
.96772 
.96801 

.96830 
.96859 
.96888 
.96917 
.96946 
.96975 
.97004 
.97033 
.97062 
.97092 

.97121 
.97150 
.97179 
.97208 
.972:^7 
.97266 
.97295 
.97324 
.9735;^ 
.97382 

.97411 
.97440 
.97470 
.97499 

.97528 

.97586 
.97615 
.97(544 
.97673 

.977l>2 
.97731 
.977(50 
.97789 
.97819 
.97848 
.97877 
.97906 
.979.35 
.979(54 

.9799:^ 
.J)8022 
.98051 
.{»8080 
.98109 

.08i:w 

.981(58 
.JW197 
.9822(5 
.JW255 


Ex.  sec. 

27.65371 
27.89440 
28.13917 
28.38812 
28.&4137 
28.89903 
29.16120 
29.42802 
29.69960 
29.97607 
30.25758 

30.54425 
30.83623 
31.13366 
31.43671 
31.74554 
32.06030 
32.38118 
32.70835 
33.04191) 
3:^.38232 


Vers. 


Ex.  sec. 


.98255 
.98284 
.98313 
.98342 
.98371 
.96400 
.98429 
.98458 
.98487 
.9a517 
.98546 

.98575 
.98604 
.98633 
.98662 
.98691 
.98720 
.98749 
.98778 
.98807 
.98836 


56 

57 

58, 

59 

60 

61 

62 

63 

65 

66 

67, 

69, 
70 
72 
73 
75. 

H  . 

78. 
80. 
82. 
84. 


29869 
S6976 
27431 
31411 
39105 
50715 
6&160 
86572 
11304 
40927 
75786 

16047 
62285 
14583 
78586 
39655 
13274 
94968 
85315 
84047 
94561 


I 


0 
1 
2 
8 
4 

Si 

7  ■ 

8  i 

9 

10 

11 

12  ■ 

18 

14  I 

15 

16 

17 

18 

19 

20 


3:^.72052 

.98866 

87.14024 

21 

34.08380 

.98895 

80.46886 

22 

34.44539 

.98924 

01.01887 

28 

34.81452 

.98953 

04.49471 

2i 

35.19141 

.98982 

97.2230:) 

25 

;i5. 57633 

.9<,K)11 

100.1110 

2d 

35.969.53 

.99040 

108.1757 

27 

36.37127 

.99069 

106.4811 

28 

36.781K5 

.990{>8 

100.8066 

29 

37.20155 

.99127 

113.5930 

80 

37.(530(58 

.99in6 

117.5444 

81 

88.06957 

.9918t) 

121.7780 

88 

;«.  51855 

.99215 

126.8253 

88 

:*<.  97797 

.99244 

181.2223 

34 

39.44820 

.9927:3 

136.6111 

86 

39.iW9(5:^ 

.993C2 

142. 240(5 

86 

40.4226(5 

.99331 

148.4684 

87 

40.92772 

.09360 

155.2823 

88 

41.44525 

.99389 

162.7088 

89 

41.97571 

.99418 

170.8883 

40 

42.51961 

.00447 

170.9860 

41 

43.077415 

.00476 

189.9868 

42 

43.64980 

.00505 

201.2212 

48 

44.23?20 

.005a5 

218.8600 

44    1 

44.84026 

.00564 

226.1889 

46    1 

45.4596;^     : 

.00593 

241.5640 

4tt 

46.09596 

.99622 

268.4427 

47    • 

46.74997 

.90651 

285.4795 

48    . 

47.42241     : 

.00680 

811.5280 

49 

48.1140(5 

.00700 

»42.7752 

50 

48.82576 

.09738 

880.9?;»:i 

51 

49.55840 

.00767 

428.  n87 

58 

50.3125K) 

.9979(5 

490.1070 

68    : 

51.0!K)27 

.90825 

5n.958l 

51 

51.891.56 

.90855 

686.6496 

66 

52.71700 

.00884 

858.4869 

66 

.5:^5704(5 

.09018 

1144.916 

57 

.54.4.5(r>3 

.00042 

in?.  874 

58 

55.85046 

.00071 

8488.747 

60 

.5(5.298(59 

1.00000 

Infinite 

eo 

-iu- 


TABLE  XXX. 

-CUBIC 

!  YARDS  PER 

100  FEE 

:t.  sl 

Base 

OPES  ^  :  1. 

Depth 

Base 

Base 

Base 

Base 

Base 

i  Base 

Base 

d 

12 

14 

16 

18 

1  22 

24 

1  26 

28 

1 

45 

53 

60 

68 

82 

90 

97 

105 

2 

93 

107 

122 

137 

167 

.  181 

196 

211 

3 

142 

163 

186 

208 

253 

275 

297 

319 

4   ■  1 

193 

222 

252 

281 

341 

370 

1   400 

430 

5 

^5 

282 

319 

356 

431 

468 

505 

'  542 

G 

300 

344 

389 

4;^ 

522 

567 

611 

65( 

a56 

408 

<   460 

612 

:   616 

668 

719 

77] 

s 

415 

474 

533 

593 

711 

770 

830 

881 

9 

475 

542 

608 

675 

808 

875 

942 

lOOi 

10 

537 

an 

685 

759 

907 

981 

1056 

113( 

n   1 

601 

682 

764 

845 

;  1008 

1090 

1171 

12 

12 

667 

756 

844 

933 

nil 

1200 

1289 

i  13. 

13 

734  1 

831 

926 

102:3 

1216 

1312 

1408 

■JKA 

■  14 

804  1 

907 

1010 

1115 

,  1322 

1426 

1530 

] 

15 

875  ; 

986 

1096 

1208 

1431 

1542 

1653 

;   1 

IG 

948  : 

1067 

1184 

1304 

1541 

1659 

,  1778 

If 

17 

1023 

1149 

1274 

1401 

;  1653 

1779 

1  1905 

2C„. 

18 

1100 

1233 

1366 

1500 

1767 

1900 

2033 

1  2167 

19 

1179 

1319 

1460 

1601 

1882 

2023 

2164 

2305 

20 

1259  ; 

1407 

1555 

1704 

2000 

2148 

2296 

2444 

21    j 

i:i42 

1497 

1653 

1808 

2119 

2275 

2431 

2586 

142G  ' 

1589 

1752 

1915 

2241 

2404 

2567 

J730 

2J3 

1512 

1682 

ia53 

2023 

2364 

2534 

2705 

2875 

24 

1600 

1778 

1955 

2133 

2489 

2667 

2844 

3022 

25 

1690  ! 

1875 

2060 

2245 

2616 

2801 

2986 

:  3171 

26 

1781  I 

1974 

2166 

2359 

2744 

2937 

3130 

3322 

27 

1875  ; 

2075 

2274 

2475 

2875 

3075 

3275 

»475 

28 

1970 

2178 

2384 

2593 

3007 

3215 

3422 

3630 

29 

2068 

2282 

2496 

2712 

3142 

3356 

3571 

3786 

30 

2167 

2389 

2610 

2833 

3278 

3500 

3722 

:  3944 

81    1 

2268 

2497 

2726 

2956 

3416 

3645 

:  3875 

!  4105 

32 

2370 

2607 

2844 

3081 

3556 

3793 

40:30 

4267 

33 

2475 

2719 

2964 

3208 

3697 

3942 

4186 

4431 

34 

2581  ' 

2a3:i 

3085 

3337 

3W1 

4093 

4a44 

4596 

'V> 

2690  : 

2^9 

3208 

a468 

3986 

4^45 

4505 

4764 

m 

2800 

3067 

33a3 

3600 

4133 

4400 

4667 

4933 

37 

2912  , 

3186 

3460 

37:M 

4282 

4556 

4831 

5ia> 

:iS 

3026 

3307  ' 

3589 

3870 

443:3 

4715 

4996 

5278 

39 

3142 

3431 

3719 

4008 

4586 

4875 

5164 

545:3 

40 

3259  i 

3556 

3852 

4148 

4741 

5037 

5333 

5630 

41    i 

3379 

3682  ; 

3986  . 

4290 

4897 

5201 

5505 

5808 

42 

3500 

mn 

4122 

4433 

5056 

5367 

5678 

5989 

43 

3623 

3942  , 

4260 

4579 

5216 

55*4 

5853 

6171 

14 

3748 

4074 

4400  ; 

4726 

5378 

5704 

6030 

6356 

4.") 

3875 

4208 

4541 

4875 

5542 

5875 

6208 

6542 

4(', 

4004 

4^44 

4684 

5026 

5707 

6048 

6389 

6730 

47    1 

4134 

4482 

4830  1 

5179  ; 

5875  ■ 

6223 

6571 

6919 

48    , 

4267 

4622 

4978  1 

5333 

6044  i 

6400 

6756  1 

7111 

49    1 

4401 

4764  1 

5127  ; 

5490  ■ 

6216 

6579 

6942 

7305 

50 

4537 

4907 

5278  ' 

5648 

6389 

6759 

7130 

7500 

51 

4675 

5053  ' 

5430 

5808 

6564 

6942 

7319 

7697 

52 

4815 

5200 

5584 

5970  ' 

6741 

7126 

7511 

7896 

.5:^ 

4956 

5JM9 

5741 

61.34 

6919 

7312 

7705 

8097 

r>4 

5100 

5500 

5900 

6800 

7100 

7500 

7900 

8300 

55 

5245 

565;^ 

6060 

6468 

7282 

7690 

8097 

8505 

50 

5393 

5807 

6222 

6637 

7467 

7881 

8296 

8711 

57 

5542 

5964 

6386 

6808 

7653 

8075 

8497 

8919 

58 

5693 

6122 

6552 

6981  1 

7841 

8270 

8700  1 

9130 

59 

5fW5 

6282 

6719 

7156 

8031 

8468 

8905 

9342 

GO 

GOOO  1 

W44 

6889 

r333  j 

8222 

8667  i 

9111  ! 

9556 

493 


t 
J 


TABLE  XXX.— CUBIC  Y.VRDS  PEli  100  FEET*.      SLOPES  H  :  1 


Depth      Base       Base       Base       Base       Base       Base       Base       Base 
d  12  14         16  18  22         24         26  28 


1 

40 

,   54 

01 

09 

83 

91 

98 

106 

•> 

0<m 

.    96 

111 

126 

141 

170 

185 

200 

215 

3 

1   150 

172 

194 

217 

261 

2a3 

806 

828 

4 

207 

237 

267 

296 

.356 

885 

415 

444 

5 

269 

306 

a43 

380 

454 

491 

628 

565 

C 

1   833 

1   378 

422 

467 

556 

600 

au 

689 

t 

'   402 

454 

506 

557 

661 

718 

765 

817 

«   8 

!   474 

533 

593 

652 

770 

880 

889 

948 

>  9 

1   550 

'   617 

683 

750 

883 

950 

1017 

1068 

10 

630 

704 

778 

852 

1000 

1074 

1148 

inaa 

11 

713 

794 

876 

957 

1120 

1202 

1283 

1366 

iVX 

800 

889 

978 

1007 

1244 

1838 

1422 

1511 

f   13 

891 

987 

1083 

1180 

1372 

1469 

1665 

1661 

14 

985 

'  1089 

1193 

1296 

1504 

1607 

1711 

1815 

■J5 

1083 

1194 

1306 

1417 

1639 

1750 

1861 

1972 

16 

1185 

1304 

1422 

1541 

1779 

1896 

2015 

2188 

17 

1291 

1417 

1543 

1669 

1920 

2046 

2172 

8296 

18 

■    1400 

1533 

1667 

1800 

2067 

2200 

2383 

ftiffr 

19 

1513 

ia54 

1794 

1935 

2217 

2857 

2498 

2689 

ao 

1630 

1778 

1926 

2074 

2370 

2519 

2667 

2816 

21 

1750 

1906 

2061 

2217 

2528 

2683 

2889 

2994 

22 

1874 

2037 

2200 

2363 

2689 

2862 

8015 

8178 

23 

2002 

2172 

2sm 

2513 

2854 

8024 

8194 

8866 

JM 

2133 

2311 

2489 

2667 

8022 

8200 

8878 

8666 

25 

:  2269 

2454 

2639 

2824 

8194 

3880 

8566 

8760 

2H 

2407 

2600 

2793 

2985 

8370 

85C3 

8766 

8948 

27 

2550 

2750 

2950 

3150 

a'>50 

8750 

8950 

4161 

28 

2696 

2904 

3111 

a319 

37a3 

8941 

4148 

4856 

29 

2846 

3061 

8276 

a491 

8920 

4185 

4850 

4566 

30 

:  3000 

3222 

a444 

3667 

4111 

4388 

4556 

4778 

31 

'  3157 

3387 

3617 

3^46 

4306 

4585 

4765 

4994 

32 

3319 

3556 

3793 

4030 

4504 

4741 

4978 

6216 

33 

3483 

3728 

3972 

4217 

4706 

4950 

6194 

6189 

at 

3652 

3904 

4156 

4407 

4911 

6168 

6415 

6667 

35 

38^ 

4083 

4;i43 

4002 

5120 

5380 

6689 

Kono 
OCWO 

3C 

4000 

4267 

4533 

4800 

5383 

6600 

6867 

6188 

37 

4180 

4454 

4728 

5002 

5550 

5824 

6098 

6S7i 

38 

4303 

4644 

4926 

5207 

5770 

6052 

6838 

6616 

39 

4550 

4839 

5128 

6417 

6994 

6283 

6572 

■  6861 

40 

4741 

5037 

5:^ 

5630 

6222 

6519 

6815 

7111 

41 

4935 

5239 

5543 

5846 

64M 

6757 

7061 

7866 

42 

5133 

M44  , 

5750 

6067 

6089 

7000 

7811 

7882 

43 

53;i5 

5654  : 

5972 

6291 

6928 

ra46 

7666 

7888 

44 

5541 

58(57 

6193 

&519  ' 

7170 

7496 

7822 

8148 

45 

5750 

608:3  . 

W17 

6750 

7417 

7750 

8083 

8117 

40 

5903 

mn 

6(U4 

6985 

7667 

8007 

8848 

8689 

47 

6180 

6528 

6876 

72iW 

7920 

8269 

8617 

8965 

48 

6400  1 

6756  ! 

7111 

7467  1 

8178 

8538 

8889 

9^4. 
968( 

49 

6(524 

6987 

7350 

7713 

K439  , 

8802  ' 

9165 

50 

6a52 

7222 

7593 

7903 

8704  1 

9074  ' 

(tjAA 

9615 

51 

7oa3  ■ 

7461 

7839 

8217 

8972 

9350 

9728 

10106 

52 

7319  ! 

7704 

8089 

^474 

9244 

9680 

10016  1 

10400 

53 

7557 

7960 

a343 

87.Y) 

9520 

9918 

10806  j 

10096 

54 

7800 

8200 

8(500 

9000 

9800 

10200 

10600 

11000 

55 

8040 

8454 

88(51 

9209 

10083 

10491 

10896 

11806 

5(5 

8290 

8711 

9126 

9M1 

10370 

10785 

31200  1 

11616 

57 

8550 

8972 

9:^94 

9817 

10661 

n088 
11885  ■ 

11606  ! 

11988 

.V  ■ 

8807 

9237 

90(57 

1009(5 

10956 

11816 

12844 

59 

9069 

a-ioe 

()ai3 

10380 

112^4 

11691  = 

12128  . 

18665 

00 

9333 

9778 

10222 

10(5(57 

11566 

12000  1 

Id444  ; 

12RR9 

ft 


t 


t 

i 


404 


I 

2 

3 

-4 

.5* 


6 

T 

9 

lO 


n 

15 


CD /ope.    /:/ 

as 

2TQ 
3a5 


75a 

©89 


13-4-4 
I6S5 

ia67 


TABLE  XXX. -CUBIC  YARDS  PER  100  FEET.      SLOPES  1  :  1. 


Depth 

Base 

Base 

Base 

Base 

Base 

• 
Base 

Base 

Base 

d 

12 

48 

14 

56 

16 

03 

18 

20 

28 

~l07" 

115 

32 

1 

70 

'  78 

122 

104 

119 

las 

148 

163 

222 

237 

252 

3 

167 

189 

211 

233 

256 

344 

367 

389 

4 

237 

267 

296 

326 

856 

474 

504 

533 

5 

315 

352 

389 

426 

463 

611 

648 

685 

C 

400 

444 

489 

533 

578 

756 

800 

844 

1 

493 

544 

596 

648 

700 

907 

959 

1011 

8 

593 

652 

711 

770 

830 

1067 

1126 

1185 

9 

700 

767 

833 

900 

967 

1233 

1300 

136? 

10 

815 

889 

963 

1037 

1111 

1407 

1481 

155' 

11 

937 

1019 

1100 

1181 

1263 

1589 

1670 

i-; 

Vi 

1067 

1156 

1244 

1333 

1422  < 

1778 

1  1867 

It 

13 

1204 

1300 

1396 

1493. 

1589 

1974 

2070 

21 

14 

1348 

1452 

1556 

1659 

1763  i 

2178 

2281 

23_ 

15 

1500 

1611 

1722 

1833 

1944  .* 

2389 

2500 

261 : 

16 

1659 

1778 

1896 

2015 

2133  ' 

2607 

2726 

284i 

17 

1826 

1952 

2078 

2204 

2330 

2833 

2959 

3(>os 

18   ' 

2000 

2133 

2267 

2400 

2533 

3067 

3200 

35 

19 

2181 

2322 

2463 

2604 

2744 

3307 

3448 

&' 

;20 

2370 

2519 

2667 

2815 

2963 

3556 

3704 

3L,, 

21 

2567 

2722 

2878 

3033 

3189 

3811 

3967 

4122 

22 

2770 

2933 

3096 

3259 

3422 

4074 

4237 

4444 

23 

2981 

^152 

3322 

3493 

3663 

4344 

4515 

4685 

'U 

3200 

3378 

8556 

3733 

3911 

4622 

4800 

4978 

25 

3426 

3611 

3796 

3981 

4167 

4907 

5093 

5278 

26 

3659 

3852 

4044 

4237 

4430 

5200 

6393 

5585 

^  27 

3900 

4100 

4300 

4500 

4700 

5500 

5700 

5900 

28 

4148- 

4356 

4563 

4770 

4978 

5807 

6015 

6222 

29 

4404 

4619 

4833 

5048 

5263 

6122 

6337 

6552 

30 

4667 

4889 

5111 

5333 

5556 

6444 

6667 

6889 

31 

4937 

5167 

5396 

5626 

5856 

6774 

7004 

7233 

32 

5215 

5452 

5689 

5926 

6163 

7111 

7348 

7585 

33 

5500 

5744 

5989 

6233 

6478 

7456 

7700 

7944 

U 

'5793 

6044 

6296 

6548 

6800 

7807 

8059 

S3il 

m 

6093 

6352 

6611 

6870 

7130 

8167 

8426 

8685 

m 

6400 

6667 

6933 

7200 

7467 

8533 

8800 

9067 

37 

6715 

6989 

7263 

7537 

7811 

8907 

9181 

9456 

38 

7037 

7319 

7600 

7881 

8163 

9289 

9570 

9852 

39 

7367 

7656 

7944 

8233 

8522 

9678 

9967 

10256 

40 

7704 

8000 

8296 

8593 

8889 

10074 

10370 

10667 

41 

8048 

8352 

8656 

8959 

9263 

10478 

10781 

11085 

42 

8400 

8711 

9022 

9333 

9644 

10889 

11200 

11511 

43 

8759 

9078 

9396 

9715 

10033 

11307 

11626 

11944 

44 

9126 

9452 

9778 

10104 

10430 

11733 

12059 

12385 

45 

9500 

9833 

10167 

10500 

10833 

12167 

12500 

12833 

46 

9881 

10222 

10563 

10904 

11244 

12607 

12948 

13289 

47 

10270 

10619 

10967 

11315 

11663 

13C56 

13404 

13752 

48 

10667 

11022 

11378 

11733 

12089 

13511 

13867 

14222 

49 

11070 

114a3 

11796 

12159 

12522 

13974 

14337 

14700 

1    50 

11481 

11852 

12222 

12593 

12963 

14444 

14815 

15185 

1    ^^ 

11900 

12278 

12656 

13033 

1*411 

14922 

15300 

15678 

'    52 

12326 

12711 

13096 

i;i481 

13867 

15407 

15793 

16178 

53 

12759 

13152 

ia544 

13937 

14330 

15900 

16293  ' 

106a5 

54 

13200 

13600 

14000 

14400 

14800 

16400 

16800  1 

17200 

55 

13648 

14056 

14463 

14870 

15278 

16907 

17315  1 

17722 

56 

14104 

14519 

149^3 

15*48 

15763 

17422 

17837 

18252 

57 

14567 

14989 

IMll 

15833 

16256 

17944 

18367 

18789 

58 

15037 

1M67 

15806 

16326 

16756 

18474 

18904  ' 

19333 

'    59 

15515 

15952 

16389 

1682(5 

17263 

19011 

19448 

19885 

1    ^ 

16000 

16444 

16889 

17a33 

177/8 

19556 

20000 

20444 

49.5 


TABLE  XXX. — (ni«lC  YARDS  PEU   100   PKET.       SLOPBS    U   :  1. 

_        _..            .  ...  .^ 

I)L>ptli  JluKt*        Base  Hase  Jiase       husv        lias^c        ]^&t*^^       Baso        [ 

(1  12          14  16  18          20         28          30         32 


I 

8 
4 

."> 
t) 

I 

9 

10 

11 
1-2 
13 
14 
15 
IG 
17 
1« 
19 
20 


31 
Hi 
:« 
34 

:\:) 

m 

37 
38 
39 
40 

41 
42 
43 
44 
1.") 
40 
47 
IS 

:»o 
:>] 

52 
5:^ 
51 
5*1 
5«i 
57 

59 


49 
HJ7 
175 
252 
338 
433 
538 
r>52 
775 
907 

1049 
1200 
13(iO 
15:io 
1708 
18<.N) 
2»94 
2:300 
251  r, 
2741 


21 

2975 

22 

3219 

'£i 

3471 

24 

373:3 

25 

4005 

•iVt 

4285 

27 

4575 

28 

4874 

29 

5182 

30 

55<M) 

5827 
6163 
<)5(W 
68(i3 
7227 
7U:M> 
7982 
8374 
8775 
9185 

loas:^ 

1(471 
10919 
11375 

iimi 

12310 
12800 
1:3291 
137fM5 

1 4:j08 
148:30 
153(iO 
]5<»00 
11)449 
17<m7 

1  !.)(•> 

18152 
187:38 
nj:33;3 


56 
122 

197 
281 
875 
478 
590 
711 
842 
9S1 

1131 
1289 
145(i 

iti:33 

1819 
2015 
2219 
243:3 
2<>56 
2889 

3131 
3381 
3642 
:3911 
4190 
4478 
4775 
5081 
5397 
5?-J2 

(K)5<> 
<'4(K) 
675:3 
7115 
7486 
7867 
825<) 
8656 
il064 
{♦481 

9<.N)8 
10:341 
107*.M) 
11214 
11708 
12181 
12664 
13156 
13(i5(; 
14167 

14()86 
15215 
15753 
1():»)0 
1tM5(i 
17422 
17997 
18581 
19175 
19778 


64 
137 
219 
311 
412 
522 
642 
770 
908 
105«i 

1212 
1:378 
155:3 
1787 
1931 
2133 
2345 
2567 
2797 
:3037 

3286 
3544 
3812 
4089 
4875 
4<)70 
4975 
5289 
5612 
5944 

6286 
6637 
((997 
7367 
7745 
813:3 
8531 
89:37 
9^53 
9778 

10212 
10654) 
11108 
11570 
12042 
12522 
13012 
13511 
14019 
14537 

15061 
1560O 
16145 
16700 
1  r2(U 
178:37 
18419 
I'.h)]! 
19<)12 


71 
152 
242 
841 
449 
567 
694 
830 
975 
1130 

1294 
1467 
1649 
1841 
2042 
2252 
2471 
2700 
2988 
:3185 

3442 
3707 
:3982 
4267 
4560 
4S63 
5175 
5496 
582r 
6167 


-  I 


6516 
6374 


7(519 
»XK) 
8400 
88a5 
9219 
9642 
10074 

10516 
10967 
11427 
11806 
12375 
12863 
13:360 
13867 
14382 
14JK)7 

15442 
15985 
16538 
17100 
17671 
182&i 
18442 
19441 
20049 
20<)67 


79 
167 
264 
870 
48(S 
611 
745 
889 
1042 
1204 

1375 
155(5 
1745 
1944 
2153 
2370 
2597 
2833 
3079 
3333 

:3597 
3870 
4153 
4444 
4745 
505(5 
5875 
5704 
6042 
6389 

6745 
7111 
7486 
7870 
82&4 
8667 
«.K>79 
9500 
9931 
10:370 

lOAVJ 
11278 
11745 
12222 
12708 
13204 
18708 
14222 
14745 
15278 

15819 
1(5370 
169:31 
17500 
18079 
18(567 
192(M 
19870 
2048(5 
21111 


106 

226 

353 

489 

684 

789 

953 

1126 

1308 

15(N) 

1701 
1911 
2131 
2359 
2597 
2844 
8101 
3367 
3642 
3926 

4220 
4522 
48»4 
5156 
5486 
582(5 
6175 
65^.8 
(5901 
7278 

7604 

8059 

^iM 

8878 

9801 

9788 

10175 

lO02t5 

11086 

11566 

12084 
12522 
13020 
18526 
14042 
14567 
15101 
15644 
16197 
16760 

17381 
17911 
18501 
19100 
19708 
2>l820 
20958 
21589 
222U 
22889 


116 

241 

875 

519 

671 

833 

1005 

1185 

1875 

1574 

1782 
2000 
2227 
2468 
2706 
2968 
8227 
8500 
8782 
4074 

4375 
4686 
6005 
6888 

6871 
6019 
6875 
6741 
7116 
7500 

7894 

8296 

8706 

9130 

9560 

10000 

10440 

10907 

11876 

11868 

12888 
12888 
18888 
18862 
14875 
14907 
15449 
16000 
l&'MO 
17130 

17708 
1829(5 
18894 
19500 
20116 
20741 
21875 
22019 
22671 


123 

256 

397 

648 

706 

878 

1066 

1244 

1442 

1648 

1864 
2069 
2828 
2567 
2819 
3061 
8868 
8683 
8888 
4222 

4581 
4848 
6175 

.  661] 
5866 
0211 
6676 
6048 

•  7831 
7782 

8128 
8683 
8058 

9881 
9610 
10867 
10723 
11180 
11664 
12148 

12642 
18144 
18666 
14178 
14706 
15M8 
15707 
16SS6 
10088 
17500 

18066 
18*161 
10286 

loom 

20688 
21 196 
21707 
88448 
83106 
23778 


41h; 


- 

Depth 

Base 

1 
Base  ! 

i 
Base 

Base 

Base 

Base 

Base 

Base 

d 

12 

14 

16 

18 

20 

28 

109 

30 

117 

32 

1 

50 

57 

65 

72 

80 

124 

2 

111 

126 

141 

156 

170 

230 

244 

259 

3 

183 

206 

228 

250 

272 

361 

383 

406 

4 

267 

296 

326 

356 

885 

504 

533 

563 

5 

361 

398 

435 

472 

509 

657 

694 

731 

6 

467 

511 

556 

600 

644 

822 

867 

911 

1 

583 

635 

687 

789 

791 

998 

1050 

1102 

8 

711 

770 

830 

889 

948 

1185 

1244 

1304 

9 

850 

917 

963 

1050 

1116 

1383 

1450 

1517 

10 

1000 

1074 

1148 

1222 

1296 

1593 

1667 

1741 

11 

1161 

1243 

1324 

1406 

1487 

1813 

1894 

1""^ 

12 

1333 

1422 

1511 

1600 

1689 

2044 

2133 

2 

13 

1517 

1613 

1709 

1806 

1902 

2287 

2888 

2. 

14 

1711 

1815 

1919 

2022 

2126 

2541 

2644 

2748 

15 

1917 

2028 

2139 

2250 

2361 

2806 

2917 

3028 

16 

2133 

2252 

2370!* 

2489 

2607 

3081 

3200 

3319 

17 

2361 

2487 

2613 

2739 

2865 

3369 

3494 

3620 

18 

2600 

2733 

2867 

3000 

3183 

3667 

8800 

3938 

19 

2850 

2991 

8181 

3272 

3413 

3976 

4117 

4257 

20 

3111 

8259 

8407 

a556 

8704 

4296 

4444 

4592 

21 

asas 

3539 

3694 

3850 

4005 

4628 

4783 

4939 

22 

3667 

3880 

3993 

4156 

4318 

4970 

5133 

5296 

23 

3961 

1  4181 

4302 

4472 

4642 

5824 

5494 

5605 

24 

4267 

4444 

4622 

4800 

4978 

5689 

6867 

6044 

25 

4583 

4769 

4954 

5139 

5324 

6065 

6250 

6435 

26 

4911 

5104 

5296 

5489 

5681 

6452 

6644 

6837 

27 

5250 

5450 

5650 

5850 

6050 

6850 

7050 

7250 

28 

5600 

5807 

6015 

6222 

6430 

7259 

7467 

7674 

29 

5961 

6176 

6891 

6606 

6820 

7680 

7894 

8109 

30 

6333 

6556 

6778 

7000 

7222 

8111 

8383 

8555 

31 

6717 

6946 

7176 

7406 

7635 

8554 

,  8788 

9013 

32 

7111 

7348 

7585 

7822 

8059 

9007 

'  9244 

»482   I 

as 

7517 

7761 

8006 

8250 

8494 

9472 

9717 

9962 

34 

7938 

8185 

8487 

8689 

8941 

9948 

10200 

10452 

35 

8361 

8620 

8880 

9139 

9398 

10485 

10694 

10954 

36 

8800 

9067 

9888 

9600 

9867 

10983 

11200 

11467   ! 

37 

9250 

9524 

9798 

10072 

10346 

11443 

11717 

11991 

38 

9711 

9993 

10274 

10556 

10837 

11963 

12244 

12526   ! 

89 

10183 

10472 

10761 

11050 

11389 

12494 

12783 

13072 

40 

10667 

10963 

11259 

11556 

11852 

13087 

18333 

13680 

41 

11161 

11465 

11769 

12072 

12376 

13591 

13894 

14196   f 

42 

11667 

11978 

12289 

12600 

12911 

14156 

14467 

14778 

43 

12183 

12502 

12820 

13189 

18457 

14731 

15050 

15369 

44 

12711 

18087 

13363 

13689 

14015 

15819 

15644 

15970 

45 

13250 

13583 

13917 

14250 

14583 

15917 

16250 

16583 

46 

13800 

14141 

14481 

14822 

15168 

16526 

16867 

17207 

47 

14361 

14709 

15057 

15406 

15754 

17146 

17494 

17»48 

48 

14938 

15289 

15644 

16000 

16a56 

17778 
18420 

18138 

16489 

49 

15517 

15880 

16243 

16606 

16968 

18783 

19146   ; 

50 

16111 

16481 

16852 

17222 

17592 

19074 

19444 

19815 

51 

16717 

17094 

174ra 

17850 

18228 

19739 

20117 

20494 

52 

17333 

17719 

18104 

18489 

18874 

2W15 

20800 

21ia5 

53 

17961 

18354 

18746 

19139 

19531 

21102 

21494 

21887 

54 

18(W0 

IIWOO 

19400 

19800 

20200 

21800 

22200 

22600 

55 

19250 

19657 

20065 

20472 

20880 

22509 

22917 

23824 

56 

19911 

20:i26 

20741 

21156 

21570 

23230 

23644 

24059 

57 

20588 

21006 

21428 

21850 

22272 

23961 

21388 

24805 

58 

21267 

21696 

22126 

22556 

22985 

24704 

25133 

255a3 

59 

21961 

22398 

22835 

23272 

23709 

25457 

25894 

2aa32 

00 

22667 

23111 

23556 

24000 

24444 

26222 

26667 

27111 

m 


1  ABLK   XXX.  —CUBIC  YARDS   PER   100  PEET.      SLOPES  2    ;  1. 
Deptli        Base       Base       Ba»»e       Base       Ba»e    i    Ba-e    '    Base    |    Bane 


12 


14 


16 


18 


20 


28 


30 


32 


1 

52 

59 

67 

74 

81 

111 

110 

196 

2 

119 

133 

148 

163 

178 

237 

252 

267 

3 

,   200 

222 

244 

267 

289 

878 

400 

422 

■t    4 

;   206 

826 

356 

385 

415 

538 

663 

508 

i  I 

1   407 

;   444 

481 

519 

556 

704 

741 

778 

!   583 

578 

622 

j   667 

711 

889 

038 

078 

674 

726 

778 

830 

881 

1089 

1141 

1108 

8 

1   830 

889 

948 

1007 

1067 

1804 

1368 

1422 

9 

,  1000 

1067 

1133 

1200 

1267 

1533 

1600 

1667 

10 

1185 

1 

1259 

1333 

1407 

1481 

1778 

1852 

1096 

11 

1385 

1467 

1548 

1630 

1711 

2037 

2110 

2900 

12 

1600 

1689 

1778 

1867 

1956 

2811 

2400 

2489 

13 

i  1880 

1926 

i  2022 

\    2119 

2215 

2600 

2606 

2798 

14 

2074 

2178 

2281 

2385 

2489 

2904 

8007 

8111 

15 

2333 

2444 

2556 

,  2667 

2778 

8222 

8388 

8444 

16 

2607 

2726 

2844 

2963 

8061 

8556 

8674 

3793 

17 

'  2896 

3022 

8148 

3274 

3400 

3904 

4080 

4156 

18 

3200 

b333 

3467 

3600 

3788 

4267 

4400 

4583   1 

19 

3519 

3659 

8800 

3941 

4081 

4644 

4785 

4996 

'^ 

3852 

1 

4000 

.  4148 

4296 

:  4444 

5037 

5185 

6888 

n 

i  4200 

4856 

'  4511 

4667 

i  4822 

5444 

6600 

5766 

2Si 

'•    4563 

4730 

'  4889 

5052 

!  5215 

5867 

6030 

6193 

33 

4941 

5111 

5281 

6452 

i  5622 

6804 

6474 

6644 

24 

5383 

5511 

5689 

5867 

6044 

6756 

6088 

nil 

25 

5741 

5926 

6111 

6296 

&181 

7222 

7407 

7698 

26 

6163 

6856 

6548 

6741 

6933 

7704 

7806 

8080 

27 

'  6600 

6800 

7000 

7200 

7400 

8200 

8400 

8600 

28 

7052 

72m 

7467 

7674 

,  7881 

8711 

8010 

9196 

29 

7519 

7733 

7948 

8163 

!  8378 

9287 

0462 

9667 

30 

8000 

8222 

8444 

8667 

1  8889 

9778 

10000 

10999 

31 

8496 

8726 

8956 

9185 

;  9415 

10888 

10568 

10796   ■ 

;« 

9007 

9244 

9481 

9719 

9956 

10904 

11141 

11878   ! 

:« 

,  9533 

9778 

10022 

10267 

10511 

11480 

11788 

11978 

34 

10074 

10326 

10578 

10830 

,  11081 

12089 

12841 

19598   1 

yy 

1  lOfKJO 

10889 

11148 

11407 

11667 

12704 

12068 

18929 

36 

'  11200 

11467 

11733 

12000 

12267 

13883 

18600 

18867 

37 

:  11785 

12059 

12838 

12607 

I  12881 

13978 

14252 

14fiS6 

:« 

12385 

12667 

'  12948 

18230 

,  18511 

14637 

14910 

15900 

39 

13000 

13289 

13578 

13867 

14156 

15811 

16600 

15880 

40 

13630 

13926 

14222 

14519 

14815 

16000 

16206 

16608 

41 

14274 

14578 

14881 

15185 

15189 

16704 

17007 

17811 

42 

,  14H3JJ 

15:^14 

15556 

15867 

16178 

17422 

17788 

18044 

43 

15607 

15926 

16224 

16563 

,  1JW81 

18156 

18474 

18796 

44 

16296 

l(((i22 

16948 

17274 

17600 

18904 

10280 

19556 

15 

17000 

173*3 

17(567 

18000 

18333 

19667 

20000 

90888 

4t) 

17719 

18059 

18400 

18741 

19081 

20444 

20786 

91196   1 

17 

18452 

18800 

19148 

19496 

19844 

21287 

21585 

91988 

48 

19200 

19556 

19911 

20267 

20622 

22044 

22400 

99766 

i<i 

191M5.3 

20326 

2(Ni89 

21052 

21415 

22867 

28280 

28688 

:*) 

20711 

20711 

21481 

21852 

22222 

23704 

1 

24074 

94444 

51 

21.- ;« 

21911 

22289 

22(>67 

28044 

1  24556 

24083 

26811 

52 

22341 

22726 

2:^111 

2:^49(} 

23881 

25422 

25H07 

96193 

5.3 

2316^^ 

2i556 

2.JJM8 

24341 

24783 

1  268(U 

26006 

97088 

54 

24000 

21400 

24800 

252(!0 

25600 

27200 

27600 

1  98000 

55 

24K52 

.  25259 

25667 

2«i074 

26481 

28111 

28519 

28996 

50 

25719 

'  26133 

2t)54« 

26963 

27378 

29087 

!  29452 

99867 

57 

2(HK)0 

27022 

27444 

27867 

28289 

29078 

80400 

808SS 

58 

27496 

27926 

2835() 

28785 

29215 

80933 

81863 

81798 

59 

28407 

28844 

29281 

2J>719 

30156 

81904 

8S841 

.3«7W 

cn 

2'>33;^ 

29778 

3th>22 

30«W)7 

31111 

32889 

:  88S88 

'  88778 

4<.)8 


TABLE  XXX.— CUBIC  YARDS  PER  100  FEET.      SLOPES  5 


Depth 

Base 

Bas3 

Base 

1 

!  Base 

Base 

Base 

Base 

d 
1 

12 
56 

14 

1 

63 

16 

70 

!  18 

20 

28 

115 

30 

78 

85 

122 

2 

i;« 

148 

163 

178 

193 

252 

267 

3 

233 

256 

278 

300 

322 

411 

488 

4 

356 

385 

415 

444 

474 

693 

622 

5 

500 

537 

574 

611 

648 

796 

a33 

6 

667 

711 

756 

800 

844 

1022 

1067 

1 

&56 

907 

959 

1011 

1063 

1270 

1322 

8 

1067 

1126 

1185 

1244 

1304 

1541 

1600 

9 

1300 

1367 

1433 

1500 

1567 

1838 

1900 

10 

1556 

1630 

1704 

1778 

1852 

2148 

2222 

11 

1833 

1915 

1996 

2078 

2159 

24a5 

2567 

IS 

2133 

2222 

2311 

2400 

2489 

2844 

2933 

13 

2456 

2552 

2648 

2744 

2841 

3226 

3322 

14 

2800 

2904 

3007 

8111 

3215 

3630 

3733 

15 

3167 

3278 

3389 

3500 

3611 

4056 

4167 

16 

3556 

3674 

3793 

3911 

4030 

4504 

4622 

17 

3967 

4093 

4219 

4844 

4470 

4974 

5100 

18 

4400 

4533 

4667 

4800 

4933 

%467 

5600 

19 

4856 

4996 

5187 

5278 

5419 

5981 

6122 

20 

5333 

5481 

5630 

5778 

5926 

6519 

6667 

21 

58a3 

5989 

6144 

6300 

6456 

7078 

7233 

22 

6356 

6519 

6681 

6844 

7007 

7659 

7822 

23 

6900 

7070 

7241 

7411 

7581 

8263 

8438 

24 

J7467 

7644 

7822 

8000 

8178 

8889 

9067 

25 

8056 

8241 

8426 

8611 

8796 

9587 

9722 

26 

8667 

8859 

9052 

9244 

9487 

10207 

10400 

27 

9300 

9500 

9700 

9900 

10100 

10900 

11100 

28 

9956 

10163 

10370 

10578 

10785 

11615 

11822 

29 

10633 

10848 

11063 

11278 

11493 

12852 

12567 

30 

11333 

11556 

11778 

12000 

12222 

13111 

13383 

31 

12056 

12285 

12515 

12744 

12974 

18893 

14122 

32 

12800 

13037 

13274 

13511 

13748 

14696 

14983 

3S 

13567 

13811 

14056 

14300 

145-44 

15522 

15767  ' 

U 

14356 

14607 

14859 

15111 

15368 

16370 

16622 

35 

15167 

15426 

15685 

15944 

16204 

17241 

17500  i 

m 

16000 

16267 

16533 

16800 

17067 

18ia3 

18400 

37 

16856 

17130 

17404 

17678 

17952 

19048 

19322 

38 

17733 

18015 

18296 

18578 

18859 

19985 

20267 

39 

18633 

18922 

19211 

19500 

19789 

20944 

21233 

40 

19556 

19852 

20148 

20444 

20741 

21926 

22222 

41 

2a'500 

20804 

21107 

21411 

21715 

22980 

23238 

42 

21467 

21778 

22089 

22400 

22711 

28956 

24267  • 

43 

22456 

22774 

23093 

28411 

23730 

25004 

25822  ; 

44 

23467 

23793 

^41 19 

24444 

24770 

26074 

26400  1 

45 

24500 

24883 

25167 

25500 

25888 

27167  , 

27500 

46 

25556 

25896 

26287 

26578 

26919 

28281  ' 

28622 

47 

26633 

26981 

27380 

27678 

28026 

29419 

29767 

48 

27738 

28089 

28444 

28800 

29156 

.30578 

S0983 

49 

28856 

29219 

29581 

29944 

30807 

31759 

82122 

50 

30000 

80370 

80741 

81111 

81481 

82963 

83833 

51 

31167 

31544 

81922 

82800 

82678 

84189 

84567 

52 

32356 

32741 

83126 

83511 

38896 

35437 

85822 

53 

33567 

33959 

84358 

34744 

;i5137 

86707 

87100 

54 

34800 

85200 

85600 

86000 

36400 

88000 

88400 

55 

36056 

36463 

86870 

87278 

37685 

89315 

89722  ! 

56 

37333 

37748 

38168 

88578 

88993 

40652 

41067 

38633 

39056 

3^478 

89900 

40322 

42011 

42483 

58 

39956 

40385 

40815 

41244 

41674 

43393 

43822 

59 

41300 

41737 

42174 

42611 

43048 

44796 

45283 

60 

i 

42667 

43111 

4:i556 

44000 

44444 

46222 

46667 

490 


TABLE  XXXI.— USEFUL  NUMBERS  AND  FORMULAE. 


Title. 

Ratio  of  circumference  to  diameter 

Reciprocal  of  same 

errees  in  arc  of  length  equal  to  radius. 

ilinutes     "  " 

_»ecomls     '*  " 

aigth  <»f  !•  arc,  radius  imity. 

Length  of  r  arc,      "  "    . 

1  Length  of  1"  aiv.       "  "    . 


!  Symbol.     Number. 


Loga- 
rithm. 


((         t( 


it         t( 


I         Tt 

'         J. 

It 

1C 

loeoo;^ 

Tl 
'    648000' 

■  -— — ^ 

It 
It 

180* 

Tt 
10800' 

It 
648000 


Radius  by  which  1  foot  of  aiv  =    1  degree. 
Radius  '* 
Radius  " 


"       ,'„    "        "       =    1  minute. 


"      lAff  *'        "       =  10  seconds 


Factors  for  dividing  a  line  into  extreme  ) 
and  mean  ratio j 

Ba.se  of  hyperbolic  logarithms 

MiKlulus  of  common  system  of  logs.  =  log  f 

Reciprocal  of  same  =  hyp.  log.  10 

j  Ijength  of  seconds  pendulum  at  New  York 

in  inches  ,,,,,.,..,,,,,.,.,,,,,.,,., 

I 
Ijcngth  of  seconds  pendulum  at  New  York 

,      in  feet 

Acceleration  due  to  gravity  at  New  York. . . 

1 

Scpiare  root  of  same 

i 

Yards  in  1  met  re 

Feet      in  1      "      

Inches  in  1      "     ' 

Metres  in  1  foot 

Metres  in  1  yard 

Metres  in  1  mile 


M 

1 


y 


3.1415927     0.49n499 

0.3189099     9.50S8601 

I 
57.295780     1.75812SW 

31:^7.7468  |  8.53627S9 

I 

I 

206264.81   5.3144251 

.01745329  8.»418rr4  ' 

! 

.00029069  '  6.4687261  i 

.000004848  4.6855749 

I 

57.2a5780  1.7581226  ' 
343.77468  2.^362789 
206.26481  I  2.3144251 

0.6180340  '  9.7910124 

I 

0.3819660  I  9.5820248 

2.7182818     0.4812945 

0. 43421)45  !  9.68rr848 
2.3025H51      0.3682167 

39.11256      1.5a881<tt 


0.5181880 
1.5074847 
0.7587178 

0.0888676 
0.5169889 
1.5951701 
9.4840111 
9.96118M 
8.2006450 


3.25938 
32.1688 
5.67175 

1.093083 

3.'iH086» 

89.37043  , 

0.304797 

0.91489S 

1609.880 


Title. 


Cubic  inches  in  1  U.  S.  gallon 

"1  Imperial  gallon 

"    1  U.  S.  bushel 

Cubic  feet  in  1  U.  S.  gallon 

'•     •'  1  Imperial  gallon 

1  U.  S.  bushel 

Wei^'ht  of  1  cub.  foot  of  water,  barom.  30  in. 
ther.  3S)°.8:3  Fah. ;  pounds.. 


Symbol.     Number. 


Loga- 
rithm. 


' '       «00 


65' 
Weight  in  grains,  1  cubic  inch,  at  62*»  Fah . . 

No.  of  grains  in  1  pound  avoir 

"1  ounce      "    


231. 

2.3636120 

277.274 

2.4429092 

2150.42 

3 

0.133681 

9.12< 

0.160459 

9.205.' 

1.244456 

0.0 

i 

62.379 

1- 

62.321 

1.794t 

j   252.458 

2.402 

7000. 

3.8450980 

437.5 

2.ft409781 

)•   =  radius  of  circular  arc ; 

/    =  length  of  arc ; 

(1°  =  degrees  in  same  arc. 


I     180° 

a°  =  —  . 

r       Ti 

I     180° 
y     r  =  ~ . 

7t 


''  A  -.]■  7^' 


a' 


^  =  "°''  •  180^ 


r 


I  a  V 


t  =  — in  minutes: 


Radius  byHvhich  the  length  of  chord  c  in  feet  =  r-r  in  minutes; 

10  sin  ]4a' 

H\  p.  log  .r  =  c«>m.  log  x  X  ^'^,  or 

M 

com.  log  (hyp.  log  x)  =  com.  log  (com.  log  x)  -\-  0,3622157" 

C*()m.  log  .r  =  M  X  hyp.  log  x  ;  or 

com.  log  (com.  log  x)  =  9.6377843  +  com.  log  (hyp.  log  x) 
Circumference  of  circle  (radius  =  r) 2;r'r 


Area  of  circle 


Area  of  sector  (length  of  arc  =  I) 

Area  of  sector  (angle  of  arc  =  a°) 

Approximate  area  of  segment  (chord  =  c,  mid.  ord.  =  m) 


Ttr' 


Wr 


360 


^pm, 


APPENDIX. 


Verification  of  eq.  (77). 


sin  (j  0 

Eq.  (76)  p  = =  sin  0  .  cosec  — 

sin  - 


(hJ  0         ]  0  3 

.    —  cos  0  •  cosec  Y  ~   V     ^^^  ^  '  ^^*  V  *  ^^^^^  v        ^''^ 


d6 


=  p  (cot  0  -  ^  cot  -J  (77) 


Verification  of  eq.  (81 ). 
Diffei-entiatinj?  ecl.  (7<^) 


—  . ,    =  —  sin  0  cosec  —    —    --  cos  0  cot   —  cosec  -r.  -f" 


1.0  0         1  0 

-.7j- sni  0  col"*    vv   cosec    -..   -h   ..y  sin  0  cosec*  -rt. 


/J  -  -  V 


2(J         ,  0  p    /  0  0   \ 

cotO  .  cot    y-  +   ya  ^cot'*    -   -f  cosec«     -j 


APPENDIX. 


Now  r  = 


d/3  d'^P 

in  which  substitute  for  -    ..    ,  and  for      ..   ,  and  let 

dfii  do 


cot  G  -    -^  cot  ^  =  -  a 


(/9'^  +  p*  (-«)'»)* 


/)«-r2/>»(-a)^  -  ^2  I  _  1  _  ^  cot  Q  cot  ^  +  1^  (2  cot"  ^  + 1)^ 


_   P 


(l  +  a») 


s^s 


l  +  aa+   |eot0.cot   ^-;,cot.   i   -^ 


p  (l-ha«)^ 


2 


1  1  ^    /  1  6  i 


_    p  (1  -f  a«)^ 


l-2^+«\«-]^  cot   ^j 


_    p  (1  +  a^-^ 


2       .         1 


l-2]^^-acol| 


JOHN  WILEY  &   SONS, 

53  E.  Tenth  Street,  New  York, 

PUBLISH: 

INSPECTION  OP  THE  MATERIALS  AND  WORKMANSHIP 

EMPLOYED  IN  CONSTRUCTION. 

A  Reference  Book  for  the  Use  of  Inspectors,  Superinten- 
dents and  Others  Engaged  in  the  Construction  of  Public  and 
Private  Work,  Etc.  By  Austin  T.  Byrne,  C.E.,  author  of 
"  Highway  Construction."    16mo,  cloth $ 

THE  COFFERDAM  PROCESS  FOR  PIERS. 

.  Practical  Examples  from  Actual  Work.  By  Charles  Evan 
Fo\^er,  Member  American  Society  of  Civil  Engineers. 
(J ver  100  illustrations.    8vo,  cloth 

DE  PONTIBUS. 
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M.  College  of  Texas.    16mo,  morocco 3  00 

PROBLEMS    I>^    THE   USE   AND   ADJUSTMENT   OF   EN- 
GINEERING INSTROMENTS. 

By  W.  L.  Webb,  Assistant  Professor  of  Civil  Engineering, 
University  of  Pennsylvania.  3d  edition,  revised  and  en- 
lurg-ed.    16mo,  morocco 1  35 

A  TREATISE  ON  CIVIL  ENGINEERING. 

Ry  W.  M.  Patton.  C.E.,  author  of  "A  Practical  Treatise  on 
Foundations."    2d  e<lition,  corrected.    8vo,  ]^  morocco 7  TjO 

THE  RAILROAD  SPIRAL. 

The  Theory  of  the  Compound  Transition  Curve  I'educed 
to  Practical  Formulae  and  Rules  for  Application  in  Field 
Work,  with  Complete  Tables  of  Deflections  and  Ordinates 
for  Ave  hundre<i  Spirals.  By  Wm.  H.  Searles,  C.E.,  author 
of  "Field  Engineering,"  Member  of  Am.  Soc.  of  C.  E. 
I  'ockct-book  form.    6th  edition,  revised 1  50 

FIELD  ENGINEERING. 

A  HAND-BOOK  of  the  Theory  and  Practice  of  RAILWAY 
Surveying,  LOCATION  and  Construction,  designed  for 
(I.ASS-KOOM,  FIELD,  and  OFFICE  USE,  and  containing 
:i  large  number  of  Useful  Tables,  Original  and  Selected. 
IJv  Wra.  H.  Searles,  C.E.,  late  Prof,  of  Geodesv  at  Rensselaer 
Polytechnic  Institute,  Troy.  Pocket-book  form.  16th  edi- 
tion,    KJnio,  morocco 3  CO 


A    METHOD   OF   CALCULATING  THE   CUBIC  CON. 
TENTS     OF     EXCAVATIONS     AND     EMBANK- 
MENTS BY  THE  AID  OF  DIAGRAMS, 
Together  with  Directions  for  Estimating  the  Cost  of  Earth- 
work.   By  John  C.  Trautwine,  C.E.    Ninth  edition,  revised 
and  enlarged  by  J .  C.  Trautwine,  Jr.    8vo,  cloth $2  00 

CIVIL  £NGINEEB'3  POCKET^OOK 

Of  Mensuration,  Trigonometry,    Surveying,    Hydraulics, 
Hydrostatics,  Instruments  and  their  adjustments.  Strength 
)f  Materials.  Mascmry,  Principles  of  Wooden  and  Iron  Roof 
ind  Bridge  Trusses,  Stone  Bridges  and  Culv.erts,  Trestles, 
Piilai"s,   Suspension   Bridges,   Dams,   Railroads,  Turnouts, 
Turning  Platforms,  Water  Stiitions,  Cost  of   Earthwork,. 
^foundations.  Retaining  Walls,  etc.     In  addition  to  which 
he  elucidation  of  certain  importtint  Principles  of  Construe-    . 
on  is  made  in  a  more  simi>lo  manner  than  heretofore. 
;y  J.  C.  Trautwine,  C»E.    Idmo,  morocco  flaps,  gilt  edges. 
.Jth  thousand,  revised  and  enlargred,  with  new  illustmtions, 
^v  J.  C.  Trautwine,  Jr.,  C.E 5  00 

FIELD  PRACTICE  OF  LAYING  OUT  CIRCULAR 

JURVES  FOR  RAILROADS. 

.,y  J.  C.  Trautwine,  Civil  Engineer.    13th  edition,  revised 

by  J.  C.  Tnuitwine,  Jr.    )2mo,  limp  morocco 2  50 

THE  ECONOMIC  THEORY  OF  THE  LOCATION  OF 

RAILWAYS. 

An  Analysis  of  the  Conditions  controlling  the  laying  out 
of  Railways  to  eflFect  the  most  judicious  expenditure  of 
capital.  By  Arthur  M.  Wellington,  (^hief  Engineer  of  the 
Vera  Cruz  and  Mexico  Railway,  etc.  New  and  improved 
edition.    Svo 6  00 

RAILROAD  ENGINEERS'  FIELD-BOOK  AND  EX- 
PLORERS' GUIDE. 
E8T»ecially  a(lapto<l  t<)  the  use  of  Railroad  Engineers,  on 
LOCATION  and  COXSTUUCTION,  and  to  the  Needs  of 
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By  Herbert  M.  Wilson,  C.K.  Part  I.  H YI)B0(;KAPHY. 
Part  II.  CANALS  and  CANAL  WORKS.  Part  III.  STOR- 
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